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INTRODUCTION 


і Designation of the handbook Тһе purpose of this 
book ıs twofold firstly, it ts designed for quick reference 
to mathematical concepts (to find out what a tangent 15, to 
compute percentages, to recall formulas Тог the roots of a 
quadratic equation, еіс) АП definitions, rules, formulas, 
and theorems are supplied with examples Where required, 
hints and suggestions are given as to the use of a rule or 
how lo avoid common mistakes, and so forth 

Secondly, the author believes that this handbook can 
serve as a manual for reviewing the essentials of mathematics 
and even as a first introductory course in its practical ap- 
plications 

2. Handbook and textbook An attempt has been made to 
combine the merits of both books in one text That this has 
been successful 1$ evident from numerous letters from the rea- 
ders, most of whom used it as a textbook True, this hand- 
book differs radically йот an ordinary school textbook, 
where, especially in the senior classes, the emphasis is placed 
on reasoning facts are subordinated to logic This at any 
rate 15 how the student regards the process. In this book, 
the leading role is played by factual material. This does not 
in the least mean that the reasoning process 15 absent Deri- 
vations of formulas are given, but only on occasion, as, 
for example, when it is necessary to stress the central idea 
of a given section or to overcome any doubts as to the vali- 
dity of a result (say, when dealing with operations involving 
complex numbers) In deciding whether to keep a proof or 
omit it the author was guided by his own teaching experience 

3. How to use the handbook. For quick reference, use 
the extensive index at the back of the book If the user has 
forgotlen the exact name of a rule, formula, or mode of solu- 
tion, he has a detailed table of contents at his disposal in 
the front 

We strongly advise the user to follow up any additional 
references he may encounter when investigating a term Also, 
much uselul information can be gained by reading through 


12 


the entire section containing the term or concept he 15 infe. 
rested 1n 

It 15 wise to pay careful attention to the historical surveys 
contained in each division They form an integral part of 
the book and contribute greatly to a deeper understanding 
of the subject 

The reader who desires to use this manual as a textbook 
should pay particular attention to the worked examples Any 
proofs that are omitted in the handbook can be filled out by 
reference to a textbook on the suhject either at the same 
time or later However, it is well to bear in mind that 
neither handbook nor textbook alone suffices to give the 
reader a knowledge of the subject he must use pencil and 
paper and work through the examples and problems for 
umselt, 
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5. Logarlihms of Trigenometrie Functions 


(see Sec 186—188, in the column headings log sin, log tan, 
log cos, all characteristics are increased by 10) 
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8. Conversion of Degrees to Radlans (see Sec. 181) 


Arc lengths of a circle of radius | 


Radians 
(arc) 
Radians 
(arc) 
Radians 
Radians 
{are) 
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4-652 


DU 
10, Table of Primes < 6000 


2 193 449 738 1041 1321 1637 1997 2333 
3 197 457 739 1033 1327 1657 1999 2339 
5 199 461 743 1939 1361 1663 2003 2341 
7 211 463 181 1049 1367 1667 2011 2347 
11 223 467 757 1051 1373 1669 2017 2351 
13 227 479 761 1061 1381 1693 2027 2357 
17 229 487 769 1063 1399 1697 2029 2371 
19 233 491 773 1069 1409 1699 2039 2377 
23 239 499 187 1087 1423 1709 2053 2381 
29 241 503 797 1091 1427 1721 2063 2383 
31 251 509 809 1093 1429 1723 2069 2389 
37 257 521 811 1097 1433 1733 2081 2393 
4| 2363 523 821 1103 1439 1741 2083 2399 
43 269 541 823 1109 1447 1747 2087 2411 
47 271 547 827 НЕ 145) 1753 2089 2417 
53 977 557 899 1123 1453 1759 2099 2493 
59 98] 563 839 1129 1459 1777 2111 2437 
61 283 569 853 1151 1471 1783 2113 2441 
67 293 571 857 1153 1481 1787 2199 2447 
71 307 577 859 1163 1483 1789 2131 2459 
13 311 587 863 1171 1487 1801 2137 2467 
79 313 593 877 1181 1489 1811 2141 2473 
83 317 599 881 1187 1493 1823 2143 2477 
89 331 601 883 1193 1499 1831 2153 2503 
97 337 607 887 1201 1511 1847 2161 2521 
fol 347. 613 907 1213 1523 1861 2179 2531 
103 349 617 911 1217 1831 1867 2203 2539 
107 353 619 919 1223 1543 1871 2207 2543 
109 359 631 929 1229 1549 1873 2213 2549 
113 367 641 937 1231 1553 1877 2221 2551 
127 373 643 941 1237 1559 1879 2237 2557 
131 379 647 947 1249 1567 1889 2239 2579 
137 383 653 953 1259 1571 1901 2243 2591 
139 389 659 967 1277 1579 1907 2251 2893 
149 397 661 971 1279 1583 1913 2267 2609 
151 401 673 977 1283 1597 1931 2269 2617 
157 409 677 983 1289 1601 1933 2273 2621 
163 419 683 991 1291 1607 1949 2281 2633 
167 421 691 997 1297 1609 1951 2287 2647 
173 431 701 1009 1301 1613 1973 2293 2657 
179 433 709 1013 1303 1619 1979 2297 2659 
181 439 719 1019 1307 1621 1987 2309 2663 
191 443 727 1021 1319 1627 1993 9311 2671 


3011 
3019 
3023 
3037 
3041 
3049 
3061 
3067 
3079 
3083 
3089 
3109 
3119 
3121 

3137 
3163 
3167 
3169 
3181 
3187 
3191 

3203 
3219 
3217 
3221 
3229 
3251 
3253 
3257 
3259 
3271 

3299 
3301 

3307 
3313 
3319 
3323 
3329 
3331 

3343 
3347 
3359 
3361 

3371 


3727 
3733 
3739 
3761 
3767 
3769 
3779 
3793 
3797 
3803 
3821 
3823 
3833 
3847 
3851 
3853 
3863 
3877 
3881 
3889 
3907 
3911 
3917 
3919 
3923 
3929 
3931 
3943 
3947 
3967 
3989 
4001 
4003 
4007 
4013 
4019 
1021 
4027 
4049 
1051 
4057 
4073 
4079 
4091 


4093 
4099 
4111 
4127 
4129 
4133 
4139 
4153 
4157 
4159 
4177 
420} 
4211 
4217 
4219 
4229 
4231 
4241 
4243 
4253 
4289 
4261 
4271 
4213 
4283 
4289 
4297 
4327 
4337 
4339 
4349 
4357 
4363 
4373 
4391 
4397 
4409 
4421 
4423 
4441 
4447 
4451 
4457 
4463 


4481 
4483 
4493 
4507 
4513 
4517 
4519 
4523 
4547 
4549 
4561 
4567 
4583 
4591 
4597 
4603 
4621 
4637 
4639 
4643 
4649 
4651 
4657 
1663 
1673 
1679 
4691 
4703 
4721 
4723 
4729 
4733 
4751 
4759 
4783 
4787 
4789 
4793 
4799 
4801 
1813 
4817 
4831 
4861 


4871 
4877 
4889 
4903 
4909 
4919 
4931 
4933 
4937 
4943 
4951 
4957 
4967 
4969 
4973 
4987 
4993 
4999 
5003 
$009 
5011 
5021 
5023 
5039 
$051 
5059 
5077 
5081 
5087 
5099 
5101 
5107 
5113 
5119 
5147 
5153 
5167 
5171 
5179 
5189 
5197 
5209 
5227 
5231 
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Continued 
5233 5639 
5237 5641 
5261 5647 
5273 5651 
5279 5653 
5281 5667 
5297 5659 
5303 5669 
5309 5683 
5323 5689 
5333 5693 
5847 5701 
5351 5711 
5381 5717 
5387 5737 
5393 5741 
5399 5743 
5407 5749 
5413 5779 
5417 5783 
5419 5791 
5431 5801 
5437 5807 
5441 5813 
5443 5821 
5449 5827 
5471 5839 
5477 5843 
5479 5849 
5483 5851 
5501 5857 
5503 5861 
5507 5867 
5519 5869 
5521 5879 
5527 5881 
5531 5897 
5557 5903 
5563 5923 
5569 5927 
5573 5939 
5581 5953 
5591 6981 
5623 56987 


TAWA V EAD 


" 


loge 
logy, (or log) 
Іп (or log) 


lim 
const 


cos 


{ап 
cot 
sec 
ese 


arcsin 


arccos 


arctan 
arccot 
arcsec 
arccsc 


Is equal to a*b 


is not equal to azb 

ts approximately equal to azb 

15 greater than 5>2 

18 less than 8<10 

18 prenter than or equal to ab 

15 less than or equal to axb 
absolute value lal 

nth root of {usually means 3/7 =? 

the principal nth root) 

factorial 51=12345=120 


(read' factorial 5, or 

5 factorial) 
logarithm to the base 5 log,873 
common logarithm (loga is log 100-2 
used for log aa when the con- 
text shows that the base 1s 10) 
natural (Napierian) logarithm 
(io the base e) 


limit 
constant 
summation of 
triangle AABC 
(pl AsABC and DEF) 
angle Z ABC 
are AB 
is parallel to ABICO 
1$ perpendicular to 28160 
ts similar to AABC™ALEF 


ratio of the circumference of a 
circle to the diameter, equal 
to 3 1415926536 


degree 

minute 10° 30° 35 

second 

sine sin 3 "2d. 

cosine созч-=0 

tangent tan 40°=0 8391 

cotangent cot 26°10'=2 128 

secant sec 6092 

eosecant cse 90°=1 

arc sine aresit 230° 
x 

are cosine arccos da 

are tangent arctan 0 8391=40° 

are cotangent arccot 2 128 z25*10' 

arc secant arcsec 2:60? 


arc cosecant arcesc 1 = 90? 
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12. The Metric System of Measurement 


Linear Measure 

| kilometre (km)=1000 metres (m) 

] metre (m)=10 decimetres (dm)z100 centimetres (cm) 
1 decimetre (ат) = 10 centimetres (cm) 

1 centimetre (ст) :=10 millimetres (mm) 


Square Measure (area) 


1 square kilometre (km*)2 1,000,000 square metres (m?) 

1 square metre (m?)-100 square decimetres (dm?)z10,000 square 
centimetres (cm?) 

1 hectare (ha) 2100 aresz 10,000 square metres (m?) 

1 аге= 100 square metres (т?) 


Cubic Measure (volume) 


1 cubic metre (m*)=1000 cubic decimetres (dm3)-1,000,000 cubic 
centimetres (cm?) 

1 cubic decimetre (тз) 1000 cubic centimetres (cm?) 

1 litre (021 cubic decimetre (dm) 

1 hectolitre (hlj=100 litres (1) 


Metric Weight 


1 ton (metric) «1000 kilograms (kg) 
] centnerz 100 kilograms (kg) 

1 kilogram (kg)=1000 grams (g) 

1 gram (g)=1000 milligrams (mg) 


18. Some Old Russian Measures 


Linear Measure 

versta=500 sagenes= 1500 arshins=3500 feet=1066 8 m 
Sagene=3 arshtns=48 verchoks=7 feet=84 Inches=2 1336 m 
arshinz 16 verchoksz71 12 cm 

verchok=4 450 cm 

footz 12 inches 0 3048 m 


‚ыыы 


inch=2 540 ст 
nautical mile=1852 2 m in USSR, 1853 18 m in Britain, 1853 25 m 
in USA 
Werght 


1 pood=40 pounds=16 380 kg 
1 pound=0 40951 kg 


14. The Greek Alphabet 


AG alpha Nv nu 

BB beta E xi 

T: gamma Oo omicron 
^ delta Ил pi 

Ев epsilon Рр rho 

Zt zeta Хо sigma 
Hy eta тт tau 

өө theta Го upsilon 
Te iota Фф phi 

Kx ka Ppa xy chi 

АХ lambda Wp psi 


Mu mu ош omega 


ARITHMETIC 


15, The Subject af Arithmetic 


Arithmetic is the science of numbers, the name stemming 
from the Greek word "arithmos" which means "number" 
It involves the most elementary properties of numbers and 
rules of calculation Deeper properties of numbers are stu- 
died in the theory of numbers. 


16. Whole Numbers (Natural Numbers) 


The first conceptions of number were acquired by man 
i remote antiquity (see Sec. 17) It began with the coun- 
ting of people, animals, and the various articles and posses- 
sions of primitive man Counting produced the numbers one, 
two, three, etc, which are now called natural numbers In 
arithmetic they are also referred to as whole numbers or in- 
legers (the term "integer" has a broader meaning in mathe- 
matics; see Sec. 67). 

The concept of a natural number is опе of the most 
elementary notions. The only way to explain it 1s by de- 
monstration. In the third century B С, Euclid defined 
number (natural number) as a “collection made up of units”, 
similar definitions appear in textbooks even today. But the 
words "collection", or "group", or "aggregate", еіс do not 
тп to be any more comprehensible than the word "num- 
er", 

The sequence of whole numbers 


1, 2, 3, 4,5, 
goes on without end and is called the sef of natural num- 
rs. 


17, The Limits of Counting 


In primitive society, man could hardly count at all He 
was able to distinguish groups of two and three objects, 
anything beyond that being thought of as “many” This was 
obviously not counting, it was only a beginning. 
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Gradually larger groups were distinguished, giving rise 
to the notions of "four", "five", "six", "seven" For a long 
time, {Не word "seven" was used im some languages to 4е- 
note an indefinitely large quantity. 

As man's activities became more intricate, the counting 
process developed and gave rise to a variety of reckoning 
devices the making of notches on sticks and trees, knots in 
ropes, groups of stones, etc.* 

The human hand with Its five fingers was an invaluable 
natural tool for counting. It could not preserve the infor- 
mation it conveyed but it was ready at hand, so to speak, 
and very mobile The language of primitive man was poor, 
gesticulations often made up for lack of words, and numbers 
(for which there were no names) were demonstrated in finger 
counting (this 1s even done nowadays if two persons speaking 
different languages do not understand each other). 

It ts quite natural that the newly originating names for 
“large” numbers were often constructed on the basis of the 
number 10 corresponding to the 10 fingers Certain peoples 
developed a number system based on 5, the fingers of one 
hand, or on 20 which 1$ the total number of fingers and toes 
(see Sec 18) 

During the early stages of man's development, the range 
of numbers expanded very slowly Counting proceeded nee 
the first tens and only much later reached one hundred In 
many languages, the number 40 represented the limit and 
designated an indefinitely large quantity. 

When the counting process reached ten tens and a name 
was given to the number 100, it was also used to denote 
an indefinitely large number (in some languages, Tartar for 
instance, one and the same word is used to denote 40 and 
100) The very same process occurred again with the num- 
bers thousand, ten thousand, and million. 


18, The Decimal System of Numeration 


In many modern languages, the names of all numbers up 
to a million are made up of 37 words denoting the numbers 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 


* Counting by means of stones (pebbles) served ав the starting 
point for more sophisticated counting devices such аз, for example, 
the Russian abacus, the Chinese abacus (or suan phan), the ancient 
Egyptian abacus (a board divided Into strips where counters were 
placed) Other peoples had similar devices In Latin, the idea of 
counting ts expressed by the word *calculatio" (whence the En lish 
word "calculatjon") coming from "calculus", which means “pebbie*. 
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19, 20, 30, 40, 50, 60, 70, 80, 90, 100, 200, 300, 400, 500, 
600, 700, 800, 900, 1000 (for example, 918,742 nine hundred 
ighteen thousand seven hundred forty-two) In turn, the 
пез of these 37 numbers are, as a rule, built up from 
е names of the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10, 
100, 1000 The underlying element of all these word forma- 
tions is the number 10, that is why the modern system of 
numbers is called the decimal system of numeration The 
exceptional role of 10 is due to the fact that we have 10 
fingers on our two hands (see Sec 17) 
That is the general rule, but a wide variety of exceptions 
are evident in various languages These are due to historical 
ecultarities in the development of the counting process 
In the Turkic languages (Azerbayan, Uzbek, Turkmen, 
Kazakh, Tartar, Turkish, etc) the exceptions are the names 
of the numbers 20, 30, 40, 50, whereas 60, 70, 80, 90 are 
formed on the basis of the names for 6, 7, 8 and 9 Іп Mon- 
golian, on the contrary, the names of the numbers 20, 30, 
40, 50 follow the general rule, while 60, 70, 80 and 90 are 
exceptions In Russian there is one exception, the name for 
“forty” In French the names for the numbers 20 and 80 
retain. the nondecimal names, 80 is quatrevingt (four twen- 
ties) This is a remnant of the ancient vigesimal system of 
numbers (based on 20— the total number of fingers and toes) 
In Latin also the name for 20 15 nondecimal (viginti), but 
that for 80 (octoginta) 1s decimal and comes from 8 (octo) 
On the other hand, the names for the numbers 18 and 19 are 
built up from 20 by subtraction 20—2 and 20—1 (duode- 
viginti, undeviginti, that is to say, two from twenty and 
one from twenty) The names of the numbers 200, 300, 400, 
500, 600, 700, 800, and 900 in all modern languages are 
constructed on the decimal (scale-10) basis 


19. Development of the Number Concept 


In the counting process, unity 15 the smallest number 
There is no need to subdivide it, nor is tt even possible at 
times (adding half a stone to two stones ylelds three stones, 
not 2!/, and of course it is impossible to select a com- 
mittee made up of 2!/, persons) However, unity often has 
to be broken up into parts when measuring lengths by 
means of steps (2!/„ steps long, and the like) Гог this 
reason, the notion of a fractional number (see Secs 30 and 
45) was known in remote antiquity Subsequent development 
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saw the expansion of the concept of number to irrational 
numbers (Sec 91), negative numbers (Sec 67), and complex 
numbers (Secs 92 and 98) 

Zero (null) was a long time in entering the family of 
numbers At first, zero (null) had the meaning of absence 
of any number (the Latin "nullum" literally means “noth- 
ing”) If say 3 is taken away from 3 we have nothing For 
that’ “nothing” to be considered a number, we had to wait 
for negative numbers to appear (see Sec 67) 


20. Numerals 


A numeral 18 a written sign depicting a number In the 
most ancient times, numbers were denoted by straight-line 
strokes (“rods”) опе rod depicted unity, two rods, a two, 
and so forth. This notation originated from the use of not- 
ches It stil exists in the Roman numerals (see Sec. 21, 
Item 5) which denote the numbers 1, 2, 3 

This notation 1s inconvenient for writing large numbers 
and so special symbols were used to depict the number 10 
Ш accordance with the dectmal system of numeration, see 
ec 18) and, in some languages, the number 5 as well (in 
accordance with quinary numeration which 15 based on the 
number of fingers of the human hand) Later, symbols were 
invented for still larger numbers These symbols exhibited 
a variety of forms in the different languages and underwent 
considerable modifications in the course of time There was 
also considerable variety in the systems of numeration, that 
15, modes of combining digits to form large numbers How- 
ever, in most number systems the 10-scale was pre-eminent 
and formed the basis of the decimal system of numeration 
(see Sec 18) 


21. Systems of Numeratlon 


1. Ancient Greek numeration. The so-called АН system 
of numeration was used in ancient Greece The numbers 1, 


2, 3, 4 were denoted by vertical strokes |, 11, Ш, Ш. Тһе 


number 5 had the symbol Г (the first letter "pi", in. its 


ancient form, of the word "pente", five), the numbers 6, 7, 
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8, 9 were written as [ү ГИ, Pill, ПМ The number 10 was 


depicted as Д (the first letter of "deca", ten) The num- 


bers 100, 1000, and 10,000 were denoted by H, Х, М the 


initial letters of the corresponding words The numbers 
50, 500, and 5000 were given as combinations of the signs 


for 5 and 10, 5 and 100, 5 and 1000, namely M M m 


The remaining numbers, within the first ten thousand, 
were written as follows 


HHPM=256, XXfP1-2081, 
HHHPAAAI=382, PXXPHHH-7800 


and so forth, 

In the third century B.C, the Attic numeration gave 
way to the so-called /onian system Неге, the numbers from 
1 to 9 were denoted by the first nine letters of the alphabet 
(the letters c, vau, С, koppa, and 3 sampi, are archaic; the 
Greek alphabet is given in Sec 14) 

a=1, В=2, yo3, ф=4, в=5, ç=6, 627, 

y=8, 9--9 
the numbers from 10 to 90, by the next nine letters: 
t= 10, х=20, A=30, p=40, у=50, £—60, 
o=70, л=80, C=90 
the numbers from 100 to 900, by the last nine letters: 
p=100, 0--200, 1-300, v=400, ф=500; 
y=600, ф=700, w=800, 3-900 

Thousands and tens of thousands were denoted by the 

same numerals preceded by a stroke or accent 
‘a== 1000, ‘B= 2000, etc 


A bar was placed over numerals in order to distinguish 
them from letters For example, 


n= 18, рё=47, 02-407; хна == 621, уя:=620, etc 
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In ancient times, the same alphabetic numeration was 
used by the Jews, Arabs, and many other peoples of the 
Near East It is not known what people used them first 

2. Slavic numeration. The Slavic peoples of the south 
and east of Europe used the alphabetic system of notation 
for writing numbers In some cases, the numerical values 
of the letters were established tn the order of the Slavic 
alphabet, in others (including Russia) not all letters were 
used as numerals but only those found im the Greek alpha- 
bet The letter used as a numeral was surmounted by a 
special symbol (see accompanying table) and the numerical 
values of the letters increased in the order of the letters in 
the Greek alphabet (the sequence of letters in the Slavic 
alphabet was somewhat different) 

This Slavic numeration persisted in Russia till the end 
of the 174 century Under Peter the First, the dominant 
system of numeration was the Arabic (see Item 6 below) 
which 1s still in use today. The Slavic numeration persists, 
however, 11 clerical works. 


The Slavic Numerals 


L 
3. The Ancient Armenian and Georgian systems of nume- 
ration. Both Armenians and Georgians used the alphabetic 
principle of numeration But the ancient alphabets of these 
peoples had far more letters than did the Greeks This enab- 
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led them to use special symbols for the numbers 1000, 
2000, 3000, 4000, 5000, 6000, 7000, 8000, and 9000 The 
numerical values of the letters followed the order of the 
letters in the alphabets of these peoples 

The alphabetic numeration persisted till the 18th century 
although the Arabic numeration was used occasionally much 
earlier (in the Georgian literature such instances go back 
to the 10 or 11th century, sources of Armenian mathemati- 
cal literature reveal such usage no earlier than the 15th 
century) Іп Armenia the alphabetic numeration 1s still used 
in designations of chapters, stanzas, and the like In Geor- 
gia the alphabetic numeration has gone out of use alto- 
gether 

4 Babylonian Positional System of Numeration Appro- 
ximately 40 centuries prior to the Christian era, the ancient 
Babylonians developed a positional system of notation for 
their numeration This 18 a mode of representing numbers in 
which one and the same digit is capable of denoting different 
numbers depending on its position Our present-day nume- 
ration 1$ also positional in the number 52, the digit 5 de- 
notes 50, that 1s, 5-10, while in. the number 576, ihe same 
digit stands for five hundred, or 5 10 10 In Babylonian 
notation the number 60 was used as we use 10 in our num- 
ber system, whence the name sexagesimal by which the Ba- 
bylonian system 15 designated Numbers less than 60 were 


denoted by two symbols T for unity and «x for ten 


They were wedge-shaped (cuneiform) since the Babylonians 
wrote on clay tablets with a stylus having the form of a 
triangular prism These signs were repeated as many times 
as needed, for example, 


=; «xu С =» 


«Om us 
«mm 


Numbers exceeding 60 were written in the following man- 


ner WY yy denoted 5 60--2--309, rather like our notation 


of 52 denotes 5104-2 The notation 


< «її 


denoted the number 21.60.35 = 1295 The following notation 


ҮТ 


stood for 1.60.60--2.60--5==3725, much like the modern 
notation 125 denotes 1 100--2.10--5, The sign & was 
used as a placeholder, playing the part of zero Thus, the 


notation 
Ya ЇЇ 


meant 2 60 60--0 60--3--7203 But the absence of any 
lower order digits was not indicated, for example, the num- 


ber 180=3-60 was denoted as ЇЇ. which 1$ the same 


as the number 3 The same notation ЇЇ might mean 


10,800 =3 60.60, etc Only the context could distinguish the 
numbers 3, 180, 10,800, etc 


The notation WwW could also signify 5, теретін 


3 
утте 55 just as we use the numeral 3 to denote 
3 3 3 


3 ) 
T° То 102105, Тото io Tog: © in ош system of deci. 


mal fractions However, we readily differentiate between these 
fractions by annexing zeros in front of the 3, and we write 
$-0 3, is 03, 50 003, ete In the Babylonian 
notation these zero placeholders were not indicated 

Besides the sexagesimal system of numeration, the Baby- 
lonians used the decimal system, but :t was not a positional 
system. Apart from symbols for 1 and 10, there were symbols for 


1004 уу, 1000, <Сүь-, and 10,000, KYO > The num. 
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bers 200, 300 and so on were written аз 


n. ҮЙҮ” 


and so forth The same method was used to write the пит. 
bers 2000, 3000 еіс, 20,000, 30,000 etc The number 274 


looked like this 
> СҮҮ 
TREE 
the number 2068, hke this 


Woy SS HF 


The sexagesimal system originated at a later period than 
the decimal system because the numbers up to 60 were writ- 
ten on the basis of the dectmal principle. It 1s still not known 
when and how the Babylonians developed the sexagesimal 
system There are питегоиз hypotheses as to how this oc- 
curred but there is no firm proof for any of them 

The sexagesimal notation of whole numbers did not spread 
beyond the Assyrian-Babylonian empire, but sexagesimal 
fractions spread far and wide to the countries of the Near 
East, Central Asia, Northern Africa, and Western Europe. 
They found wide use, especially in astronomy, right up to 
the invention of decimal fractions (which was at the beginning 
of the 17th century). Traces of sexagesimal fractions are still 
found іп the divisions of the degree of angle and arc (and 
also the hour) into 60 minutes, and of the minute into 60 
seconds 

5. Roman numeration. The ancient Romans used a num- 
ber system that ts still in use and ts called the Roman sys- 
tem of numeration We use it for designating congresses and 
conferences, for numbering the introductory pages of books, 
chapter headings, etc = 
n their latest form, the Roman numerals looked like this. 


Іші, М5, Х--10, L=50, C100, D=500, M«1000 


The earlier forms were somewhat different. Thus, the num- 
ber 1000 was denoted by the symbol (|), 500 by the symbol |}. 

There 15 no reliable information on the origin of the Ro- 
man numerals The numeral V might have originally depict 


etc 
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ed the human hand, the numeral X could have been built up 
out of two fives In the same way, the symbol for 1000 could 
have developed out of doubling the stgn for 500 (or vice 
versa) 

The Roman system of numeration exhibits evident traces 
of the quinary system of numbers But Latin (the language 
of the Romans) does not have a trace of the quinary number 
system This must mean that these numerals were borrowed 
by the Romans from another people (most likely from the 
Etruscans) 

All whole numbers (up to 5000) are written by means of 
iteration of the numerals listed above If a large numeral 
precedes a smaller one, they are added, И the smaller one 
comes first (іп which case the symbol 18 not repeated), then 
it is subtracted from the larger numeral (іп Latin, the sub- 
tractive principle—see Sec 18—15 preserved in the names 
of two cardinal numbers 18 and 19) For example, VI=6, 
or 5--1, [У==4, or 5—1, XL=40, ог 50—10, LX = 60, or 
50--10 No digit 15 repeated more than three times LXX —70, 
LXXX = 80, the number 90 ts written аз ХС (and not LXX XX). 
| is first 12 numbers аге written іп Roman numerals as 
ollows 


L П, IH, IV, V, VI, VII, VIN, IX, X, XI, ХП 


Examples: XXVIII —28, XXXIX —39, CCCXCVII «397, 
MDCCCXVIL = 1818 

Performing arithmetical operations with multidigit num- 
bers 15 an arduous task when done in Roman numerals Ne- 
vertheless, Roman numerals were still the dominant number 
system in Italy up to the 13th century, and in other countries 
of Western Europe they persisted till the 16th century 

6 The positional numeration of India The various regions 
of India had different number systems, one of which spread 
to other parts of the world and в today the generally accepted 
system of numeration In this system, the numerals had the 
forms of the initial letters of the appropriate cardinal num- 
bers in the anctent tndtan language of Sanskrit (the Devan- 
аваг: alphabet) 

Originally, these symbols denoted the numbers 1, 2, 3, ..., 
9, 10, 20, 30, . , 90, 100, 1000, which in turn were used to 
write the other numbers Later, a special sign (a heavy dot, 
circle) was introduced to indicate an empty position in a 
number. The signs for numbers exceeding 9 ceased to be used 
at a later period, and the Devanagari system of numeration 
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became the decimal positional system of numeration It 1s 
not known how and when this conversion took place, but by 
the middle of the 8th century, the positional system of nu- 
meration was in wide use in India It was about this time 
that ıt began tospread toother countries (Indochina, China, Tibet, 
info the territory of the present-day Central-Astan republics 
of the Soviet Union, Iran, and elsewhere). A decisive role in 
the spread of the Hindu numeration in the Arabic countries 
was played by a manual written at the beginning of the 9th 
century by Mohammed ibn-Musa al-Khowartzmi (from Kho- 
resm—the present-day Khoresm Oblast of the Uzbek Republic 
of the USSR) * It was translated into Latin in Western 
Europe in the 12th century In the 13th century, the Hindu 
system of numeration became dominant in Italy, and by the 
16th century И spread to the other countries of Western 
Europe. The Europeans borrowed the Hindu number sys- 
tem from the Arabs and called it the Arabic system of nume- 
ration Historically, this 15 not correct, but the name persists. 

The Arabs also gave us the word “cipher” ("siir" ш Ara- 
bic) which literally means “empty position" (this is а trans- 
lation of the Sanskrit “sunia” which has the same meaning) 

The word was originally used to denote the empty posi- 
tion (as a placeholder) in a number and that meaning was 
still current in the [8th century, although in the 15th century 
the Latin term for “zero”, "null" (nullum—nothing), had ap- 
peared 

The shapes of the Hindu numerals underwent a variety 
of modifications over the centuries, the form that we have 
today was established in the 16th century. 


22. Names of Large Numbers 


To facilitate reading and remembering large numbers, the 
digits are ordinarily grouped into periods of three each, which 
are separated by a comma or a space Say, the number 35461298 
is written 35 461 298 (or 35,461,298) Here, the three digits 
298 form the first period, 461, the second, and 35, the third. 


* This remarkable scholar was also the founder of algebra (see 
Sec, 66) Mohammed wrote his works in Arabic, which in the ке 
was the common language oi learning, just as Latin was at опе time 
In Western Europe This explains the name al-Khowarizmi (which 
means a dweller of Khoresm) by which Mohammed is known in his- 
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Each digit has place value. From right to left we have. 8 15 
the units digit, 9 the tens digit, 2 the hundreds digit, 1 the 
thousands digit, 6 the ten thousands digit, etc 

The first period yields units, tens, hundreds, the second 
period, thousands, and the third period, millions 

The American system of numeration for denominations 
above one million 1s the same as the French system and the 
Russian system, and the British system corresponds to the 
German. In the American system each of the denominations 
above 1000 millions (the American billion) 15 1000 times the 
one preceding (one trillion==1000 billions, one quadrillion 
= 1000 trillions, one quintillion=1000 quadrillions, one 
sextillion = 1000 quintillions, and so on for septillions, octil- 
lions, nonillions, etc) In the British system the first de- 
nomination above 1000 millions (the British milliard) is 
1000 times the preceding one, but each of the denomina- 
tions above 1000 milliards (the British billion) 15 1,000,000 
times the preceding one (one trillion = 1,000,000 billions, one 
.quadrillton = 1,000,000 trillions, etc ). 


23. Arithmetic Operations 


1. Addition. The concept of adding stems from such fun- 
damentally elementary facts that 1t does not require a defi- 
nition and cannot be defined іп formal fashion We can use 
synonymous expressions, 1f one so desires, and say it is the 
process of combining, and the like 

Notation: 84-3 = 11; 8 and 3 are the addends, 11 is the 
sum. 
2. Subtraction. When one number 1s subtracted from 
another the result is called the difference ог remainder. The 
number subtracted is termed the subtrahend, and the number 
from which the subtrahend 15 subtracted 15 called the minuend. 

Notation: 15--7--8; 15 ıs the minuend, 7 is the subtra- 
hend, and 8 is the remainder. Subtraction may be checked 
by addition: 8--7 =15 

3. Multiplication, Multiplication 13 the process of taking 
one number (called the multiplicand) a given number of ti- 
fnes (this 15 the multiplier, which tells us how many times 
the multiplicand is to be taken) The result 1з called the 
product. “Тһе numbers multiplied together are called the 
factors of the product (For multiplication by a fraction see 
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Notation: 12x:5—60 ог 12 5—60, 12 1s the multiplicand, 
5 the multiplier, and 60 the product (here, 12 and 5 are the 
factors of the product) 12x52 12-1- 12+ 12 4- 12 4- 12. 

Nothing changes 1f we call 5 the multiplicand and 12 
the multiplier To take another example, 2х5=2--2--2--2 
-F2z-10 and 5х2=56--5==10 It ts therefore more common 
to use the generic term "factor" for the multiplier and the 
multiplicand, 

4. Division. Division 1s the process of finding one oí two 
factors from the product and the other factor It 18 the pro- 
cess of determining how many times one number 1s contained 
in another. The number divided by another 1s called the dt- 
vidend. The number divided mto the dividend ts called the 
divisor, and the answer obtained by division ts called the 
quotient . 

Notation: 48:68 (or 48 —-6=8). Here, 48 is the divi- 
dend, 6 the divisor, and 8 the quotient. Division may be 
checked by multiplication the product of the divisor (6) and 
the quotient (8) yields the dividend. Division may also be 


written as 58-8 (see бес 36) 


The quotient obtained by the division of one whole num- 
ber by another one may not be a whole number, in which 
case the quotient may be indicated as fraction (Sec 30) 
If the quotient 15 а whole number, we say that the 
first number ts exactly divisible (or, simply, divisible) 
by the second number For example, 35 1s exactly divisible 
by 5 since the quotient 1s a whole number, 7 

In this case, the second number (5) 1s called the divisor 
of the first one, and the first number (35) is termed the 
multiple of the second one 

Example 1. 5 is a divisor of the numbers 25, 60, 80 and 
13 not a divisor of 4, 13, 42, or 61 

Example 2. 60 1s a multiple of 15, 20, 30 and is not a 
multiple of 17, 40, or 90 

In many cases it ts possible to determine whether one 
number 15 divisible by another without actually performing 
the division (see Sec 25) 

In most cases there 15 а remainder after the division. In 
{ће process of division with a remainder we seek the largest 
whole number which, when multiplied by the divisor, yields 
a number that does not exceed the dividend. The desired 
number is a partial quotient The difference between the di- 
vidend and the product of divisor by the partial quotient is 
termed the remainder, which 1s always less than the divisor. 
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Example. 19 1s not divisible exactly by 5 The numbers 
1, 2, 3 when multiplied by 5 yield 5, 10, 15, none of which 
exceeds 19, whereas 4 by 5 yields 20, which exceeds 19 
Hence, the partial quotient 15 3 The difference between 19 
and the product 3 52-15 is 19--16=4 The remainder is 4 

For division by zero, see Sec 37 

5. Involution (raising а number to a power) To raise a 
number to an integral power (second, third, fourth, etc ) we 
multiply the quantity by itself two, three, four, ete times 
(for raising a number 46 a negative, zero or fractional po- 
wer, see Sec 125) The number repeated as a factor is called 
the base, the number which indicates how many times the 
base 1s to be used as a factor 15 called the exponent of the 
power The result 1s called the power 

Notation: 34—81 Неге, 3 is the base, 4 1s the exponent, 
and 81 1s the power, 31-3333 

The second power 15 also called the square, the third 
power is also called the cube (of a number) The first. power 
of a number 15 the number itself 

6. Evolution (finding the root of a number) Finding (or 
extracting) the root of a number is a process by which we 
find the base of a power irom the power and the exponent 
The power here is termed the radicand, the exponent is here 
the index of the root, and the desired base of the power 1s 
termed the roof 


Nofation: y 81 =3 Here, 81 15 the radicand, 4 the in- 
dex, and 3 the root Raising 3 to the fourth power yields 81; 
9-81 (evolution can be checked by involution) 

The second root 15 usually called the square root, the 
third root the cube root When taking square roots the in- 


dex 2 15 usually omitted V 16--4 means V 16-4 
Addition and subtraction, multiplication and division, 
involution and evolution are pairs of tnverse operations 
Ц is assumed that the reader 1s acquainted with the rules 
of the first four operations with whole numbers. Raising to 
a power 15 performed by means of repeated multiplication 
For extraction of roots (evolution), see Secs 58, 58a 


24. Order of Operations. Brackets 
If several operations are performed one after another, the 


result, generally Ай, depends on the үш (order) 
of the operations For example, 4—2-- 1 — 3 if the operations 
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are performed as indicated, but И we first add 2 and 1 and 
then subtract the sum from 4, we get 1 Brackets are used 
io indicate the sequence in which the operations are to be 
performed (in cases when the result depends on the order of 
the operations) Operations indicated in brackets are to be 
performed first In our case, (4—2) 4-1 —3, or 4—(2+1)=1 


Example 1. (2+4) X5==6X5=30, 2+ (4X5) =2-+20 == 22 


In order to avotd too many brackets, we agree not to 
indicate brackets (1) when the operations of addition and 
subtraction are to be performed in the sequence in which 
they are indicated, for instance, mm place of (4—2) -|- | =3 
we write 4—2--1=3, (2) when multiplication or division 
would be indicated їп brackets, for instance, in place of 
2-- (4х5) =22 we write 2+4x5 = 22 

In computing expressions which either have no brackets 
or contain only one set of brackets, perform the operations 
in the following order (1) first the operations тп the brackets, 
multiplication and division in the sequence in which they 
are given but before addition and subtraction, (2) then the 
remaining operations, again multiplication and division being 
accomplished im the order in which they are indicated but 
prior to addition. and subtraction 

Example 2, 25—33 First multiply, 2-5-«10, 3-3=9, 
then subtract 10—9 = 


Example 3 9--16 4—2 (16—2 7-+4)+6-(2-+5) First 
perform the operations indicated їп the brackets 
16—2 7--42:16—14 4 456, 2-527 
Now handle the remaining operations. 
9-- 16 4—2.6--6 7=9--4— 12+ 42 = 43 


Ц often happens that bracketed expressions themselves 
have to be enclosed in brackets, and the latter once more 
in brackets In such cases, the round brackets (parentheses) 
are used first, then square brackets, | |, and finally curly 
brackets (braces), { } The sequence of operations then 15 as 
follows perform all operations 1п the round brackets in the 
indicated order, then all computations in the square brackets 
by the same rules, and ай the computations in the curly 
БІНЕН, etc; finally, the remaining operations are per- 
ormed, 
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Example 4. 5--2х[14—3-(8— 6)] --32 (10—2-3) We саг. 
ry out the operations in the round brackets: this yields 


8—6=2, 10—2.3=10—6=4 


the operations mthe square brackets yield 14—3-2==8, and 
then the remaining operations 


54-2.84-32:4 2 5-- 164-8 —29 
which give us our answer 
Example 5. (100—[35—(30—20)]]-2 Тһе sequence of 


operations 15:  30— 202-10, 35— 10—25, 100—25—75; 
75-2150. 


25. Criteria for Divislbility 


Divisibility by 2. A number divisible by 2 is called an 
even number, otherwise it 15 odd A number 15 divisible by 
two if its last digit 15 even or zero, otherwise it is not. 

Example. The number 52,788 1s divisible by 2 since the 
last digit 15 8 (even), 7691 15 not divisible by 2 because the 
last digit, 1, 1s odd, 1250 is divisible by 2 because the last 
digit 15 zero. 

Divisibility by 4. A number 15 divisible by 4 if the last 
two digits are zeros or form a number divisible by 4, other- 
wise it 1s not so divisible 

Examples. 31,700 is divisible by 4 since the last two di- 
gits are zeros, 215,634 1s not divistble by 4 because the last 
two digits form the number 34, which is not divisible by 4; 
16,608 1s divisible by 4 since the last two digits 08 yield 
the number 8 which 1s divisible by 4 

Divisibility by 8. A number ts divisible by 8 if the last 
three digits are zeros or form a number divisible by 8 
Otherwise 1t 15 not divisible by 8 

Examples. 125,000 is divisible by 8 (the last three digits 
are zeros), 170,004 15 not divisible by 8 (the last three digits 
form the number 4, which cannot be divided by 8), 
111,120 1s divisible by 8 since the last three digits form 120, 
which is divisible by 8 

Similar criteria could be indicated for division by 16, 
32, 64, etc, but they are of no practical value 

Divisibility by 3 and by 9. Only such numbers are divi- 
sible by 3 the sum of whose digits is divisible by 3, the 
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same for O— the sum of the digits must be divisible 
by 9 

7 Examples. The number 17,835 15 divisible by 3 but is 
not divisible by 9 since the sum of the digits 14-7 4- 8-3 
+5=24 18 divisible by З but 18 not divisible by 9 The 
number 106,499 1s not divisible either by 3 or by 9 since 
the sum of the digits (29) 1s not divisible by 3 or 9 The 
number 52,632 1s divisible by 9 because the sum of the di- 
gits (18) 15 divisible by 9 

Divisibility by 6. A number 15 divisible by 6 if it is 
simultaneously divistble by 2 and Бу 3, otherwise tt 15 not 

Example. 126 ts divisible by 6 since it can be divided by 
2 and by 3 

Divisibility by 5. Numbers ending in 0 or 5 are divisible 
by 5, otherwise they are not 

Example. 240 15 divisible by 5 (the last digit 1s zero), 
554 15 not divisible by 5 (the last digit 15 4) 

Divisibility by 25. A number ts divisible by 25 if the 
last two digits are zeros or form a number that ts divisible 
by 25 (such are 00, 25, 50, or 75), otherwise 1t 1s not divi- 
sible by 25 

Example. 7150 is divisible by 25 (it ends in 50), 4855 16 
not divisible by 25 

Divisibility by 10, by 100 and by 1000. Only numbers 
ending ш 0 are divisible by 10, only those ending in two 
zeros are divisible by 100, and only those ending in three 
zeros are divisible by 1000 

Examples. 8200 is divisible by 10 and by 100, 542,000 is 
divisible by 10, 100 and 1000 

Divisibility by 11. The number 1l divides only those 
numbers whose sum of digits occupying odd positions is 
either equal to the sum of the digits occupying even positions 
or differs from it by a number which 15 divisible by [1 

Examples. The number 103,785 is divisible by 11 since 
the sum of the digits in odd positions (1+3-+8=12) 1s 
ши to the sum of the digits in even positions (0+ 7+ 5 == 12) 
The number 9,163,627 15 divisible by 11 since the sum of 
digits in odd positions is 9--6--6--7--28, while the sum of 
digits in even positions 15 1--3--2=6, the difference between 
28 and 6 is 22, which is divisible by 11 The number 
461,025 1s not divisible by 11 since the numbers 4-5 1-2 ==7 
and 6--04-5 = [1 are not equal and their difference 11—7 == 4 
is not divisible by 11 

There exist divisibility criteria for other numbers besides 
those given above but they are more complicated. 
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26. Prime and Composite Numbers 


All whole numbers (integers) othe: than 1 have at least 
two divisors unity (one) and the number itself Numbers 
that do not have any other divisors are called prime numbers 
For example, 7, 41, 53 are prime numbers Numbers which 
have other divisors besides | and the number itself are called 
compose numbers Ап example 15 21 with its divisors 1, 3, 
7,21 and 81 with its divisors 1, 3, 9, 27, 81 The number 
one (unity) could be classed as a prime, but it 1s better to 
put it in a separate class outside the prime and composite 
numbers (this convention stems from the fact that many of 
the rules which hold true for all other primes are invalid 
when applied to unity) 

There exist infinitely many prime numbers 

The primes not exceeding 200 are (see pages 50-51 for 
the Table of Primes < 6000). 


2, 3, 5, 7, 11, 13, I7, 19, 23, 29, 81, 37, 41, 43, 
47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97, 101, A 
103, 107, 109, 113, 127, 131, 137, 139, 149, 151, (4) 
157, 163, 167, 173, 179, 181, 191, 193, 197, 199 


27. Factorization into Prime Factors 


Every composite number can be represented uniquely as 
а product of prime factors For example, 36 =2 2 3 3=2* 32, 
45—335—3*5 (ог 35), 150—23 5.5—2 3 52 (ог 
21 3! 52) For small numbers, factorization can be accomp- 
lished by mere guesswork For large numbers the following 
technique can be used 

Example 1. Suppose we have a number 1421 Taking the 
primes, ore after the other, out of Table of Primes (A), we 
stop at the prime which ts a divisor of the given number 
Using the dtvisibility criteria we see that the numbers 2, 3, 
5 cannot be divisors of 142], we attempt to divide by 7 and 
we see that 1421 1s divisible by 7 yielding a quotient of 203, 
To the left of the line we write 1421, on the right the divi- 
sor, under the number we write the quotient 203 Then we 


Work: 1421 | 7 test 203 in the same manner. We ignore the 
20 7 numbers 2, 3, 5 that proved ineffective in 
29 | 29 the first trial and begin 


with 7, It turns out that 7 ts a divisor of 203 Write it down 
to the right of 203. Under 203 write the quotient 29, which 
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is prime This completes the factorization We have: 
142] =7 7.29 = 77.29 


The general technique may be simplified in a number of 
cases 

Example 2. Let us factor the number 1,237,600 into prime 
factors Noting that 1,237,600 = 12,376 100, we factor these 
two factors separately The latter 1s readily decomposable 
into 100=10-10=2-5.2-5=: 23.5? Then we factor the first 
one as follows. 


Work: 12,376 From Table (A) we take the first pri- 
6 


2 

2 me, 2, we immediately see that it is a 

2 divisor of 12,376 Finding the quotient 
1547 | 7 6188, we again take 2 from Table (A). 

13 The second quotient 3094 1s also even, 

17 so we divide it by 2. The result 1547 


15 no longer divisible by 2 The divisibility criteria show 
that it is not divisible by 3 or by 5 either. Let us try 7. 
We get the quotient 221 Try 7 again It 15 not divisible 
Then try the following primes 221 1$ not divisible by 11 but 
it is divisible by 13 with the quotient 17, which 1s prime. 

The final result ts. 1,237,600 =: 28-7-13.17-22.58 
жа 25.52.7.13.17 


2B. Greatest Common Divisor 


А common diusor of several numbers 15 a divisor (see 
Sec. 23, Item 4) of each of them For example, the numbers 
12, 18, 30 have 3 as a common divisor, 2 15 also a common 
divisor In every set of common divisors there 15 always a 
greatest common дилзог (6 in our example), ог а С.р 

Examples. 4 15 the G.C D. of 16, 20, 28, 5 1s the б. C. D. 
of 5, 30, 60, and 90 

For small numbers, the С С.р, can be found by inspec- 
tion. If we have to do with large numbers, decompose each 
into prime factors (see Sec. 27) and write out those which 
are factors of all the given numbers Take each factor with 
the smallest exponent with which 1t 1s contained in the given 
numbers. Then multiply. 

Example 1. Find the G.CD. of 252, 441, and 1080. 
Factor into prime factors. 


252 = 29-32.7, 441 =:32.72, 1080:=23.33.5 
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We have only one common factor, the prime factor 3. 
The smallest exponent of this factor 152 The GCD is 
2-9 

Example 2. Find the GCD. of the numbers 234, 1080, 
and 8100 234=2.32.13, 1080 — 23 33-5, 8100 — 22.31. 5? 


GC D =2.32 =18 


lt may happen that there are no prime factors common 
to all the numbers Then the greatest. common divisor is ]. 
For instance, [ог 1823.5, 1022.5, 622.3 Неа C.D is I. 
If the GC D of two numbers 1s 1, then these numbers are 
called relatively prime To illustrate, 15 and 22 are relati- 
vely prime numbers 


29. Least Common Multiple 


A common mulitple of several numbers is a multiple of 
each of them (Sec 23, Item 4) The numbers 15, 6, and 10 
have 180 as a common multiple The number 90 15 also а 
common multiple of these numbers The set of common 
multiples has a feast common multiple (30 1n our case), or 
LCM When dealing with small numbers, the LCM can 
be seen at once If the number is large, do as follows. 
factor the given numbers into prime factors, write out all 
prime factors of at least one of the given numbers; then 
take each factor and raise it to the highest power that it is 
contained in the given numbers Then multiply 

Example 1. Find the L C M. of 252, 441, 1080 

Factor into prime factors 252—2* 32.7, 441 = 32.72, 
1080 =23.33.5 Multiply out 23 33 72.5 and we find the 
LCM % be 52,920 

Example 2. Find the LCM о! 234, 1080, 8100 (see 
Sec 28, Example 2) The L C M —23.31.52.13 —210,600. 


30. Common Fractions 


A common fraction (or, simply, a fraction) 13 a part of 
unity or several equal parts of unity The number which 
indicates how many parts а umt 1$ divided into 15 called 
the denominator of the fraction, the number indicating how 
many parts are taken is the литегаѓог of the fraction. 
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Notation: zor 3/5 (three fifths) here, З 1s the numera- 


tor and 5 15 the denominator 

If the numerator 15 less than the denominator, the frac- 
tion is less than unity and is called a proper fraction 
3 ва proper fraction If the numerator 1s equal to the 


5 
denominator, the fraction 1s equal to unity If the numera- 


tor 13 greater than the denominator, the fraction exceeds 


unity In these latter two cases it 1s called an improper frac- 
tion For example, f a are improper fractions In order 
to take out the largest whole number contained in ап impro- 
per fraction, divide the numerator by the denominator If the 
division 1s exact, then the improper fraction 1s equal to the 


quotient Say, © = 45 5=9 If the division ıs not exact, 


the (partial) quotient yields the desired integer, while the 
remainder becomes the numerator of the fractional part, and 
the denominator of the fractional part remains unchanged 


Example. Given the fraction 2 Divide 48 by 5 to get 


the quotient 9 and a remainder of 3, $-) 


А number consisting of an integral part (whole number) 
and a fractional part (fraction) is called a mixed number 


(93. for instance ) The fractional part of a mixed number 


may be an improper fraction (ше 4%) ‚ It is then possible 


to take out the largest whole number (see above) and repre- 
sent the mixed number so that the fraction becomes proper 
(or disappears altogether) For example, 


13 13 3 Б 


Mixed numbers are usually reduced to such form 

If в often necessary (in multiplying fractions, say) to 
operate 1л reverse given a mixed number, it 15 requiréd to 
represent it in the form of a traction (improper fraction), 
To do this, (1) multiply the integer in ihe mixed number 
by the denominator of the fractional part, (2) add the nu- 
merator {о the product The resulting number will be the 
numerator of the desired fraction, and the denominator re- 
mains unchanged 
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Example. Given the mixed number 93 (1) 9:5 = 45; 


(2) 454-3 = 48, 993-2 


31. Reducing Fractions 


The value of a fraction. 1s not changed if the numerator 
and denominator are multiplied by the same number For 
example 


This is called reducing (changing) the fraction to higher 
terms 

The value of a fraction remains unchanged if the nume- 
rator and denominator are divided by one and the same 
number For example 


18 186 3 4 4*4 _ 1 


3078060 5’ 8 в4 3 
This ts called reducing the fraction to lower terms, or simpl 
reducing the fraction We say that 3. 15 obtained from 12 


5 30 
by dividing out 6. 

A fraction can only be reduced 1 the numerator and de- 
nominator have the same divisors (that is, if they are not 
relatively prime) The reduction may be accomplished gra- 
dually or at once using the GC D 


Example. Reduce the fraction 108 to lower terms. Using 


the divisibility-by-4 criterion (see Sec 25 above), we see 
that 4 15 а common divisor of the numerator and denomina- 
tor Dividing out 4 we have Е Noting that 
27 and 36 have 9 as a common divisor, we divide 9 out of 


a, 27.22. Further reduction ts impossible since 3 and 
4 are relatively prime 

We get the same result if we find the greatest common 
divisor of the numbers 108 and 144 It 1s 36 Dividing out 
36 we obtain 


Dividing by the greatest common divisor we have the 
fraction in lowest terms, 
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Finding a Common Denominator 


If two fractions have the same numerator, the larger 
fraction ts that with the smaller denominator For example, 


+ > + А + > t If two fractions have the same denomi- 

nator, the greater fraction is that with the greater numer- 
5.3 

ator. 3^3: 

In order to compare two fractions with different nume- 
rators and denominators, either опе or both of the fractions 
have to be transformed so that the denominators are the 
same. To do this, change the first fraction to the terms of 
the denominator of the second, and the second to the deno- 
minator of the first 

Example. Compare the fractions Y and 5 Change the 
first by a factor of 12, the second by 8 This yields TA 
ig73g Now the denominators are the same Comparing 
the numerators we see that the second fraction is greater 
than the first. 

This process of changing fractions 1s called finding a com- 
mon denominator 

To reduce several fractions to a common denominator, 
we can change the denominator of each by a factor equal 
to the product of the other denominators For instance, in 


order to reduce the fractions $, 2, E to a common deno- 
minator, change the first denominator Бу 5-6 =30, the second 
by 8-5—40, the third by 8-6=48 Weget += 20, 5...200 


Е —240’ 6 ~ 340" 
тте Тһе common denominator 15 the product of the 


denominators of all the given fractions: 8-6 5== 240 


This method of finding a common denominator is the 
simplest and, in many cases, the most practical The sole 
inconvenience 15 that the common denominator may turn 
out to be too big, whereas smaller ones may be available 
Namely, for a common denominator we can take any com- 
mon multiple (the least common paupe: say) of the given 
denominators |t 15 then necessary to change (multiply) each 
fraction by the quotient obtained from dividing the common 
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multiple by the denominator of the given fraction (this 
quotient will be called the additional factor) 

Example. Given the fractions i i 2. Тһе least com- 
mon multiple of the denominators 8, 6, 5 is 120 The addi- 
tional factors аге 120 8—15, 120 6— 20, 120 5 —24 Change 
(ашыру) the first fraction by 15, the second by 20, the 
third by 24 
10 2 48 


Dn ж --- 
67 m 


120’ 5 120 


3 _ 45 
8—1, 

Most arithmetics give only this technique for reducing 
to a common denominator Actually, it 1s of practical use 
only when the L C M 15 seen by inspection, otherwise a great 
deal of time 15 needed to find the LCM and the additio- 
nal factors What is more, it often happens that the LCM 
is not much less than the product of the denominators or 
not less at all But then a lot of time 15 spent for no good 
reason 


33. Adding and Subtracting Fractions 


If the denominators of the fractions are the same, the 
fractions may be added by adding their numerators, to sub- 
tract them, subtract the numerator of the subtrahend from 
the numerator of the minuend This sum or difference will 
be the numerator of the answer, the denominator remaining 
unchanged If the denominators differ, first reduce the frac- 
tions to а common denominator 

Example 1. i-l-PR-04 


Example 2. 2+2 


To add mixed numbers, separately find the sum of the 
integral parts and the fractional parts 


3 5 3, 5\ 19 


7 
=12 5 


When subtracting mixed numbers, the fractional part of 
he subtrahend may be larger than the fractional part of the 
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minuend In that case, borrow unity from the minuend and 
change to an improper fraction 


| | 3 
Example 4 7 7 —4 те? 


1 
Example 5 11—10 $=10 7—10- 


34. Multiplication of Fractions, Definition 


For multiplication and division of a fraction by а whole 
number (integer), the definitions given above in Sec, 23 
(Items 3 and 4) hold true For example, 


3 3 3 $ gl 


Conversely, 8 1. 3-25 The practical rules of compu- 
tation are given below 
The definition of Sec 23 is not valid for multiplication 


by a fraction. For example, the operation 2l М = cannot be 


carried out 1f it 1s understood that 2+ is to be taken as 
a factor + times 

To multiply a given number (integer or fraction) by 
a fraction means to divide the number бу the denominator 
of the fraction and multiply the result by the numerator. 


Example. 800 +, 800 4--200 200 3=600 so that 


800-2 = 600 The sequence of operations (division and mul- 
tiphication) may be reversed and the result will be the same, 
800-3 = 2400 and 2400:4 = 600 
The above definition is not a mere whim, it follows from 
the necessity to preserve intact the role that multiplication 
lays in practice and theory when we deal with whole num- 
75 Two examples will suffice to make this clear. 
Example. А litre of kerosene weighs 800 grams What 
is the weight of 4 litres? Solution 800-4=3200(g) 
=3 kg 200 g. The result is found by multiplying by 4. 


What does È of a litre of kerosene wetgh? Solution: 
800 - 2. — 600 (g) (see preceding example) 
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If we define multiplication by a fraction differently, the 
answer will not be correct If we proceeded from the defi- 
mition given in Sec 23 and regarded multiplication by 


i as impossible, then we would have to solve the problem 


"of the weight of the kerosene by different operations multi- 
plication for am integral number of litres, and via a diffe- 
rent operation for a "ractional number of litres * 

In the multiplication of whole numbers, the product 
remains the same no matter what the order of the factors 
3.4—4 3=12 This property 15 preserved in multiplication 


by a fraction as well For example, 4. 3-22... 2. 
This result 15 obtained on the basis of the earlier definition 
(see Sec 23) Interchange the factors 3 The latter defi- 


nition of multiplication по longer holds true, but the new 
definition. yields 3 $=? 


Generally speaking, it turns out that under the new defi- 
mtion of multiplication, all earlier properties and rules re- 
main valid, with the exception of one in the earlier defini- 
tion of multiplication, a number increased in value, whence 
the name “multiplication” (*multus" = many) Now we have 
to say thatin multiplication by a number exceeding unity the 
multiplicand increases, and in multiplication by a number 
less than unity (a proper fraction), the multiplicand decrea- 
ses This discrepancy between the latter fact and the name 
of the operation ts due to the fact that the term "multipli- 
cation” originated at so remote a time that the concept of 
multiplication referred solely to whole numbers 


35, Multiplication of Fractions. Rule 


To multiply a fraction by a fraction, multiply the nume- 
rators together for the numerator of the product and multiply 
the denominators together for the denominator of the product. 
If there are mixed numbers, convert them to improper frac- 
tions before multiplying Also, before multiplying, divide 


* The question naturally arises as to whether it is possible to 
give a definition suitable for mulliplication by an integer and by 
а fraclion This appears to be impossible when defining multipli- 
cation by a fraction we unavoidably have to assume as known multi- 
plication by a whole number (see definition of this section) 
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out (cancel) any common factors in the numerator and the 
denominator 
| ,7 35 27 Б 9 45 413 
Example 1 255 = sj 1168216 (9 1s 
divided out of 25 and 20, 3 out of 12 and 27) 
The foregoing 18 extended to the case when the number 


of factors exceeds two room 
Example 2. 47-244 — 573—111 12 
(8 1s divided out of 9 and 3, 2 out of 4 and 2, 7 out of 
14 and 7). 
If some of the factors are whole numbers, then each one 


15 regarded as a fraction with denominator 1 
574 171_7 1 
Example 3. —.7 bt ise! ES 


6 
(5 15 divided di. of 5 and 15, 4 out of 4 and 8). 


36 Division of Fractions 


The definition of division given earlier in Sec 23 holds 
true for the division of fractions as well. From И follows 
the rule 

To divide a number by a fraction, multiply the number by 
the reciprocal of the fraction (the reciprocal is the fraction 
formed by interchanging the numerator and denomunator: 


the reciprocal of + Is = 


" 15 


Example 1. $us The reciprocal of — use. Hence 
2,4 : Sus =24 1 
3 B7 


1 8 16 85 11 1 
с Ж E 3--- s теттер T. 


This rule is also applicable when the dividend and divi. 
sor are whole numbers For example, 2.5—2- ui Thus, 
the fraction bar :s equivalent to the division sign. 


37. Operations involving Zero 


Addition, Adding zero to any number leaves the number 
unchanged. 5--0--5, 35-40-32. 

Subtraction. Subtracting zero from any UME leaves the 
number unchanged, 5—0=5, 3-.-0- 32. 
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Multiplication. Zero times апу number 18 always zero 
5.0—0,0 3$ —0,0 0—0 

Division. 1 The quotient obtained by the division of zero 
by any nonzero number 15 zero. 0 7--0, 0 = 


2 The quotient resulting from the division of zero by 
zero 15 indeterminate Here, any number satisfies the defini- 
tion of a quotient (see Sec 23, Item 4) For example, we 
could set 0 0—5 because 5-0=0, but we could also put 


0 0--3-5 because 35 0—0 Thus, the problem of dividing 


zero by zero has infinitely many solutions and 15 meaningless 
without further information, which has to indicate how the 
dividend and divisor varied before they became zero If this 
is known, then 1n most cases 14 15 possible to give meaning 


to the expression 0 0 For instance, if we know that the di- 
3 3 
vidend took on the successive values Too’ 7090» 177000, 


7 7 
etc, and the divisor assumed the values 1002 Toon etc, 
3 7 


then the quotient, meantime, assumed the values To I 


3 7 


„ысы 
000 1000 7 


i ete , which m to say, remained equal 
to 3-, and so the quotient of 0 0 can, here, be taken equal 

3 

Y 


in such cases, one speaks of evaluating the indeterminate 
expression 00 (see Sec 217, Example 2) Higher mathe- 
matics offers я number of techniques for evaluating the in- 
determinate expression 0 0, but in certain cases the tools of 
elementary mathematics suffice 

3 The quotient obtained by dividing some nonzero num- 
ber by zero does not exist because in this case no number 
can satisfy the definition of a quotient (see Sec 23, Item 4) 

As an example, take 70 No matter what number we 
take to test this out (say, 2, 3, 7) we get the same unsatis- 
factory answer (2 0=0, 3 0--0, 7 0—0) whereas what we 
need is 7 We can say that the problem of dividing a non- 
zero number by zero has no solution. 

On the other hand, a nonzero number may be divided by 
a number arbitrarily close to zero, and the closer the divi- 
sor 1$ to zero, the greater will be the quotient Thus, if we 


divide 5 я ns Tooo 10-000, etc., by 7, we obtain the quo- 
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tients 70, 700, 7000, 70,000, еіс, which increase without 
bound For this teason, we say that the quotient obtained 
by dividing 7 by 0 is “infinitely great" or is "equal to infi. 
nity”, and we wrie 7 O=.0 The meaning of this expres. 
sion 1s that и the divisor approaches zero ana the dividend 
remains equal to 7 (or approaches 7), then the quotient wil] 
Increase without bound 


38 The Whole and a Part 


1 Finding a part from the whole. To find some part of 
a number, multiply it by the fraction expressing that part 

Example A committee of 120 members meets for elections 
Two thirds of the body must be present How many mem. 
bers must be present for the meeting to take place? 


Solution. 120 2 == 80 


2 Finding the whole from a part. To find a number 
when one of its parts 15 known, divide the number by the 
fraction expressing the given part 

Example The dead weight of an ox 1$ 3/5 the live weight, 
What 15 the live weight of an ox whose dead weight ts found 
to be 420 kg? 

Solution: 420:-2 = 700 (kg) 

3 Expressing a part as a fraction of the whole To exp. 
ress a part as a fraction of the whole, divide by the whole 
number 

Example. Four students are absent in a class of 30 What 
part of the class 1s absent? 


4 a2 
Solution 4 30= 35 =T5 


39. Decimal Fractions 


Computations mvolving common fractions become very 
unwieldy if the denominators are big numbers The main 
difficulty hes in reducing the fraction to a common deno- 
minator This is because there 15 no system in the choice of 
denominator, any number will do That is why even ín an- 
tiquity the idea arose of choosing regularly (not arbitrarily) 
certain parts of a unit (іп common fractions they play the 
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part of denominators) The most ancient systematic fractions 
which were used in Babylonia some 4000 years B C and 
were passed on by the ancient Greek astronomers to the ast 
ronomers of Western Europe were the sexagesimal fractions 
(see Sec. 21, Item 4) At the end of the 16th century when 
intricate computations involving fractions were widely used 
in all spheres of life, systematic fractions of a different kind 
came into use’ decimal fractions (see Sec 45) Here, the 
unit 15 divided into ten equal parts (tenths), each tenth into 
tenths (hundredths), and so on The advantage of decimal 
fractions over other systematic fractions fies in the fact that 
they are based on the same number scale (of ten) as are the 
whole numbers As a result, both notation and rules of hand- 
ling decimals are essentially the same as those used when 
dealing with whole numbers (integers) 

When writing decimals there 13 no need to indicate the 
name of the parts (denominator); it 1s clear from the posi- 
tion of the appropriate digit. We first write the integral part, 
then a dot (decimal point),* then the first digit after the 
decimal point represents tenths, the second digit, hundredths, 
the third, theusandths, etc The digits which come after the 
MM point on the right are termed decimals (decima! 

aces 
d Example. 7 305 signifies seven units, 3 tenths, b thou- 
sandths (the zero indicates that there are no hundredths), or 


з, 0 5 
One of the advantages of decimal fractions 13 that the 


expression of the fractional part is given directly in a form 
reduced to a common denominator: 


305 
7.305 =7 295, 


the number following the decimal point (305) 1s the nume- 
rator of the fractional part and the denominator of the frac- 
tion 1s the number which shows how many parts are indi- 
cated by the last decimal place (їп our case 14 1s 1000). 

if a decimal fraction does not have an integral part, then 
the best usage recommends a zero to be placed before the 


decimal point; for example dap 035. 


* |n some countries, а comma із used to 
number from the decimal fraction, е He whole 


6% 
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40. Properties of Decimal Fractions 


1 Annexing zeros to the right of a decimal fraction does 
not change the value 

Example. 12 7= 12 70= 12,700, etc 
(for the difference that 15 made between 127 and 1270 see 
Sec 48) 

2 Dropping the zeros at the end of a decimal fraction 
does not change the value of the fraction 

Example. 0 00830 ==0 0083. (Zeros that do not come at 
the end of the fraction cannot be omitted) 

3 A decimal fraction ts increased (multiplied by) 10, 
100, 1000, etc times if the decimal point is moved one 
place, two places, three places, ete to the right 

Example. The number 13 058 becomes 100 times larger if 
we write 1305 8, 

4 А decimal fraction 15 reduced dy 10, 100, 1000, etc, 
times И the decimal point 15 moved leftwards one, two, 
three, etc places 

Example. 176 24 decreases 10 times 11 we write 17.624, it 
will be 1000 times less И we write 0 17624. 

These properties enable us to perform rapid multiplication 
and division by the numbers 10, 100, 1000, etc 

Examples. 12 08-100 = 1208, 12 08 10,000 == 120,800 (first 
write 12 08 as 12 0800 and then move the decimal point to 
the right four places), 42 03 10— 4.203, 42 03:1000 — 0 04203 
(first write 42 03 as 0042 03 and then move the decimal 
point three places to the left) 


41. Addition, Subtraction and Multiplication of Decimal Fractions 


Addition and subtraction of decimal fractions are рег- 

Work: formed in the same way as the addition and 

subtraction of whole numbers, take care fo write 

+ 0 02 each digit іп Из proper place (tenths under tenths, 
14 96 hundredths under hundredths, and the like). 


17 28 


Example. 2 3+0.02+ 14 96 == 17.28. 
Multiplication of decimal fractions. Multiply the given 
numbers as whole numbers disregarding the decimal poit 
Then insert the decimal point using the following rule 
take the sum of the decimal places їп all factors and point 

off that number of decimal places in the product 
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Example 1. 2 064.0 05 Multiply the whole numbers 
2064.5 =10,320 The first factor had three decimal places, 
the second two, and so the product must have five places 
set off after the decimal point This yields 0 10320 The 
zero at the end of the fraction 15 dropped and we have 
2 064-0 05 =0 1032 

In this method, do not drop zeros before pointing off 
the decimal places (when multiplying Ву the method given 
in Sec 55, the zeros may be dropped) 

Example 2. 1 125 0 08, 1125.8— 9000 The number of 
decimal places is 3--2—5 Annexing zeros to the left of 
9000 (009000) we point off five decimal places to get 
0 09000 — 0 09 


42, Division of a Decimal Fractlon by an integer 


1. Н the dividend is less than the divisor, write a zero 
їп the integral part of the quotient and then the decima] point 
„Треп, disregarding the decimal point, annex to the integral 
part of the dividend the first digit of Из fractional part, if 
the resulting number 15 less than the divisor, put a zero 
after the decimal point and аппех another digit of the 
dividend, 1f we still have a number less than the divisor, 
put down another zero, etc , until we get a number exceeding 
the divisor The division 1s then performed in the same 
way as for whole numbers (integers) Note that the dividend 
may he “expanded” without bound rightwards from the 
decimal point by adding zeros 

Note The process of division, as described above, may 
never end In that case, the quotient cannot be expressed 
exactly by means of a decimal fraction But we can termi- 
nate the process at any point and obtain an approximate 
result (see Sec 44 below) 

Example 1. 13 28.64 
Work: Here the number 132 exceeds the divisor as 

soon as we shift the decimal point one place 
13 28 | 64 to the right, and so there 15 no zero directly 
12 8 [0.2075 after the decimal point But after we bring 
Ud down the next digit the first remainder (48) 

380 15 less than the divisor, so we put a zero 

448 in the dividend (expanded, the dividend 

— becomes 13.280) This zero 15 then brought 

320 down and we can continue the division 
process We get a remainder of 32 and again have to bring 
down a zero (the dividend then becomes 13 2800). 


Here, moving the decimal point one place 

75 іо the right we get 4, which 15 less than 75, 

$6087 write zero їп the quotient after the decimal 

des point, move the decimal point опе more 

300 place to the right in the dividend to get 48, 

which 1s still less than 75 Put а second zero in the quotient 

to the right of the decimal point Adding one zero to the 
fraction we get 0 480, etc 


2. If the dividend 1s larger than the divisor, first divide 
the integral part, write down the result in the quotient and 
place the decimal potnt The division process then proceeds 
as ın the preceding case 


Example 3. 542 8,16, 


Work: Dividing the integral part, we get a quotient 
542.8 16 of 33 and а remainder (the second 

ULL demander) of 14, Put the decimal point 
48 33.925 after 33 and bring down the next digit, 8. 


62 Divide 16 into 148 {о get 9, which is the 
48 first digit after the decimal point, etc 
148 The same procedure 1s used in dividin 
144 a whole number by a whole number if 1 
710 1$ desired to give the quotient as a decimal 
39 fraction. 
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Work: Here, the decimal point 1s inserted after the 
417 15 last integral remainder (12) 1s obtained Тһе 
30 |978 dividend 417 may be written as 4170, it is 
Pho then represented аз a decimal 


Alternative method of dwision 
The process of division can be written differently: 
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Example 5, Divide 45, 837 by 312 
14691 
312 485837 — 
312 


1463 
1248 
2157 
1872 
2850 
2808 
420 
312 
108 (remainder) 


43. Divislor Involving Decimal Fractions 


To divide a decimal fraction (or а whole пите) by a 
decimal fraction, drop the decimal point in the divisor and 
move the decimal point rightwards in the dividend the same 
number of places as in the fractional part of the divisor 
(if necessary, annex zeros at the end of the dividend) 
Division can now be performed as indicated in the preceding 
section. 

Example. 0 04569:0 0012. 


Work: There are four decimal places in the 
456 9 12 fractional part of the divisor, and so we 
36 38 Е move the decimal point four places to the 
right ın (he dividend to get 4569. Now 
96 divide 456 9 by 12, 
€ 
90 
84 
60 


44. Changing a Decimal Fraction to a Common Fraction and Vice 
Versa 


To change a decimal fraction to a common fraction, drop 
the decimal point and make the resulting number the 
numerator of the fraction, the denominator is the number 
indicated by the last decimal place. It Is desirable, и 
possible, to reduce the fraction to lowest terms. 
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If the decimal exceeds unity, it is best to change only 
the decimal part to a common fraction and leave the integral 
part unchanged 

Example 1. Change 00125 to a common fraction The 


ast decimal, 5, 15 in the ten-thousandths place, and so the 
denominator will be 10,000 We have 0 0126 = аза 


Example 2. 2 B= = 25, ог 2 B= The 
former procedure ıs to be preferred, that 1s, leave unchanged 
the 2 to the left of the decimal point and change 0.75 to 
a common fraction 

In order to change a common fraction to a decimal, 
divide the numerator by the denominator using the rule in 
Sec 42 (see Example 4) 

Example 3. Change the fraction + to a decimal. Divide 


7 by 8 to get 0 875 

In most cases the division process goes on without end 
Then the common fraction cannot be changed into a decimal 
fraction exactly, which is actually never required in practice 
The division 15 terminated when the quotient has as many 
decimal places as required in a given practical situation 

Example 4 It ts required to divide 1 kilogram of coffee 
into three parts The weight of each 1s 1/3 kg To weigh 
this quantity, we have to express it in tenths of a kilogram 
(since there are no weights of one-third of а kilogram) 
Dividing 1 by 3, we get 1 3=:0333... The division can 
be continued endlessly with new threes appearing in the 
quotient But small weights (say, less than 1 gram) are not 
indicated by ordinary scales, what is more, the coffee beans 
themselves weigh more than a gram each Only hundredths 
of a kilogram (10 grams) are of practical interest in this 


case And so we take + kg = 033 kg. 


For greater accuracy, it is accepted usage to make al. 
lowance for the value of the [ast rejected digit If it 
exceeds 5, the retained digit is increased by umty 

Note. Even when a common fraction can be expressed 
exactly as a decimal, this 1s not done in most cases The 
division process is terminated as soon as the required degree 
of accuracy 1s attained 

Example 5. Change the fraction É to a decimal, Тһе 
exact value is 0 21875. Depending on the accuracy required, 
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the division process is terminated with the second, third, 
etc. digit of the quotient, and we take 4; == 0 22, ii^ 0.219, 


and so on 


45. Historical Survey of Fractions 


The notion of a fraction could develop only after definite 
conceptions concerning whole numbers had been firmly 
established Like the concept of an integer, the concept of 
a fraction developed gradually The idea of “one half” * 
originated much before that of thirds or fourths, and the 
latter two appeared much earlier than fractions with other 
denominators The first notion of a whole number evolved 
out of the process of counting, the first conception of 
fractions, out of the process of measuring (lengths, areas, 
weights, and so on) Many languages have traces of the 
historical connection between fractions and the existing 
system of measures For example, in the Babylonian system 
of measures and money, | talent 1s composed of 60 пилаз, 
one mina making 60 shekels Accordingly, Babylonian 
mathematics made extensive use of sexagesimal fractions 
(see Sec 21) In the weight and monetary system of ancient 
Rome, 1 as consisted of 12 ounces (uncia), the Romans 
accordingly made use of duodecimal fractions The fraction 
we call 5 was called an *uncia" by the Romans even when 
it was used for measuring lengths or other quantities. The 
Romans called Y one and a half ounces, and so forth 

Our common fractions were widely used by the ancient 
Greeks and Hindus The rules for handling fractions given 
by the Hindu scholar Brahmagupta (8th century) differ but 
shghtly from our own rules Our way of writing. fractions 
coincides with the Hindu custom True, the Hindus did 
not use a fraction. bar The Greeks wrote the denominator 
above the numerator, although other forms of notation were 
used more often For example, they wrote (using other 
symbols, naturally) 35* (three fifths). 

The Hindu symbolism for fractions and rules for handling 
fractions spread into the Muslim world in the 9th century 


* In al! Janguages, the concept "half" has a special name not 
connected with the word “two” Originally "half" meant one af two 
parts (which were not necessarily equal). 
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due to al КПом агипи (see бес 21), and thence to Western 
Parope in the 13th century thanks to the Italian merchant 
and scholar Leonardo. of Pisa (also known as Fibonacci) 

Bestdes common. fractions, sexagesimal fractions were іп 
use, especially in astronomy The latter subsequently gave 
wiy to dermal factions, which were first introduced by 
the celebrated Samarkand scholar al-Kashi (14th to 15th 
century) In Europe, decimal fractions were introduced by 
the Flemish mathematician and engineer (he was also a 
merchant) Simon Stevin (1548—1620) 


46 Percentage 


The expression “per cent’ (from the Latin “per centum”, 
"by the hundred") means a hundredth part Symbolically, 
1% stands for 001, 27% for 027, 100% for 1, 150% for 
15, ete (the symbol for percentage, %, 1s a distortion of 
the notation суо, which 1s a contraction of the word “cento”) 

1% of a sum means 001 of it, to fulfil a plan means 
to complete 100% of it, whereas fullillment by 150% would 
mean that one and a half quotas of the planned amount 
Пай been completed, and so forth 

Ta find the percentage expression of a given number, 
тир. the number by 100 (or, what is the same, move 
the ey il point two places to the riglit) 

xampies Expressed as a percentage, 2 15 200%, the num- 
Бег 0 357 ‚$ 357%, the numoer 1 753 18 175 3% 

о ch. ше а percent to a number, avide the percent by 
100 (or, what 1s the same, move the decimal point two pla- 
ces to the feft) 

Examples. 1359620135, 2395-0023, 14596 = 1 45, 
2/506 ==0 4% =0 004 

The three principal problems involving percentage are 

Problem 1 Find the indicated percent of a given number. 
(сі Sec 38, Rule !) Multiply the number by the percent 
and divide by 100 (or, what 15 the same, move the decimal 
point two places to the left im other words, the given num- 
ber is multiplied by the fraction expressing the given per- 
cent) 

Example. А planned quota in coal production is 2860 
tons per day А mune pledges to do 115% of the plan. How 
many tons of coal will it mine рег day? 

Solution. (1) 2860 115 = 328,900 

(2) 328,900 100 -- 3289 tons 
(which is equivalent to 2860: 1.15 = 3289). 
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Problem 2 Find a number оп the basis of a given percent 
(cf Sec 38, Rule 2) The given quantity is divided by the 
percent and then multiplied by 100 (or the decimal point 
13 moved two places to the right, which is to say the given 
number is divided by the fraction expressing the given 
percent) 

Example In processing sugar beets, 125% of the weight 
of the beets 15 granulated sugar What quantity of beets 
has to be processed to produce 3000 centners of granulated 
sugar? 

К ошол (1) 3000 125==240 (2) 240 100 24,000 (cent- 
ners) (which 15 tantamount fo writing 3000 0 125— 24,000) 

Problem 3. Find what percent one number is of another 
(cf Sec 38, Rule 3) Multiply the first number by 100 and 
divide by the second number 

Example 1. A new burning process for brick manufacture 
made it posstble to increase the output of bricks per cubic 
metre of furnace from 1200 to 2300 bricks What was the 
increase Іп brick output in percentage? 

Solution 

(1) 2300—1200 — 1100, 

(2) 1100 100 — 110,000, 

(3) 110,000 1200 ғ: 9] 67 

Brick output increased by 91 67% 

Example 2. According to the seven-year plan, the petro- 
leum output in the USSR was to reach 161 million tons in 
1961 Actually, 166 million tons were produced Give the 
fulfillment of the 1961 plan in percentage 

Solution. 

(1) 166-100 — 16,600, 

(2) 16,600 161 = 1031 

Petroleum output in 1961 was 103 1% of the planned 
amount 

Note 1. In all three types of problems, the sequence of 
operations can be changed (say, in the last problem, we 
could first divide and then multiply by 100) 

Note 2. The example which follows is to serve as a war- 
ming against a mistake that 15 very frequently made 

this required to find out the price of a metre of cloth 
prior to a price reduction if after a price reduction of 15% 
the price is 12 roubles per metre Sometimes, 15% of 12 
roubles 15 found, that ts, 12 0 15==18. This is followed by 
the addition 12--18=138, and it 15 taken that the old 
price was 13.8 roubles per metre This 1s not so because the 
percent of reduction 1s established with respect to the earlier 
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prices, and 18 roubles 1$ not 1594 of 138 roubles but about 
13% (see Problem 3) The correct solution is this after the 
price reduction, the cloth cost 100% —15% =85% of the 
earlier price And so the old price (see Problem 2) was 
12 0 85=14 12 roubles per metre 

Note 3. In working percentage problems it 1s best to take 
advantage of the methods of approximate computations (see 
the sections which follow) 


47. Approximate Calculations 


The numbers we deal with tn everyday affairs are of two 
kinds Some state exact magnitudes, others give only аррго- 
ximate values Thus, we have exact numbers and approximate 
numbers We often take an approximate value in place of an 
exact value simply because the latter 15 not required In 
many cases it 1s simply impossible to find a number exactly 

Example 1 The number of pages in a book 15 exact 
This book has 423 pages 

Example 2 A hexagon has 9 diagonals, which 1$ an exact 
number 

Example 3 A salesman weighs 50 grams of butter 50 is 
an approximate number because the scales are not sensitive 
to an increase or decrease of 0 5 gram 

Example 4 The distance by railway from Moscow to Lenin- 
grad is 651 kilometres The number 651 ıs an approximate 
number because our measuring instruments are not exact 

Operations involving approximate values yield approximate 
values What is more, inexact digits may result from opera- 
tions on the exact digits of the given numbers 

Example 5 In multiplying the approximate numbers 60 2 
and 801 let us suppose that all the indicated digits are 
correct so that the true values can differ from the approxi- 
mate ones only in hundredths, thousandths, ete The product 
1s 482202 Here, not only the hundredths and tenths digits 
but even the units digits may be incorrect For example, sup- 
pose that the factors were obtained by rounding off (see 
Sec 49) the exact numbers 60 25 and 80 14 Then the exact 
product 15 4828 435, so that the units digit in the approxi- 
mate product (2) differs from the exact figure (8) by 6 units, 

If we know the degree of accuracy of the starting figu- 
res, the theory of approximate computations permits us (1) 
to estimate the degree of accuracy of the results prior to 
performing the operations, (2) to take the initial numbers 
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with the desired degree of accuracy so as to ensure the ге- 
quired accuracy of the result without involving the computor 
in extra needless computations, (3) to rationalize the very 
process of computation by omitting computations that do not 
affect the final exact figures of the result. 


48. Notation of Approximate Numbers 


In approximate calculations we distinguish between 2 4 
and 2 4 between 0 02 and 0 0200 and so on Тһе notation 
24 means that only the units and tenths are correct, the 
true value of the number may be, say, 243 or 2 38 (when 
the digit 8 15 dropped, we round the preceding digit upwards, 
see Sec 49) The notation 2 40 means that the hundredths 
are correct, the true number may be 2 403 or 2 398 but not 
2 421 or 2 382 

This distinction. also holds true for whole numbers The 
notation 382 means that all digits are correct, now И there 
13 any doubt about the last digit, the number is rounded 
off and is written as 38 10 and not 380 If we write 380 Низ 
means that the last digit (0) 1s true И in the number 4720 
only the first two digits are correct, then И must be written 
as 47 10% this number can also be written in the form 
4 7.103, etc 

The significant digits of a number are all the correct 
digits (except for zeros) which stand at the beginning of the 
number For example, in 0°00385 there are three significant 
digits, in the number 0 03085 there are four significant digits, 
in 2500 there are four, arid in 25 103 there are two 


49. Rules for Rounding Off Numbers 


In approximate computations И ıs frequently necessar 
to round off numbers (both approximate and exact), whic 
means dropping one or more of the last digits To ensure 
that the rounded number 15 as close as possible to the 
original number, use the following rules: 

Rule 1. If the first of the discarded digits exceeds 5 
then the last digit kept 1s increased by unity. The increase 
is also made when the first digit kept 1s equal to 5 and 15 
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followed by one or more significant digtts (for the case 
when the discarded 5 15 not followed by any digits, see 
Rule 3 below) . 

Example 1. Rounding the number 27 874 to three signifi. 
cant digits, we write 27,9 Тһе third digit 8 13 increased 
to 9 since the first. discarded digit, 7, exceeds 5 The num. 
ber 27 9 1s closer to the original number than the rounded 
(but not increased) number 27 8 

Example 2 Rounding the number 36 251 to the first 
decimal, we write 363 The tenths digit 2 1s increased to 3 
because lhe first discarded digit 15 equal to 5 and it is 
followed by one significant digit, 1 The number 36 3 is 
closer to the initial number (though only slightly) than the 
uninereased number 36 2 

Rule 2. If the first digit dropped is less than 5, no 
increase 1s made 

Example 8 Rounding 27 48 to the nearest whole number, 
we write 27 This number ts closer to the given one than 28 

Rule 3 If the digit 5 1s dropped, and no significant 
digits come after it, the rounding 15 done to the closest even 
number, that is, the last retained digit 1s left unchanged if 
it 1s even and 18 increased if it 1s odd The reason for this 
rule 15 given velow (see note) 

Example 4 Rounding 0 0465 to the third decimal place, 
we write 0046 We do not increase the last digit kept since 
it 1s even The number 0 046 is just as close to the given 
one as is 0047 

Example 5. Rounding 0 935 to the second decimal place, 
we write 094 The last retained digit 3 1s increased because 
it 1s odd 

Example 6. Rounding the numbers 

6 597, 0 456, 2 195, 1 450, 0 950, 4 851, 0 850, 0 05 to the 
first decima] place, we get 


65,05, 22, 14, 10, 49, 08, 00 


Note. When applying Rule 3 to the rounding оЙ of one 
number do not increase the accuracy of the rounding pro- 
cess (see Examples 4 and 5) However, if the process is per- 
formed repeatedly, there will be roughly just as many numbers 
with excess as with deficit The mutual compensation of er- 
rors will ensure the highest possible accuracy of the result 

Rule 3 can be modified and made to apply to rounding 
off to the closest odd number The accuracy will be the same 
but even digits are more convenient than odd digits 
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50. Absolute and Relative Errors 


The absolute error (or, simply, error) of an approximate 
number 1s the difference between the number and its exact 
value (the small number 15 subtracted from the greater) * 

Example 1. There are 1284 employees in a given insti 
tutron Rounding this number off to 1300, we get an abso- 
lute error of 1300—1284 =16 Rounding off to 1280, we have 
an absolute error of 1284 — 1280 — 4 

The relatwe error of an approximate number is the ratio 
(see Sec 62) of the absolute error of the approximate num- 
ber to the number itself 

Example 2. А school has a student body of 197 Rounding 
this number to 200, we obtain an absolute error of 


200 — 197 =3 The relative error is equal to 75 or, rounded, 


gag 71596 

In most cases it 15 impossible to determine the exact 
value of an approximate number and, hence, the exact value 
of the error However, it 15 almost always possible to es- 
tablish that the error (absolute or relative) does not exceed 
a certain number 

Example 3 А salesman weighs a watermelon on pan scales. 
The smallest of the set of weights 1s 50 grams The result 
15 3600 grams This 1$ an approximate number The exact 
weight of the watermelon ts not known However, the absolute 
error does not exceed 50 grams, and the relative error does 
not exceed 5555 ш 14% 

А number which definitely exceeds the absolute error 
(or, at worst, 15 equal to it) is called the muting absolute 
error A number which definitely exceeds the relative error 
(or, at worst, is equal to it) is called the fuming relative 
error 

Іп Example 3, we can take 50 grams for the limiting 
absolute error and 14% for the limiting relative error 

The magnitude of a үү error is not quite definite 
Thus, in Example 3 we can take 100, 150 and generally any 
number over 50 grams for the limiting absolute error, In 
practical cases the smallest possible vius of the limiting 


* In other words, If a із an approximate number and x {ts exact 
value, then the absolute error 15 the absolute value (Sec 42) of the 
difference a—x Іп some manuals, the absolute error is defined as 
the difference itself a—x (or the difference х--а) This quantity can 
be positive or negative, 
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error 1s taken When the exact magnitude of the error 18 
known, this serves, at the same time, as the limiting error 

For every approximate number, we must know its limiting 
error (absolute or relative), When it is not directly indicated, 
it 15 assumed that the limiting absolute error represents one 
half of one unit of the last written digit. For instance, if we 
have the approximate number 4.78 without the limiting error 
indicated, then the limiting absolute error is assumed to be 
0005 With this convention, we can always do without indi- 
cating the limiting error of a number rounded off by the 
rules of Sec. 49, 

The limiting absolute error is denoted by the Greek letter 
delta (A); the (ш relative error, by the lower-case Greek 
delta (8) If an approximate number 15 denoted by a, then 
5=А. 

ü 

Example 4. A pencil 15 measured with a ruler calibrated 
in millimetres and yields a result of 17 9 cm. What is the 
limiting relative error of this measurement? 

Here, а== 17 9 ст, we can take А to be equal to 01 cm, 
since it is not difficult to measure a pencil to within 1 mm, 
yet it will not be possible to reduce substantially the limi. 
ting error (with practice, it 1s possible to read 002 cm, and 
even 0.01 cm, on a good ruler but at the very edge of the 
ruler the discrepancy may be greater). The relative error is 


01 01, 
тту Rounding off, we get б----- = 0.6% 


Example 5. А cylindrical piston is about 35 mm in dia- 
meter To what degree of accuracy must a measurement be 
made with a micrometer so that the limiting relative error 
15 005%? 

Solution. It is pn that the limiting relative error must 
constitute 005% of 35 mm Consequently (Sec. 46, Problem 1), 
the limiting absolute error is EE = 0.0175 (mm) or, roun- 
ding upwards, 002 (mm). 

We can use formula 4-2 Substituting а = 35, 8 = 0.0005, 


we get 0 0005 === Thus, 


A= 35 0 0005 =0 0175 (mm) 


51. Preliminary Rounding Off in Addition and Subtraction 


If the given numbers do not all end in the same digit 
place (order), round off before performing the addition or 
subtraction In other words retain only those digit places 
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that are good for all addends, the others being dropped as 
useless For a small number of addends, all digits of the sum, 
except the last, will be correct The last digit may not be 
quite exact This inexactness can be reduced to a minimum 
f we take into account the digits of the next digit place 
(extra digits) 

Example I. Find the sum of 25 3-4-0 4424-2 741 

Without rounding off the terms, we get 28 483 The last 
two digits are useless since there is a possible inaccuracy of 
several hundredths in the first addend Rounding the sum to 
exact digits (that 1s, to tenths), we get 285 If we first round 
off to exact digits, then we readily get 25 3--0 44-2 7 —28 4 
The tenths digit 1s less by | Taking the hundredths digits 
as well, we get 25 3-+0 44 --2 74 — 28 48, which, rounded, 15 
285 The digit 5 15 more reliable than 4, though it might 
very well be that the true figure 15 precisely 4 * 

When using extra digits, arrange the computation as imdi 
cated in the accompanying scheme with the extra digits sepa- 
rated by a vertical line 


Work. 253 


Example 2 Find the sum of 52861-50 25634-81 
+ 57 35-- 0 0087 

Without using any extra digits (we retain only rounded 
tenths, see rules for rounding, Sec 49), we get 1187. With 
extra digits, we have 1186 In the latter result, the tenths 
digit may prove to be incorrect due to the inaccuracy of the 
third addend, a 5 may appear in place of 6 (if the third 
addend has been rounded off from 806) But 61s much more 
reliable At any rate 7 cannot be correct. Extra digits yield 
an improvement, but only a slight one Compare the two 
schemes on the left without extra digits, on the right using 


* If we assume the first addend to be 25,26 rounded, then the 
sum to hundredths wauld be 28 44, or approximately 28 4 However, 
if 25,3 is the rounded number 25 27 or 2528, eic, then the sum 
will be 28 5 after rounding 


7-652 
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extra digits 


Werk: 529 8528/6 
03 0 2| 6 

+в] 8 1 
574 +57 315 

18.7 001 

186 


52. Error of a Sum and a Difference 


The limiting absolute error of a sum is equal to thesum 
of the limiting absolute errors of the separate addends 

Example 1. The approximate numbers 265 and 32 are 
added Let the limiting error of the former be 5, of the lat. 
ter, 1 Then the limiting error of the sum is equal to 
5+1=6 Thus, И the true value of the former number ts 
270, of the latter, 33, then the approximate sum (265 -- 32 
= 297) 1s 6 less than the true value (2704-93 = 303) 

Example 2 Find the sum of the approximate numbers 
0 0908 2- 0 0833--0 0769 + 0 0714 +0 0667 4-0 0625 + 0 0588 
- 0.0556 -- 0 0526 

Addition yields 0 6187 The limiting error of each addend 
15 0 00005, the limiting error of the sum is 0 00005 x 9 = 0 00045 
Thus, there 18 a possible error of up to 5 units іп the 
last (fourth) decimal place of the sum, and so we round off 
the sum to the third decimal place (thousandths). This yields 
0619, where all the decimal places are correct 

Note. A large number of addends usually makes for a 
balancing of errors, for this reason, only in exceptional cases 
does the true error of a sum coincide with the limiting error 
or come close to И That these cases are rare is seen from 
Example 2 where we had 9 addends The true value of each 
of them can differ in the fifth decimal place from the given 
approximate value by 1, 2, 3, 4 or even 5 umts either way, 
For example, the first addend may be greater than its true 
value by 4 umits of the filth decimal place, the second by 
two units, the third, less by one unit, еіс Calculations show 
that the number of all possible cases of the distribution of 
errors 15 about 1000 million But only in two cases can the 
error of the sum reach the limiting error of 0 00045 This 
occurs when (1) the true value of each addend exceeds the 
approximate value by 000005, and (2) the true value of 
each addend 15 less than the approximate value by 0,00005 
Thus, the cases when the error of a sum coincides with the 
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limiting error constitute only 0 000000296 of all possible 
cases 
Further calculations show that cases when the error of a 
sum of nine addends can exceed three units of the last de- 
сита! place are also very rare Tney amount to only 007% 
of all possible cases Ап error can exceed two units of the 
last decimal place іп 2% of all possible cases, one unit, in 
roughly 25% In the remaring 75% of the cases, the error 
of nine addends does not exceed one шиі of the last deci- 
mal place 

Example 3 Assuming the addends of Example 2 to be 
exact numbers, * let us round them off to thousandths and 
add The limiting error of the sum will be 9 0 0005 — 0 0045 
Yet we have 


0 091 4- 0 083-- 0 077 4-0 071 +0 067 -- 0 062--0 059 
+0 056 + 0 053 ==0 619 


That 15 to say, the approximate sum differs from the true 
sum by 00003, which is a third of a unit of the last deci- 
mal place of the approximate numbers АП three decimals 
of the approximate sum are correct, although theoretically the 
last decimal might be glaringly inexact 

Let us round off to hundredths tn our addends Now the 
limiting error of the sum 15 9 0005-0045 Yet we get 
009-1- 008-- 008+ 007--007--0 06-- 006-- 0 06-- 0 05 
=062 The true error comes out to only 0 0013, which 1s 


- of a unit of the last decimal of the approximate numbers 


The limiting absolute error of a difference 15 equal to the 
sum of the limiting absolute errors of the minuend and the 
subtrahend 

Example 4. Let the limiting error of the approximate 
minuend 85 be 2, and the limiting error of the subtrahend 
32 be 3 The limiting error of the difference 85—32 =53 15 
2--3=5 Indeed, the true values of the minuend and sub- 
trahend may be equal to 85--2--87 and 32--3=29 Then 
the true difference 15 87—29 -=58 It differs from the appro- 
ximate difference 53 hv 5 


* These addends are obtained by changing the common fractlons 
в, ‘т to decimals іс within the fourth decimal 
place The reader can take other numbers at random 


1 


100 


The limiting relative error of a sum and a difference сап 
easily be found by first computing the limiting. absolute 
error (see Sec 50) 

The limiting relative error of a sum (but not of a diffe- 
rence) lies between the smallest and largest of the relative 
errors of the addends If all the addends have the same (or 
roughly the same) limiting relative error, then the sum also 
has the same (or roughly the same) limiting relative error 
In other words, ın this case the accuracy of the sum (expres- 
sed as a percentage) 16 not inferior to the accuracy of the 
addends For a large number of addends, the sum (as a rule) 
1s much more accurate than the addends (for the reason 
explained in the note of Example 2) 

Example 5. In each addend of the sum 244--259 
+247=743 the limiting relative error is approximately 
the same, namely, 005 25=02% It ts the same for the 
sum as well Here, the limiting absolute error 1s equal to 
0.15, the relative error 0 15 74 3 = 0 15°75=0 2% 

In contradistinctton to the sum, the difference between 
two approximate numbers may be less exact than the mi- 
nuend and subtrahend The "loss of accuracy" is particularly 
great when the minuend and subtrahend differ only slightly 

Example 6. Measurements of the outer and inner diame- 
ters of a thin-walled pipe yielded 287 mm and 283 mm, 
respectively Using these figures, we find the wall thickness 


+: (28.7— 28 3)=02 (mm) The limiting relative error of 


the minuend (28 7) and the subtrahend (28 3) 1s the same 
52.0295 The limiting relative error of the difference 0 4 
(and also oi half the difference, 02) comes out to 25% 

И follows, from the foregoing, that whenever possible one 
should avoid computing a desired quantity by subtracting 
nearly equal numbers СЇ Sec 90, Example 9 


63. Errors In a Product 


The limiting relative error of a product 18 approximately 
equal to the sum of the limiting relative errors of the fac- 
tors (For the exact value of the limiting error see note of 
Example 1) 

Example 1. Two approximate numbers, 50 and 20, are 
multiplied together Let the limtting relative error of the 
first factor be 04%, of the second factor, 0.5% Then the 
limiting relative error of the product 50x20 = 1000 15 appro- 
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ximately 0,9% Indeed, the limiting absolute error of the 
first factor is 50 00010 2, of the second, 20 000501 
Therefore, the true value of the product. does mot exceed 
(50-0 2) (20 + 0 1) - 1309 02, and ts not less than (50—0 2) 
x(20—0 1) =: 091 02 п the true value of the product is 
1009 02, then the error ol the product 1$ equal to 
1009 02— 1000 9 02 and if it ıs 991 02, then the error of 
the product is 1000--991 02.8 98 These two cases are the 
most unfavourable ones Hence the limiting. absolute error of 
ihe product 13 902 The limiting relative error 1s equal to 
9 02 1000 ==0 902*,, which is approximately 09% 

Note Denote the limiting relative error of a product by 
the letter à, the limiting relative error of the factors by à, 
and 6, (in Example 1, 8, =0 004, б,--0 005, ô= 0 00902) 

Our rule (for two factors) then looks lhe thts 


ба ё, +Â 
The exact expression of Ó 15 
52:0, +0, 4-640, 


That 15, the limiting relative error of a product 1s always 
greater than. the sum of the limiting 1elative errors of tlie 
factors, 11 exceeds. this sum by the product of the relative 
errors of the factors The excess is ordinarily so small that 
it can be ignored Taking Example |, we have ёх 0 004 
4-0 0054-0 004 0005=000902 The excess here is 0 00902 
—0009=0 00002, which is about 0 2% of the approximate 
value of the limiting relative error This excess 15 so small 
that 1t can be disregarded 

Example 2 Suppose the approximate numbers 53 2 and 
250 are multiplied together The limiting absolute error of 
each 15 005 Therefore, д; = 0 05 53 20.0009, 8, -=0 05:25.0 
=0002 Тһе limiting. relative error of the product 
532 25 0== 1330 15 approximately equal to 0 0009 +0 0020 
= 00029 The quantity 8,5, =0.0009 0 002 =0 0000018 ts so 
small that if 1s meaningless to take it inte account. The 
limiting absolute error of the product 133015 1330.0.0009 =: 4, 
so that the last digit of the product (zero) may be incorrect 

Example 3 Find the volume of a room, given the mea 
surements length 4.57 m, width 337 m, height 3.18 m 
(the limiting absolute errors are 0 005 m), Multiplying these 
numbers together we find the volume (о be 48.974962 m? 
But only two digits are definitely correct пеге, the third 
may already have a slight error, indeed, the limiting rela 
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tive errors of the factors are’ 


$,=0005 457 = 0 0011, 6,20 005:3 37 æ 0 0015, 
6, =0 005 3 18 = 0 0016 


The limiting relative error of the product is 
8==00011--0 0015 4-0 0016 = 0 0042 


The limiting absolute error of the product А œ% 49 0.0 0042 
2021 Thus the third significant digit of the product is 
unreliable Hence we take the volume of the room to be 
19 0 тз, 


84. Counting Exact Digits In Multiplication 


The error 1n a product may be estimated more simply 
(more crudely, true) than by the procedure given in Sec 53 
This estimate 1s based on the following rule 

Let two approximate numbers be multiplied together and 
let each have Ё significant digits Then the (k— 1)st digit of 
the product 15 definitely correct, while the &th digit may not 
be quite exact However, the error of a product does not 
exceed 51/, units of the kth digit and only in exceptional 
cases 15 close to this limit Now if the first digits of the 
factors in a product yield a number exceeding ten (either 
taking into account or disregarding the effect of the subse- 
quent digits), the error of the product does not exceed one 
unit of the kth digit 

Example 1. Let us multiply together the approximate 
numbers 245 and 1 22, each of which has three significant 
digits In the product, 2 9890, the first two digits are surely 
correct, The third digit may not be quite exact For the given 
values of the factors, the limiting absolute error of the product 
(it may be found, as was done in Example 1, Sec 53) соп- 
stitutes 18 units of the third digit (or 0.0018), as a rule, 
the true error will be still less. Therefore the third digit 
should be retained and there 1s no sense in keeping the fourth 
digit. Rounding off, we have 2 45.1 22 ~ 2 99. 

Example 2. Multiply the approximate numbers 46 5x 2.82. 
In the produc 131 130, the first туо digits are definitely 
correct Since the first digits of the factors (with account 
taken of the subsequent digits) yield 13 in the product (the 
first two digits of the number 131 130), it follows that the 
error of the product definitely does not exceed unity In this 
case, the Irmiting absolute error of the product is only 0.37; 
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the true error will, as а rule, be less So the third digit must 
be retained It 1s advisable to retain the fourth digit (which 
is not quite exact) as an extra digit only when other opera- 
tions are to follow | 

When multiplying together three, four or more approxi- 
mate numbers, the limiting error increases proportionally 
(that 15 tu say, ıt tncreases over that given above by 11/3, 
two, etc times) However, in most cases, the true error for 
a small number of factors remains within the same limits 
(due to a compensation of errors, cf Sec 52). 


Practical Advice 


1. If approximate numbers with the same number of signi- 
ficant digits are being multiplied together, retain the same 
number of significant digits in the product The last retained 
digit will be in doubt 

2 If some of the factors have more significant digits than 
others, then, prior to multiplication, round off the longer 
numbers retaining as many digits as the least exact factor, 
or one more digit (as an extra digit) There 1s по sense in 
keeping any more digits 

3 If it 1s required that the product of two numbers have 
a prescribed number of reliable digits, then the number of 
exact digits in each factor (found via computation ог measu- 
rement) must be one more If the number of factors 1s greater 
than two but less than ten, then the number of exact digits 
1n each factor must, for complete assurance, be two units 
more than the required number of exact digits In most 
practical situations only one extra digit 1s quite sufficient. 

To verify these conclusions, let us consider an example 
1n which we е know the exact values of the approximate 
numbers being multiplied | 
1 


Example 3. Change the product TUPRGDHHN to a 


decimal Taking 4 significant digits, we get 0 0003330. Now 
suppose all we know are the approximate values of the fac- 
tors (the reader 1$ advised to take any other factors): 


1 1 _ 1. LESE 
3 =0 33333, + =0 14286, Ті:50 09091, zy = 0 07692 


and it 13 required to find the product to two significant 
digits. To be on the safe side we have to take all factors to 
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four significant digits, that 1s, we multiply 0 3333.0.1429 
x0 09091 -0 07692 

(1), We find 0 3333-0 1429 ==0 04762857. 

Retaining four significant digits, we get 0.04763 

(2) Perform the following multiplication: 


0 04763 +0 0909 = 0 0043300433 


(3) Retaming four significant digits (three would have 
sufficed) and performing the last multiplication, we get 


0 004330-0 07692 = 0 0003331 


The first two significant digits are definitely correct, so 
that the desired number 1s 0 00083 We cannot, beforehand, 
be certain of the correctness of the third significant digit, 
It proves correct however. The fourth significant digit ts not 
quite exact, but the error does not exceed unity of the cor- 
responding decimal place. 

If we carry our answer to six decimal places, then we 
cannot beforehand be certain of the fifth digit Actually, 
however, even the sixth digit 1$ correct. Namely, 

(1) 0 333-0 143 =0 047619, 

(2) 0 0476-0 0909 — 0 00432684, 

(3) 0 00433-0 0769 — 0 000333 

Н we carry the computation to five decimals, then for 
the product we have 0 00032, i.e, the error 13 1 3 units of 
the fifth decimal place 


55. Short-Cut Multiplication 


When applying the rules of multiplication of exact numbers 
to approximate numbers we waste time and effort in the com- 
putation of digits that will be dropped at a later stage. The 
computational procedure can be made more efficient 1f we are 
guided by the following rules 

(1) Start the multiplication with the higher digit places 
of the multiplier (not the lower digit places), when multi- 
plying the multiplicand by the highest digit place of the 
multiplier, carry out the multiplication completely. 

(2) Before multiplication by the next place of the multi- 
рег, cross-line the last digit in the multiplicand, multiply 
using a shortened multiplicand, but add to the result the 
rounded product of the given place of the multiplier by the 
discarded digit of the multiplicand. 
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(3) Before multiplying by the third (from the beginning) 
place of the multiplier, cross-line one more digit of the mul- 
tiplicand (the second from the end), perform the multiplication 
by the remaining digits of the multiplier and take into account 
the effect of the digit that was just discarded and so on 

(4) The resulting products are arranged so that all the, 
lower digit-orders are aligned one under another 

(5) There are special rules for setting the decimal point 
їп the product, but it ts a good practical rule to make а 
rough preliminary guess about the magnitude of the product. 
To avoid errors, it 1s advisable to cross-line each digit of 
the multiplier that has been used 

Example 1. Multiply the approximate numbers 6.7428 .23 25 
Equalize the number of significant digits: drop 8 in the first 
factor and replace 2 by 3 Compute by the accompanying 
scheme in the following sequence 
Work. (1) Disregard the decimal points апа multiply 

6 743 6743 by 2, write out the result іп full. 13486, as 
Х 93 95 usual, Беріп to multiply with 2 3—6 (write the 
“7774486 6 under the lowest digit-orders of the factors) 

2093 (2) Cross-line the digit of the multiplier that 
+ 7135 was used (2) and the last digit of the multipli 

34 cand (3), multiply the next digit of the multi 
= рПег (3) by the shortened multiplicand 674, noting 
that the cross-lined ne 3 would have given 

3 3==9 in the product, and so add 1 to the product (from 
the very beginning of the multiplication, 3-4 — 12, 12+ 1 = 13, 
write 3 and carry the 1) The lowest order of the product (3) 
13 written under the lowest order of the preceding product (6). 

(3) Cross out the second digit of the multiplier from the 
beginning and the second digit of the multiplicand from the 
end, multiply the third digit of the multiplier (2) by the 
shortened multiplicand 67, noting that multiplication of this 
digit of the multiplier by the discarded digit of the multi- 
Ван would have yielded 8, and so we add | to the pro- 

uc 

(4) Finally, crossing out 2 in the multiplier and 7 in the 
multiplicand, multiply 5 by 6, noting first that 5.7 «38, 
so that to the product 5:62:30 we add 4 (which 15 better 
than 3 since we would have had to multiply not only the 
digit 7 but also the discarded digits that follow И), 

(5) Add all the products thus obtained to get 15,678 

In order to set the decimal point, we round the factors 
crudely taking, say, 6 in place of the first and 20 instead of 
the second. This gives us a rough product of 120, which 
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means that the integral part of our answer 15 а three-digit 
number, this means we must point ofi the first three digits 
and take 156 78 and not 15678 or 1567 8 This answer is 
correct only to the first four digits We use the last digit 
(which may contain an error of up to three units) to round 
off the result to 156.8 

Example 2. 674,3.232 5. The multiplication 18 performed 
as in the preceding example We get 15,678 and to point off 
the decimal place we carry out the rough computation 
600.200 =120,000, which 15 a six-digit number Since the 
integral part of our answer must contain six digits, and our 
number, 15,678, contains five, we annex a zero on the right, 
the decimal point lies outside the figures we obtained, 1 e., 
the result of our multiplication yields the whole number 
186,780 Since the last digit (zero) 18 definitely false, we 
write the answer as 15,678.10 or 1568-10? (see Sec 48). 


B6, Division of Approximate Numbers 


Rule 1, The limiting relative error of a quotient 15 appro- 
ximately equal to the sum of the limiting relative errors of 
the dividend and divisor (cf Sec 53). 

Example 1. Divide the approximate number 50 0 by the 
approximate number 200 Тһе limiting error of the dividend 
and divisor 1s 005 Then the limiting relative error of the 


dividend 1s 5555 == 0.100, and the limiting relative error of 


the divisor is 2555 -=0.250/,. The limiting relative error of 


the quotient of 50 0 Бу 20.0==2.50 must be approximately 
0.19/, -- 0.259, =0 350/0 
Indeed, the true value of the quotient does not exceed 
(50 0-4-0 05):(20 0—0 05) — 2 50877 and ıs not less than 
(500—005): (20.0--0 08) 2.49127 If the true value of the 
Juan is 2 50877, then the absolute error comes out to 
.50877—2 50--0.00877. But if the true value is 2.49127, 
then the absolute error comes to 2 50— 2 49127 = 0 00873 
The foregoing cases are the most unfavourable. Hence, the 
. limiting relative error 1s 0.00877.2 50— 0 00361, or, approxi- 
mately, 035%. 
Note. The exact limiting relative error always exceeds the 
approximate error as computed by Rule 1 The percent of 
excess is roughly equal to the limiting relative error of the 
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divisor. In our example, the excess 15 0 00001, which is 0 29% 
of 0 0035, whereas the relative error of the divisor is 0 2596 
Example 2. Find the limiting absolute error of the quo- 
tient of 281 by 0571 
Solution. The limiting relative error of the dividend is 
0 005 2 81 =0 296; of the divisor, 0 0005 0 571 =0 1%, of the 
quotient, 02%--01%=03% The limiting. absolute error 


of the quotient is approximately equal to БЕГ х0.003 


== 0 015 Hence, we are already uncertain about the third 
significant digit in the quotient 2 81 0 571 —4 92 
А simpler but more crude estimate of the accuracy of the 
uotient 1s based on a count of the exact digits (cf. Sec. 54). 
The estimate 1s as follows 

Rule 2. Suppose the dividend and the divisor each have А 
significant digits Then the absolute error of the quotient 15 
at worst close to 1 05 umts of the (#—1)5{ place (this va 
lue will never be attained) 

As we see, the limiting error of a quotient is theoretically 
twice the limiting error of a product (see Sec. 54). Actually, 
however, the error of a quotient exceeds by 5 units the p^ 
digit only іп exceptional cases (once іп a thousand). There- 
fore, one should fake as many significant digits in the quo- 
tient as there are in the dividend and diotsor 

If one of the given numbers (dividend or divisor) has 
more significant digits than the other, then drop all the 
superfluous digits or retain only the first one (as an extra 


digit 

9 1 1s required that the quotient have а prescribed num- 
ber of correct digits, take one extra significant digit in the 
dividend and divisor, 


51. Short Division 


In order to avoid superfluous computations, carry out the 
division of approximate numbers as follows. 

(1) Disregarding the position of the decimal points, obtain 
the first digit of the quotient in the same manner as for 
whole numbers If the significant digits of the dividend form 
a number that exceeds the significant digits of the divisor 
(both are regarded as whole numbers), then the first digit 
of the quotient is multiplied by the entire divisor Other- 
wise cross out the last digit in the divisor and multiply by 
the shortened divisor, but take into account the effect of the 
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discarded digit Thus, if we divide 2262 by 7646, the first 
digit of the quotient 3 (22'7=3 with a remainder, but 3 
is not suitable and so we take 2) It is then multiplied 
into 764 and | 1s added to the result (this ts the first digit 
of the product 2 6= 12). This 18 done immediately upon 
multiplication by the last digit of the shortened divisor, 

(2) The result of multiplying the first digit of the quo- 
tient by the divisor (or by the shortened divisor) 1s written 
under the dividend, aligning digit place under digit place, 
Then we find the remainder 

(3) Instead of bringing down a zero to the remainder, we 
shorten the divisor by cross-lining the last digit (if the shor- 
tening has already been done, then drop the last of the re. 
maining digtts) Choosing the second digit of the quotient, 
multiply 1t by the shortened divisor taking into account the 
digit just discarded 

(4) Write the result of the multiplication under the first 
remainder and align the digit places We then find the se- 
cond remainder 

(5) Instead of bringing down a zero we shorten the divi. 
sor by one more digit, etc 

6) Having obtained the quotient, we set off the decimal 
point by a rough estimate 

Example 1. 58.83 9.658 
Work: (1) Since 5883 із less than 9688, cross 

58 83 |0658 out the last digit of the divisor, 8, from 
775795 |65092 the very start. The first digit of the quo- 


88 tient 1s 6 Multiply by 965, noting that the 
— 86 discarded digit gives 5 units (6.8 = 48, drop 
7 8 and round 4 to 5) 
—2 (2) Write the product 5795 under the 


& dividend, digit place under digit place The 
remainder 1s 88 

(3) Cross out the second from the last digit of the divi- 
sor, 5 The shortened divisor, 96, 1s not contained even once 
in the dividend 88, put а zero іп the quotient, * do not mul- 
tiply. 

(4) There 18 no need to find the second remainder 

(5) Cross out one more digit of the divisor, 6 The shor- 
tened divisor, 9, 1s contained іп the remainder 9 times, and 
so the third digit of the quotient 1s 9 Multiplying by the 
shortened divisor with account taken of the effect of the 


* Take careful note of this a frequent mistake is made by not 
writing the zero and dropping the next digit of the divisor 
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cross-lined digit, we have 86 and а remainder of 2 This is 
not the end of the operation Dropping th. last remaining 
digit, but taking into account its effect. on the result, we 
find in the quotient another digit 2(2-9— 18, the 8 15 drop- 
ped and the 1 15 rounded to 2) The last digit 15 obtained 
in sumplest fashion. by mentally bringing down zero to the 
last remainder 2, this yields 20 9 = 2 

(6) А rough calculation gives the positton of the decimal 
point. In the dividend and divisor we retain only the inte- 
gral parts, it 1s clear that 58 9 = 6, that is, the integral part 
of the quotient is a one-digit number The result is therefore 
equal to 6 092, and not 60.92 or 6092, eic 

АП digits of the answer are correct 

Example 2 98 10 0 3216 
Work: (1) 9810 ıs greater than 3216 Multiply 


98 10 [0 3216 the first digit of the quotient, 3, by 3216 
77 96 48 73050 to get 9648 


162 (2) The remainder 15 162 
—16l (3) Cross-line the last digit, 6, of the 
= divisor The shortened divisor, 321, does not 
go even once into the remainder, the second 


digit of the result 1$ zero 

(4) and (5) Cross-line another digit of the divisor, 1; the 
remainder 162 13 divided by the shortened divisor 32, for the 
third digit of the quotient we have 5 Multiply it by 32 and 
take into account the effect of the discarded digit of the 
divisor to get 161 Subtract it from the remainder to get 1. 
Cross-line the digit 2 іп the divisor The shortened divisor 3 
does not go into the remainder 1, and so the last digit of 
the quotient is zero 

(6) Set the decimal point on the basis of a rough roun- 
ding off of the given figures taking 100 in place of 98 10 
and 0.3 in place of 0 3216, we get 100 03 ~ 300, hence the 
integral part of the quotient 1$ a three-digit number. The 
quotient therefore 1s 305 0 


88, Involutlon and Evolution of Approximate Numbers 


Raising a number to an integral power (involution) is 
simply rterated multiplication, and therefore everything sta 
ted in Secs. 54, 55 holds true When raising a number to a 
small power, the result has as many correct digits as the 
original number or it contains a slight error in the last di- 
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git If the degree ıs large, then the accumulation of small 
errors may affect higher digit places 

When extract.ng a root (evolution), the result has at least 
as many correct digits as the radicand Thus, taking the 
square Toot of the approximate number 40 00, we can obtain 


four correct digits (У 40 00 = 6 324) * 

The method for finding the square root of a number that 
15 frequently taught in school is cumbersome and hard to 
remember, and tts’ theoretical justification remains rather 
obscure to most students Below we give a simple and easy. 
to-remember procedure for taking the square root of a number 
(to any required degree of accuracy) This method was desc. 
трей by the ancient Greek scholar Heron roughly two thou 
sand years ago (Heron used common fractions, but we, natu. 
rally, will use dectmals) The same method can be used to 
extract third and higher roots (see Sec. 58a below) 

Rule for taking the square root. To find the square roots, 
make a reasonable guess as a first approximation and do as 
follows 

(1) Divide the radicand Ву the first approximation of the 
root, if it turns out that the quotient differs from the first 
approximation by a quantity that does not exceed the per- 
mussible error, the root 1s found 

(2) Otherwise we find the arithmetic mean (Sec. 59) of the 
divisor and quotient This arithmetic mean yields а conside- 
rably more exact value (second approximation) of the root, 
If the choice of the first approximation has been felicitous, 
the second approximation yields three correct digits, ordina- 
пу not less than four correct digits Generally speaking, the 
number of correct digits 1s doubled in each new approximation. 

(3) Subject the second approximation to the same test as 
the firsts divide the radicand by the second approximation 
If the accuracy of the result 1s not sufficient, then find the 
third approximation and proceed as before, etc 

Note 1 The foregoing method is “not afraid" of mistakes 
since it automatically corrects any error made in the prece- 
ле stage The sole drawback 15 а slowing down of the com- 

utation process 
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* Jf we employ the procedure of extracting a square root usually 
studied In school, then we will have to annex four zeros to the radi- 
cand writing 40 000000, in order to obtain 6 324 The annexed zeros 
will be false digits, but the corresponding digits of the answer will 
be correct The result will remain the same if in place of four zeros 
we annex four arbitrary numbers 
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Example 1. V 4000 Тһе radicand has four significant 
digits There 18 по sence in finding more than four digits of 
the root, and so we will take four 

For the first approximation we need a number between 6 
and 7 (since 6?—36 15 less than the radicand, and 73— 49 
exceeds tt) Within these limits we can take any number, 
but if we want to save time and effort, we have to take 
a number less than 6 5 (since the radicand 1s much closer to 
6? than to 72) Let us take 64 (we could have taken 63 or 
62, but 61 1s no good because 6 1 13 too close to 6) Now 
do as follows 

(1) Divide the radicand 40 00 by the first approximation 
64 We have 4000 64=625 It 15 already evident that the 
second digit of the quotient 625 differs from the dividend 
64 This accuracy does not suffice 

(2) For the second approximation we take the arithmetic 
mean of the dividend 6 40 and the quotient 6 25 to get 
(6 40--6 25) 2:6 325 We may expect that if not all four 
digits are correct in this second approximation, then at least 
the first three are 

(3) To check, divide the radicand 40 00 by the second 
approximation 6 325 (carry the division to the fourth digit) 
40 00 6 325 = 6 324 The quotient, 6 324, differs from the 
divisor, 6 325 by only one unit in the third decimal place, 
which means that the root has been found (to the required 
accuracy) 

Indeed, squaring 6 324 (that 15, multiplying that number 
by itself) we get a number less than the product of 6 324 
X6 325, which 15 4000 (approximately) Now if we square 
6 325, we get a number greater than 6 325 6.324540 00. 
Hence, the desired square root lies between 6 324 and 6 325, 
which means that it differs from 6 324 (or from 6 325) by 
less than one unit in the third decimal place 1/40 00-6 324 
(all four digits are correct) 

Example 2, Y 23 5 The desired root lies between 4 and 
5 and ts much closer to 5 than to 4 (since 23.5 1s much 
closer to 25 than to 16) For the first approximation let us 
take the round number 50 

(1) Divide the radicand 23 5 by the first approximation 
5 00 (carrying the quotient to the third digit) 23 5'5.0==4 70. 

(2) For the second approximation we take the arithmetic 
mean (5.00--4 70):2=4.85. We may expect that all three 
digits are correct. 
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(3) To check, divide the second approximation 485 into 
the radicand 235 to get 235 4 854 85 Since the quotient 
is equal (to within the second decimal place) to the divisor, 
the root is found (to the highest possible degree of accuracy) 
V 33524 85 

Note 2. И the radicand 15 a decimal fraction with one 
significant digit or zero in the integral part, then to find the 
first approximation it 15 advisable to move the decimal point 
to the right two, four, six, ete digits so that the integral 
art has a small number of places Then proceed as in Examp- 
fs | and 2, and in the answer move the decimal point back 
one, two, three, еіс digits The procedure is similar when 
the radicand has а multidigit whole-number portion, but then 
the decimal point ıs first moved to the left two, four, six, 
etc digits 

In the radicand, the decimal point can only be moved 
an even number of digits 


Example 3 V 0008732 Move the decimal point 4 digits 
to the right 8732 In choosing the first approximation, we 
will take into account only the integral part Let us take, 
say, 93 

Tt) Divide 93 mto 8732 Carrying the division to the 
fourth significant digit, we get 87 32 9 359 389 

(2) Find the arithmetic mean (9 300--9 389) 22:9 344, 

(3) To check, perform the division 87 32 9 34429 345, 
In either of the two numbers 9 344 and 9 345 all four digits 
are correct (the first number yields a deficit, the second, an 
excess) 

(4) Since, at the beginning, we moved the decimal point 
rightwards 4 places, we now move И to the left (back) 2 pla- 
ces, and we have 


У 6 008732 == 0 09344 


Example 4 V 8732000 Move the decimal point to tue 
left 6 digits to get 8 732 (1f we move it 4 digits, we get 
873 2 and not 87 32 as in the previous example!) Take 3 as 
the first approximation 

(1) 8732 3=2 911 

(2) (3 0004-2 911) 2--2 955 

From the first operation it 15 clear that there were two 
correct digits in the first approximation (3.000) We therefore 
expect to have 4 correct digits in the second approximation 
A check confirms this, 
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(3) Since we started by moving the decimal point 6 places 
to the left, we now come back three places V 8732000 
жш 2955 


58a. Rule for Extracting a Cube Root 


To extract the cube root of a number, make a plausible 
first estimate and proceed as follows 

(1) Divide by the first estimate (cf rule of Sec 58) twice: 
the dividend is first the radicand and then the number obtai- 
ned by the first division If the qoen (obtained by the 
second diviston) differs from the first estimate (approxima- 
tion), that 1$ to say, from the divisor, by a quantity not 
exceeding the permissible error, then the process 1s complete 

(2) Otherwise, average three numbers, namely the quotient 
(of two divisions) and the divisor taken twice (see Example 1 
for an illustration of this second operation) We get a second 
approximation, which, if the first estimate was plausible 
enough, ts correct to three digits, the fourth digit at worst 
requires a correction by unity, 

(3) The second estimate can be tested in the same man- 
ner as the first, but this 15 а tiring procedure 

Example 1 2/788 0 The desired root lies between 9 and 


10 Take 9 2 as a first estimate (since the radicand is roughly 
four times closer to 93 than to 103) 

(1) Divide 92 into the radicand 785 0 and then into the 
quotient of 785 0 92 Instead, we can divide 785 by 9 2? to 
get 84,64 This yields 


785 0 92 92—785 0 84 64 = 9 275 


We see that the first estimate yields. two correct digits 
The best way to make the second estimate 15 to note that 
the radicand 785 0 is a product of three unequal factors: 
785 0-9 2х9 2x9 275, whereas we have to represent И as 
the product of three equal factors 785 0 x.x:x (where 
х= }/ 7850) It ts natural to assume that each of these 
equal factors should, approximately, be equal to the average 
of the factors 9 2, 9 2 and 9 275 

(2) Thus, for the second estimate we take the average 
(9 275--9 200--9 200) 3—9 225 Compute by the short-cut 
method (see Sec 60) 

(3) For a check, divide the radicand 785 0 by the second 
estimate 9.225 and then divide the result again by 9 225 (or 
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divide the radicand by 9 225? = 85 09) We get 9 225 (if an 
extra digit ts not retained in the computations, we get 
9 224) 


3/785 0 ~ 9 225 (correct to 4 figures) 


"Note. In making the first estimate it 1s sometimes advan. 
tageous to move the decimal point in the radicand to the 
right (or to the left) 3, 6, 9, еіс places (сі Sec 58, Note 2) 
In the final result, move the decimal point back 1, 2, 3, 
etc. places The decimal point may be moved only by as 
many digits as 15 divisible by 3, 

Example 2. j//1835.10 In the radicand, 18,350, move 
the decimal point three places to the left to get 18 35, This 
number 15 roughly midway between 23—8 and 33-27, So 
for the first approximation we take 25 

(1) Divide twice by 25 or, what 15 the same, once by 
2.5! We get 18.35:25:2 5 —18 35.6 25 = 2 94 

We see that ın this first approximation. only one digit 
is correct. Thus, we must expect that in the second appro- 
ximation there will only be two correct digits Therefore, in 
the next operation we carry the answer only to two places 

(2) For the second estimate take the average (25-25 
+2 9):3 =26 

(3) То таке the result more precise we divide twice Бу 
2.6 to get 

18 35:2.6 26= 18 35 6 76 2 2715 

We see that the second estimate furnished two correct 
digits, and so the third most likely will yield 4 correct 
digits. 

(4) For the third estimate, average 

(2 7154-2 600--2 600) 3— 2 638 


А check (which we omit) would show that the result is 
correct to four significant digits 


3// 1835-10 ~ 26 38 


B8. Mean Quantitles 


If we have a sequence of quantities (numbers), any one 
between the smallest and greatest 1s a mean. The most 
frequently used mean quantities are the arithmetic mean and 
the geometric mean. 
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The arithmetic mean (arithmetic average, ог, simply ave- 
rage) 15 obtained by adding the given quantities. an divi- 
ding the sum by the number of quantities: 


4, “а +а 
а т = x n 


(21, а. +» а„ are the given quantities, n is the total 
number of quantities). 
Example. Given the numbers 83, 87, 81, 90 


a mA 39 Tg 


The geometric mean 1s obtained by multiplying the given 
quantities and taking the nth root of the product (where л 
1$ the index of the root and 1s equal to the number of quan- 


tities taken): 
g m —y/ 0143... d, 


ана» ‚а, аге the given quantities, л is the total 


( 
number of them) 
Example. Given the numbers 40, 50, 82. 


g m = }/ 40.50 82 = j/ 164,000 ay 54.74 


The geometric mean 1s always less than the arithmetic 
mean (average) except for the case when all numbers are 
equal Then the arithmetic mean 15 equal to the geometric 
mean When there are only small fractional differences bet- 
ween the numbers, the difference between the arithmetic 
mean and the geometric mean is small compared to the 
numbers. 

Averaging (computing arithmetic means) 1з of great 1mpor- 
tance in all branches of practical work. 

Example 1. The distance between two points 13 measured 
with а 10-metre tape measure having centimetre divisions 
Ten measurements are taken, which, in metres, are. 62.36, 
62 30, 62.32, 62.31, 62.36, 62 35, 62.33, 62.32, 62 38, 62 37. 
The diversity of results 1s due to accidental inaccuracies in 
the measuring process, These findings are then averaged: 


a m —(62.36--62 30-62 32. +62 314-62 36+ 62.35 
+62 33-62 32--62.38-1-62 37):10 = 62.34 


This number 1s a more reliable value of the distance than 
the numbers obtained in the measurements because random 
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(accidental) errors are nearly always balanced when comput. 
ing the average (see Sec 61 below). 

Example 2. Height measurements are taken of 1000 per. 
sons These are averaged The result 13 the "average height" 
of the persons involved It does not, generally speaking, 
signify the actual height of a given person. But if the 
measurements are taken of a large number of other people, 
the average height will again be just about the same Quite 
naturally, it may happen that either grants or penes pre- 
dominate in a sample of 1000 However, out of all concer- 
vable cases these exceptional ones constitute an insignificantly 
small percent Hence, for all practical purposes we can take 
it that the average height of any group of 1000 persons will 
be almost the same The arithmetic means obtained in mass 
measurements аге termed síaftsttcal means, Statistical means 
are of considerable practical importance Рог example, know- 
ing the average milk yield of a cow of a definite breed 
under specific feeding conditions, etc, it 18 possible to 
compute the yield of a herd by multiplying the average 
yield by the number of cows іп the herd 


60. Abridged Calculation of 
the Arithmetic Mean 


The numbers involved ın computing an arithmetic mean 
are ordinarily bunched rather close together If such is the 
case, computing the average (arithmetic mean) can be greatly 
simplified by the following technique 

(1) Take an arbitrary number close to the given. numbers 
Н the given. numbers differ from one another in the last 
digit alone, it 15 preferable to make the last digit of the 
selected number zero, if the given numbers differ in the last 
two digits, Н 15 convenient fo take a number ending in. two 
zeros, and so on 

(2) Subtract this number in succession from each of the 
given ones * 

(3) Take the arithmetic mean of the differences thus found, 

(4) Add the mean to the chosen number 


* Both positive and negative numbers can be expected (see Sec 
67 on negative numbers) To avoid this, take a number less than any 
of the given ones However, the computations will be somewhat 
simpler И the chosen number 1$ about midway between the extremes 
of the given numbers 
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Example. Find the arithmetic mean of ten numbers: 62 36, 
6230, 62 32, 62.31, 62 36, 62 35, 6233, 62 32, 62.38, 6237 
(cf with the preceding example) 

(1) Choose the number 62 30. 

(2) Subtract 62.30 from the given numbers; we find the 
differences (in hundredths) to be 6, 0, 2, 1, 6, 5, 3, 2, 8, 7 

(3) Now take the average of these differences, which 15 4 
(hundredths) 

(4) Add 0 04 to 62.30 to get 6234. This is the desired 
arithmetic mean (average). 


61. Accuracy of the Arithmetic Mean 


ТЕ the arithmetic mean 1s obtained from a comparatively 
small sequence of measurements (say, 10, like in Example 1, 
Sec. 59), 1t might well be that the actual value 1s somewhat 
different from the computed average Then it 1s tmportant 
to know how great this deviation can be We are not speak- 
ing of the theoretically conceivable deviation (which can be 
arbitrarily great) but of the practically possible deviation 
(сі Example 2, Sec 59) The magnitude of the latter depends 
on the magnitude of the so-called roof mean square deviatton. 

The root mean square deviation 15 the square root of the 
anthmetic mean of the squares of the deviations from the 
mean It 1s denoted generally by the Greek letter о (sigma): 

(a, —a)--(2,—aP + + (ag — a) 
Банка нағы p MCCC (A) 


qo 


where а=(а-наз+ а) n (here ay, as, , ap are the 
given numbers, л 15 the total number of them, a 1s their 
arithmetic mean, and o 15 the root mean square deviation) 

Note In formula (A) any one of the differences may be 
replaced by its reciprocal; this enables one to dispense with 
negative numbers (see Sec. 67 on negative numbers) Namely, 
when one of the given numbers is less than the mean, we 
take ıt for the subtrahend, and the mean for the muinuend. 
* Example. Compute the root mean square deviation for the 
numbers of the preceding section There, we found the mean 
to be 6234 The deviations from the numbers 6236, 62 30, 
eic and their arithmetic mean are (ın, hundredths): 2, 4, 2, 
3, 2, 1, 1, 2, 4, 3 The squares of these deviations are 4, 
16, 4, 9, 4, 1, 1, 4, 16, 9 The arithmetic mean of the 
squares of the deviations 15 


4416494 DR 14441649 
SEER! 68 
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(hundredths) The square root of this number, У 6.8 3 
(hundredths); o=0 03 . 

If the number cf measurements is approximately equal to 
10, then the true value of the quantity cannot deviate from 
the arithmetic mean by more than the root mean square de- 
viation с To be more precise, deviations exceeding о are 
possible only in exceptional cases, the number of which comes 
to about half a percent of all possible cases. Іп the 
example just considered, the true value cannot, practically 
speaking, deviate from the number 62 34 by more than 0.03 
It therefore lies between 62 34—0 03 =62 31 and 6234 
--0 03 =62,37 

If the number of measurements 1s substantially greater 
than ten, then the maximum practically possible deviation 
of the true value from the arithmetic mean will be less than c 


Namely, the deviation wil! not exceed the value у= (where 


п 13 the number of measurements) Thus, when the number 
of measurements 15 roughly 1000, the only practically possible 
deviations ate those that do not exceed 0 Io. 


62 Ratio and Proportion 


The quotient of two numbers is termed their rato. The 
term “ratio” was once applied only to cases when it was 
required to express one quantity as a fraction of another 
(homogeneous with the first); say, one length as a fractional 
part of another, one area as a fraction of another area, and 
so forth. These problems are handled by division (see Sec 38). 
This explains why the special term “ratio” appeared: it once 
had a different meaning from “division”, which referred to 
the division of a denominate number by an abstract number. 
This distinction 1s no longer made, for instance, we speak 
of the ratio of nonhomogeneous quantities, say the weight 
of a solid to its volume, etc. When speaking of homogeneous 
quantities, we often use percentage 

Example. A library has 10,000 books, of which 8000 are 
in Russian. What 15 the ratio of Russian books to the total 
number? 8000:10,000—0 8 The desired ratio 15 0 8, ог 80%. 

The dividend ts called the antecedent of the ratio, the 
divisor, the consequent In our example, 8000 15 the antece- 
dent, and 10,000 the consequent 

Two equal ratios form a proportion Thus, И one library 
has 10,000 books, of which 8000 are Russian and another 
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library has 12,000 books, of which 9600 are Russian, then 
the ratio of Russian books to the total number of books in 
both libraries 15 the same 8000: 10,000 — 0 8, 9600. 12,000 =0 8. 
What we have 15 а proporhon, which we write as follows: 
8000 10,000 -- 9600-12,000 In words, we say that 8000 15 to 
10,000 as 9600 ts to 12,000 8000 and 12,000 are the extremes 
of the proportion, and 10,000 and 9600 are the means, of the 
proportion. 

The product of the means equals the product of the extre- 
mes, In our example, 8000-12,000 == 96,000,000, 10,000 -9600 
=96,000,000. One of the extremes is equal to the product 
of the means divided by the other extreme. In the same 
way, one of the means is equal to the product of the extremes 
divided by the other mean If 


0.ӛ--с:4 
then j 4 
Ты 
S " b= 7 


and so on. In our example 


_ 10.000 9600 
8000 = 12,000 


Tlus property is always used to compute the missing term 
of a proportion when the three other terms are known. 
Example: 12:x:-6 5 (x is the missing term, the unknown). 
stan 10), 
6 


For practical applications of proportions see Sec 64. 

A proportion in which the means are equal is termed a 
continued proportion; for example, 18:6=6.2 The mean term 
of a continued proportion is the geometric mean (see Sec, 59) 


of the extreme terms. In our example, 6= V 18-2. 


63. Proportlonallty (Vartatlon) 


The values of two different quantities can be interde- 
pendent. Thus, the area of a square depends on the length 
of the side, and conversely, the length of the side of a square 
13 dependent on the area of the square. 

_ Two mutually dependent quantities are termed proportional 
if the ratio of their values remains constant, 

Exampie. The weight of kerosene is proportional to its 
volume; 2 litres of kerosene weigh 1.6 kg, 5 litres weigh 
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4 kg, 7 litres weigh 56 kg The ratio of the weight to the 
16 4 59 
volume 15 —- ==0 8, zal 8, =0 8, etc 


The constant ratio of proportional quantities 15 called 
the constant of proportionality (or constant of variation, or 
proportionality factor) ЇЇ shows how many units of one 
quantity there are for every umit of another quantity, in our 
example, the number of kilograms that 1 litre of ketosene 
weighs (the specific weight of kerosene) 

[f two quantities are proportional, then any pair of va. 
lues of one quantity forms a proportion with a pair of the 
corresponding values of the other taken іп the same order, 
In our example, 1 6 4—2 5, 16 56-2 7, ete Accordingly, 
we can define proportionality as follows two quantit'es that 
depend on each other so that any increase in one causes an 
increase (in the same ratio) in the other are called propor- 
tional quanttites 

If the dependence of two quantities 15 such that one 
increases as the other decreases (іп the same ratio) then we 
have inversely proportional quantities For example, the runn- 
ing time of a train between two stations is inversely pro- 
portional to the speed of the train At a speed of 50 km/h, 
a train covers the distance between Moscow and Leningrad 
in 13 hours, going at 65 km/h, И covers the distance in 10 


hours, that 15 when the speed increases in the ratto Šah, 
13 
the running time diminishes in the ratio To 


If two quantities are inversely proportional, then any 
pair of values of one quantity forms a proportion with a 
pair of the corresponding values of the other taken in the 
reverse order In our example, 65 50=13 10 

The product of the values of two inversely proportional 
quantities remains unchanged Іп our example, 50 13-650, 
65 10--650 (650 km is the distance between Moscow and 
Leningrad) 


64. Uses of Proportions, Interpolation 


The solution of many problems involves proportional 
quantities Application of the rules given in Sec. 62 mecha- 
nizes the solution of such problems, reducing them to a 
unified procedure, as illustrated 11. the examples given below 

Example 1. Fuel consumption at a factory was at 18 
tons per 24 hours and at a cost of 3000 roubles per year. 
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Efficiency proposals reduced daily consumption to 15 tons. 
What should the budget plan of the next year be with 
respect to fuel consumption at this factory? 

An unsophisticated solution to this problem would be: 

(1) find the annual fuel consumption prior to the effici- 
ency proposals 1 8-365=657 (tons), 

(2) find the cost of one ton of fuel: 3000 657=4 57 (го- 
ubles), 
(3 find the annual cost of the fuel following the intro- 
duction of the efficiency suggestion 


457.15 365— 2500 (roubles) 


А much faster and easier solution can be found by по- 
ting that the daily consumption of fuel and the annual cost 
are proportional quantities (this is evident from the fact 
that an increase іп the daily consumption produces a propor- 
tionate increase in the yearly cost, see Sec. 63). 

Scheme of solution: 

18 tons 3000 roubles, 


15 tons x roubles, 
x 3000—15 1 8, 


x 2290 н 8 = 2500 roubles 


Although proportional relationships are encountered very 
often, most of the relationships in practical situations do 
not obey the law of proportionality It is therefore all the 
more important to note that even for such quantities the 
procedure of computation using proportions 1s still meaning- 
ful For instance, if we consider the variations of nonpro- 
portional quantities within a certain rather narrow range, 
these changes will, for all practical purposes, be proportional. 

To illustrate, take a square, A side 15 not proportional 
to the area, for instance, a side of 2 m is associated with 
an area of 4 m?, a side of 2,01 m, with an area of (2.01)? 
== 4 0401 ям 4 040 (т2); a side of 202 m, with an area of 
4 0804 ғғ 4 080 (m°), and so on We thus see that the ratio 
of the sides (for instance, 2 01:1) 1s not equal to the ratio 
of the corresponding areas (4 040: 1) However, the ratio of 
the changes іп the side within the range we confine oursel- 
ves to ts, for all practical purposes, equal to the ratio of the 
changes tn the area 

Indeed, when the side increases from 2 т to 201 m, the 
change 15 0,01 m, when it .nereases from 2 to 202 m, the 
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change 18 002 т The ratio of the changes 0 02.001 152 
The corresponding changes in the area will (to within the 
third decimal) be in the first case, 0 040, зп the second 
0080 The ratio of the changes, 0 080 0.040, 1s also 2 Thus, 
the change in length is proportional to the change in area 
if’the quantities are taken to three places of decimals If а 
fourth decimal 15 taken, a slight deviation from proportiona. 
lity will be noted To avoid any deviation even in the fourth 
decimal place, regard the change in a side over a still smal- 
ler range (say from 1 т to 1002 m instead of from 1 to 
102 т) In practical worh, we always have regard only for 
a definite number of decimals (three, four, and rarely iive) 
For this reason we can consider the changes in the side and 
area of а square as proportional quantities The situation 15 
the same in an overwhelming majority of other cases This 
circumstance is utilized in reading between the lines, so to 
speak, when we have to do with tables covering a relatively 
small number of data We are able to pick out values which 
lie between the tabulated values 

Example 2. Take a table of square roots (see pages 14-17). 
Suppose we wish to find У 63.2. The table does not have 
the number 63.2, but only 63, 64, 65, etc. 


Radicand Square Root Change in Square Root 


We calculate (see third column) the change, in the value 
of the root when the radicand varies by unity from 63 to 
64 and from 64 № 65. We see that the difference in these 
changes occurs only in the third decimal place (by one umt) 
Actually this difference 15 stil] less, it occurs only im the 
fourth decimal place and rounding off to three decimals gave 
rise to it in the third decimal place 

Now :f we take only three decimals, all our changes will 
be just about the same, that 13 to say, within the range 
between 63 and 65 the changes in square roots taken to 
three decimals are proportional to the changes in the radi- 


cands We therefore find У 63.2 using the following scheme: 


123 
Change in Radieand Change in Square Ront 
1 0 062 


02 x 
x 0062 ==02 1, 


x 2.99 9 2.9912 


Now we find V 632 by adding to V 6347 937 the 
number 0012 This yields 


63 2 7 949 


Check by extracting the root to three decimals and you 
will see that all the decimals of our result are correct 

The procedure we have just discussed ts called interpo- 
lation (ап inserting between) In mathematics, interpolation 
signifies any procedure by means of which it ts possible, in 
а table with a given number of tabulated values, to find 
certain intermediate numerical values not directly given in 
the table The elementary kind of interpolation which we 
discussed above is termed linear interpolation 

Interpolation is extensively used when dealing with tables 
of almost any kind 


ALGEBRA 


65. The Subject of Algebra 


The subject of algebra involves the study of equations 
(Secs 79-81) and a number of other problems that developed 
out of the theory of equations At the present time, when 
mathematics has split up into a number of specialized areas, 
the field of algebra includes only equations of a special kind, 
the so-called algebraic equations (see Sec, 83) * On the origin 
of the name “algebra” see Sec 66 


66. Historical Survey of the Development of Algebra 


Babylonia. The roots of algebra go deep into antiquity 
About 4000 years ago, Babylonian scholars were already sol- 
ving quadratic equations (Sec 93) and systems of two equa- 
tions, one of which was of second degree (Sec 97) These 
equations were used in solving a diversity of problems imn 
land measurement, construction of buildings and in military 
affairs 

The literal designations which we use today in algebra 
were unknown to the Babylonians who formulated their equa- 
tions rhetorically 

Greece, The first syncopated (abridged) notations for un- 
known quantities are encountered in the writings of the an- 
cient Greek mathematician Diophantus (2nd to 3rd century) 
For the unknown, Diophantus used the word “arithmos” 
(number), the second power of the unknown was denoted by 
"dunamus" (the word had many meaningy power, property, 
degree **) For the third power, Diophantus used the term 


* Note that the usual school course of algebra includes areas that 
are only remotely related to the theory of equations Such, for 
example, as progressions and logarithms, which belong more to arith- 
metic than to algebra Thelr inclusion In the course of algebra is 
justified on pedagogical grounds 

** "Dunamis? was translated into Arabic as “mal” meaning proper- 
ty In the }2th century mathematicians in Western Europe transla. 
ted “mal” into Latin as "census", which has the same meaning. 
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skubos” (cube), for the fourth power we find (translated into 
English) square-square, for the fifth, square-cube, for the 
sixth, cube-cube He denoted these quantities by the first 
letters of the corresponding names (we give them in Latin 
letters) ar, du, cu, ddu, dcu, ccu. To distinguish the un- 
knowns from known quantities, the latter were accompanied 
by the designation “mo” (monades for "units") Addition 
was not indicated in any way, an abbreviation was used for 
subtraction, equality was shown by "1s" (“1sos” means equal) 

Neither the Babylonians nor the Greeks considered nega- 
tive numbers. An equation like 3 ar 6 mo ts 2 ar 1 mo 
(3x--6—2x--1) Diophantus called “inappropriate” When 
Diophantus transposed terms from one side of the equation 
to the other, he said that an addend becomes a subtrahend, 
and a subtrahend becomes an addend 

China Chinese scholars were solving first-degree equations 
and systems of them and also quadratic equations 2000 years 
prior to the Christian era They were acquainted with nega- 
tive numbers and irrational numbers Since each symbol in 
Chinese writing stands for a concept, there could be no syn- 
copations in Chinese algebra 

At later periods, Chinese mathematics was enriched with 
new attainments At the end of the 13th century, the Chi- 
nese were fully acquainted with the law of formation of bi- 
nomial coefficients which today goes by the name of "Pas- 
cal’s triangle” (see Sec 136) In Western Europe this law 
was discovered by Stifel, 250 years later 

India. Hindu scholars made extensive use of syncopated 
notation for unknown quantities and their powers These 
notations were the initial letters of the corresponding names 
(an unknown was called "so-much", the names of various co- 
lours—black, blue, yellow, etc — were used for a second, 
third, ete unknown) Hindu scholars made much use of ir- 
rational and negative numbers (Greek mathematicians knew 
how to find approximate values of roots but eschewed irra- 
tionalities in algebra) А new addition to the family of num- 
bers was zero, which came in with the negative numbers 
Formerly it had been used solely for the absence of а num- 
ber, as a placeholder 

Arab-language countries. Uzbekistan, Tajrkistan The Hindu 
authors wrote on algebraic problems in their astronomical 
works. It was in Arabic writings—the international language 
of the Muslim world—that algebra emerged as an indepen- 
dent discipline The founder of algebra as a special branch of 
learning was the Central Asian scholar Mohammad oi Kho- 
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rezmi, more generally known as al-Khowarızmı (dweller of 
Khorezmi) His algebraic work, composed in the 9th century 
A. D, bears the name “the science of the reunion and oppo- 
sition", or, more freely, “the science of transposition and 
cancellation” “Transposition” denoted the transfer of a sub. 
trahend from one side of the equation to the other where it 
becomes an addend, the “opposttion” (or cancellation) was 
the gathering of unknowns on one side of the equation and 
the unknowns on the other side. The Arabic for "transposi- 
tion” 15 “al-jabr”, Whence the name "algebra". 

Al-Khowarizmi and those that followed him made exten. 
sive use of algebra in commercial and monetary computa- 
tions Neither he nor any of the other mathematicians who 
wrote in Arabic made any use of abbreviations * Neither 
did they recognize negative numbers From Hindu sources 
they knew about negative numbers but considered their use 
insufficiently justified This was true, but whereas the Hindu 
scholars were able to confine themselves to a single сотр- 
lete quadratic equation, al-Khowarizm: and his successors 
had to distinguish three cases (х2--рх=9, x*--q-px, 
x'z:px--g, where р and 4 are positive numbers) 

Central Asian, Persian and Arabic mathematicians en- 
riched algebra in a variety of ways In higher-degree equa- 
tions they knew how to find approximate values of the roots 
to a very high degree of accuracy. Thus, the celebrated 
Central Asian philosopher, astronomer and mathematician 
al-Birunt (973—1048), also of Khorezmi, reduced the problem 
of computing the side of a regular nonagon inscribed in a 
given circle to the cubic equation х3--1--3х and found 
(in sexagesimal fractions) the approximate value x 
= 1.59'45"47'''13'''' to within e which in decimal frac- 
tions 1s correct {о seven decimal places (The sexagesimal 
fraction сап be read as one unit, 52 sixtieths, 45 three thou- 
sand six hundredths, etc) The scholar Omar Khayyam 
1036—1123) of Naishapur, the famous classic of Iranian and 
алк poetry (known in the West for his celebrated Rubaiyat) 
made a systematic study of equations of the third degree. 
Neither he nor any other of the mathematicians of the Mus- 
lim world were able to find expressions for the roots of a 
cubic equation ın terms of the coefficients However, Omar 


* Abbreviations were hardly necessary since Arabic writing ts 
brief vowels are not written, consonants and semi-consonants are 
simple letters and often merge into a single symbol, 
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Khayyam developed a method by which it 1s possible (geo- 
metrically) to find the number of real roots of a cubic equa- 
tion (he himself was only interested in positive roots). 

Medieval Europe. In the 12th century, the “Algebra” of 
al-Khowarizmi was translated into Latin and studied in 
Europe It marked the beginning of the development of al- 
перга іп European countries, at first under the strong in- 
fluence of the science of the East Syncopated notation ap- 
peared for unknowns and new problems involved in trading 
were solved, but no essential advances were made until the 
first third of the 16th century when the Italians del Ferro 
and Tartaglia found rules for solving cubic equations of the 
type x*:-px4-q, x'J-px-9, + q=px, and Cardano, in 
1545, demonstrated that any cubic equation can be reduced 
to one of these three types At the same time, Ferrari, а 
pupil of Cardano, solved a quartic (fourth-degree) equation. 

The rules for solving such equations were so complicated 
that improvements had to be made in uotation. These took 
place gradually during a whole century. At the end of the 
16th century, the French mathematician Viète introduced 
literal symbols for unknowns and for known quantities as 
well (the unknowns were denoted by capital vowels, the 
known quantities by capital consonants) Syncopated nota- 
tion was introduced for operations as well Different authors 
used different kinds By the middle of the 17th century, 
algebraic symbolism, thanks to the efforts of the French 
scholar Descartes (1596—1650), took on the general outlines 
that ıt has today 

Negative numbers. During the 13th to 16th centuries, 
negative numbers were considered by Europeans only in 
exceptional cases After the discovery of the solution of the 
cubic equation, negative numbers gradually came to be ас- 
cepted in algebra, although they were called “false” num- 
bers. In 1629 Girard (France) gave a geometric depiction of 
negatrve numbers that we still use today About twenty 
years later, negative numbers were accepted generally 

Complex numbers. The introduction of complex numbers 
(Secs 92, 98) was also connected with the discovery of the 
solution to the cubic equation 

Even before this discovery, in the solution of the quad- 
ratic equation x?-+-q¢=px one encountered a case when it 


was required to find the square root of (+)—Ф where 


the quantity (E) was less than 9. It was concluded in 
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that case that the equation does not have any solutions, 
Of course, it 1s hard to imagine that the new (complex) 
numbers would be introduced at a time when even negative 
numbers were considered “false” Yet when solving a cubic 
equation by the Tartaglia rule it turned out that without 
operations involving imaginary numbers ıt 15 impossible to 


Мініп a real root. 
: Let us go into this in more detail. By Tartaglia’s rule 


а root of the equation 
Х® == px-+q (1) 
is given by the expression 


x= uus (2) 


where и and v are solutions of the system 
3 
и-о=4, w= (+) (3) 


For example, for the equation x? —9x 4-28 (p= 9, g = 28) 
we have 
u--u== 28, ио--97 
whence either u==27, 0==1 or uxI, v=27, In both cases 


х= 1/7 УТ =4 


This equation does not have any other real roots. 

But, as Cardano had noted, the system (3) may not have 
any real solutions, whereas equation (1) has a real root and, 
what ıs more, a positive root. Thus, the equation х3 == 18x 4-4 
has the root x—4, but the system 


и--0==4, ии 125 


fias the оше roofs: ш==2-|-111, 0--2--1 (or и=9— 14, 
0=2-- Пи. 

Bombell: (1572) was the first to shed light on this myste- 
rious phenomenon. He pointed ont that 2--1 15 the cube 
of 2--1, and 2—11: ts the cube of 2—i; hence we can write 


1094, y 3—1li-2—1 and then formula (2) 
yields х=(2-)--(2-—) =4 

Ц was now B pub to ignore complex numbers, How- 
ever, the theory of complex numbers developed slowly. As 
late as the 18th century, famous mathematicians argued 
about how to find the logarithms of complex numbers. 
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Although complex numbers helped to obtain а wide range 
of important facts involving real numbers, their very existence 
seemed doubtful Exhaustive rules for operating with comp- 
lex numbers were given in the middle of the 18th century 
by Euler, one of the greatest mathematicians in the history 
of science At the turn of the 19 century, Wessel of Den- 
mark and Argand of France gave a geometrical representation 
of complex numbers (Sec 104; the first steps іп this direc- 
tion were taken by Wallis of England in 1685) But the 
work of Wessel and Argand was disregarded and only in 1831, 
when this method was developed by the great German ma- 
thematician Gauss, was 1t accepted generally 

АНег solutions had been found for equations of the third 
and fourth degree, mathematicians strenuously sought the 
formula for solving the quintic (fifth-degree) equation 
However, Ruffini (Italy) proved, at the turn of the 19th 
century, that the literal fifth-degree equation xë- axt bx? 
+-сх2-- dx --e— 0 cannot be solved algebraically, more preci- 
sely, 1t 1s impossible to express any root of it in terms of 
the Itera! quantities a, b, c, d, е using the six algebraic 
operations of addition, subtraction, multiplication, division, 
involution and evolution. (Ruffini’s proof was not without 
fault, and їп 1824 Abel of Norway gave a flawless proof) 

In 1830 Galois (France) demonstrated that по general 
equation whose degree exceeds 4 can be solved algebraically. 

Nevertheless, every nth-degree equation has (1f we consider 
complex numbers as well) л roots, some of which may be 
equal This was known to mathematicians as early as the 
17th century (it stemmed from the analysis of numerous 
particular cases), but only at the end of the 18th century 
was the theorem mentioned above proved by Gauss 

The problems that engaged algebraists in the I9th and 
20th centuries for the most part go beyond the range of 
elementary mathematics Suffice 1 to note that in the 19th 
century many methods were developed for approximate solu- 
tion of equations In this direction, important results were 
obtained by the great Russian mathematician N. 1 Loba- 
chevsky 


67. Negative Numbers 
The first numbers known to man were the natural num- 


bers (Sec 16) But these numbers do not suffice even in the 
simplest cases. Indeed, 1n the general case, one natural num- 
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ber cannot be divided by another if we confine ourselves to 
natural numbers alone Yet situations arise in which we have 
to divide, say, 3 by 4, 5 by 12, and the like Without the 
introduction of fractions, the division of natural numbers 15 
impossible, fractions make this operation possible 

But the operation of subtraction still remains impossible 
in certain cases even affer the introduction of fractions we 
cannot subtract a larger number from a smaller number, 
say 5 Нот 3 In everyday Ше we do not need to perform 
such subtraction and so for a very long time that operation 
was considered not only impossible but even senseless 

The development of algebra demonstrated that such an 
operation is necessary (see Sec 68 below) and it was put to 
use by scholars of India in about the 7th century, by 
Chinese scholars earlier still Hindu scholars, seeking to find 
instances of such subtraction, came to an interpretation of 
И from the point of view of trade transactions If a merchant 
has 5000 roubles and buys 3000 roubles worth of goods, he 
has 5000—3000 = 2000 roubles But if he has 3000 and buys 
5000 roubles worth of goods, then he 1$ 2000 roubles in 
debt It was considered, accordingly that we subtract 
5000 from 3000, the result being a dotted 2000, which meant 
“two thousand in debt” 

This interpretation was artificial because a merchant 
never found the sum of his debt by subtracting 3000—5000, 
he always performed the subtraction thus: 5000—3000 What 
is more, this could serve—with a stretch of the imagina- 
tron—only to explain the rules of addition and subtraction 
of “dotted numbers", but ıt could not account for the rules 
of multiplication and division (see Sec. 69 on rules of ope- 
rations) Still and all, this interpretation remained for a long 

‘time іп textbooks and manuals, and even today it occasio- 
nally appears 

The “impossibility” of subtracting a number from a smal- 
ler one 15 due to the fact that the natural numbers (positive 
whole numbers) form an infinite sequence 1n only one direc- 
tion If we subtract successively 1 from, say, the number 7, 


we get 
6, 5, 4, 3, 2, 1 


One more subtraction yields an absence of any number, and 
from there on there 1s nothing to subtract from If we want 
to make subtraction possible in all cases, we must: (1) con- 
sider the "absence of a number" as a number (zero); (2) con- 
sider it possible to subtract another unit from this number, etc. 
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We thus generate new numbers which today look like thus: 
—1, —2, —3, etc 


These numbers are termed negative integers (or negative whole 
numbers) The minus sign reminds us of the origin of a ne- 
gative number from the successive subtraction of unity 
This sign is called а sign of quantity to distinguish ıt from 
the subtraction sign, which 1s called an operational sign 

The introduction of negative integers implies the need 
for negative fractional numbers If we take it that 0—5 = —5, 


then we must also accept the fact that = The 


12 
number —- is a negative fractional number 


In contradistinction to negative numbers (integral and 
fractional), the numbers (integral and fractional) which are 
studied in arithmetic are called posue numbers To bring 
out this distinction still more, we can aífix a plus sign to 
any positive number, 1n which case this 1$ а sign of quantity 
(and not the sign of an operation) For example, the number 
2 can be written as --2.% 

Together, negative and positive numbers are called signed 
numbers in school textbooks The generic term in scientific 
terminology for these numbers, together with zero, 1s rational 
numbers The meaning of this term will become clear when 
we discuss the concept of an irrational number (see Sec 91). 
Just as, prior to the introduction of negative numbers, there 


were no positive numbers and the number i was simply a 


fraction and not a positive fraction, so prior to the intro- 
duction of irrational numbers, the numbers +5, —5, 


3 : 
— +7. etc. were simply positive and negative num- 
bers and fractions, and not rational numbers. 


68, Negative Numbers (History and Rules of Operation) 


For the student, probably the most difficult item in 
algebra 1s that devoted to operations involving negative 
numbers. This 15 not because the rules are complicated 


* The fact that the signs of operations and the signs of quantity 
are the same (+ and —) is an advantage with respect to computations, 
but the beginner finds this rather complicated It is therefore advi- 
sable, at the beginning, to distinguish between the operational sign 
and the sign of quantity, and write Z for a negative two Instead 
of -2 This is done in logarithmic computations (see Sec, 129 et seq ) 


9* 
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uite the contrary, they are simple The difficulty is twofold 

di Why introduce negative numbers? (2) Why are the ope. 
rations involving them what they are and not something 
else? For instance, it 15 often hard to grasp why muliupli- 
cation. and division of a negative number by a negative 
number yields a positive number 

These questions usually arise because negative numbers 
are usually introduced before equations, and the rules for 
operating with negative numbers are not re-examined Actu- 
ally. it is ш connection with the solution of equations that 
both questions can be answered Historically speaking, that 
15 exactly how the negative numbers arose If there had 
been no equations, there would not have been any need for 
negative numbers 

For a long time equations were studied without the aid 
of negative numbers This was extremely inconvenient 
It was to overcome these inconveniences that negative num- 
bers were introduced It 1s worth noting that for a long 
time many outstanding mathematicians refused to use them 
and only grudgingly gave way to the inevitable Even Des- 
cartes was still calling them “false numbers” 

A simple example will serve to illustrate the nature of 
these inconveniences When solving an equation of the first 
degree ın one unknown, say, 


7x—5 = I0x— 11 


we transpose the terms so that the knowns are on one side 
and the unknowns are on the other In such an operation, 
the signs are reversed Collecting unknown quantities im the 
pant member of the equation апа known quantities іп the 
left member, we get 


Hi—5-10x—7x, 63x, x-—2 


These manipulations can be carried. out without invoking 
any negative numbers at all and considering the +- and — 
signs as signs of addition and subtraction, and not as the 
signs of positive and negative numbers But then we have 
to think over {Не question. of which side to move the un- 
known terms, because if, say, in the above equation the 
unknown terms are transposed to the left side, we get 


7х--10%--5-- 11 
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Without negative numbers, we cannot subiract 11 {тот 5, 
neither can we subtract 10x from 7x, which means we сап- 
not get ahead with the solution Now И is not always so 
easy to see, beforehand, how to avoid this situation, espe- 
cially if there are a large number of terms A computor has 
to be ready to do а double amount of work in transposing 
terms to the proper side It was to make the computational 
process more efficient that negative numbers were introduced 
Indeed, if we agree to consider “possible” the "impossible" 
subtraction 5— 11, and denote the result by —6, and make 
the subtraction 7x— 10x yield —3x, then we obtain 


ВА = —6 


Whence х= —6 —3 

Now it turns out that when introducing negative num- 
bers, we have to set up the rule that in the division of a 
negative number (—6) by a negative number (—3), the quo- 
tient 1s a positive number (2) This 15 so because the quotient 
must yield the value of the unknown quantity x, which was 
found earlier їп a different manner (without using negative 
numbers) and proved to be equal to 2 

That, 1n rough outline, was how negative numbers were 
first introduced the aim was to rationalize the process of 
computation The rules involving negative numbers emerged 
from the introduction of this more efficient technique into 
computational procedures 

Numberless fests and years of using negative numbers have 
demonstrated the extreme effectiveness of this technique 
which has found brilliant applications in all spheres of sci- 
ence and engineering Everywhere, the introduction of nega- 
tive numbers permits embracing, im a single rule, pheno- 
mena that would require dozens of rules if we confined 
ourselves to positive numbers 

To summarize, the two questions posed above may be 
answered as follows (1) negative numbers were introduced 
so as to dispose of certain difficulties arising principally in 
the solution of equations, (2) the rules involving them fol- 
low from the necessity to coordinate the results obtained 
by means of negative numbers with those obtained without 

em 

All these rules (see Sec, 69) can be established when 
considering the most elementary kinds of equations, in the 
ae way that we set up a rule for the diviston of negative 
numbers, 
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69, Operations with Negative 
and Positive Numbers 


The absolute value of a negative number 13 the positive 
number obtained simply by reversing the sign The absolute 
value of —5 18 +5, that 1s, 5 The absolute value of а po- 
sitive number (zero included) ıs the number | itself 

The absolute-value sign consists of two vertical bars that 
enclose the number whose absolute value 1$ being taken 
For example, | —5 |--5, |--5| 25, [0| 2-0 

1. Addition. (a) To add two numbers with like signs, 
combine their absolute values and prefix the common sign 

Examples (4-8)--(2-11) 2 19, (—7)-- (—3) = —10 

(b) To add two numbers with unlike signs, find. the dif- 
ference between their absolute values and prefix the sign of 
the number whose absolute value 1s greater 

Examples. (—3)-- (4-12) -:9, (—3)-+-(+ 1) =—2 

2. Subtraction. The subtraction of one number from 
another can be replaced by addition, ın this case, the mi- 
nuend pus its sign, and the sign of the subtrahend 15 
reverse 


Examples. 
(+)—(+4)=(+7)-+(—4)=3, 
(+9—(—)=(+4+(4+4)= 11, 
(—7)—(—4) =(—7)-+ (+4) = —3, 
(—4)—(—4) =(—4) + (+4) =0 


Note. When performing addition and subtraction, espe- 
cially when the operation involves several numbers, it 15 
advisable to do as follows (1) remove all brackets, to do 
this, affix a plus sign if the earlier sign in front of the 
brackets was the same as that inside the brackets, and a mi- 
nus sign if it was opposite to that inside the brackets, 
(2) add the absolute values of all the numbers which now 
have the plus sign, (3) add the absolute values of all the 
numbers which now have the minus sign; (4) find their 
difference and affix the sign of the greater sum 


Example. (730) (17+ (6) — CHI2-E (42); 
—30)— (—17)2- (—6) — (412 = 
оС )— (4-12) + (4-2) 30 
аа 

(448—19—29 ' 
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The result is the negative number —29 since the greater 
sum (48) was obtained by combining the absolute values 
of those numbers which had munus signs in the expression 
—30 4-17 —6—12 +2 

Tlus expression may be regarded both as a sum of the 
numbers —30, --17, —6, —12, +2 and as the result of the 
following successive operations the addition of 17 to —30, 
the subtraction of 6, the subtraction of 12 and, finally, 
the addition of 2 Generally, the expression a—5--c—d 
and so оп may be regarded as the sum of the numbers (-ға), 
(—b), (+c), (—d) and also as the result of the following 
successive Operations the subtraction of (+6) from (+a), 
the addition of (+c), the subtraction of (+d), and so on. 

3. Multiplication. To multiply two numbers, multiply 
their absolute values and to the product affix a plus sign 
if the signs of the factors are the same, and a minus sign 
if they are different 

Scheme (rule of signs in multiplication): 


Examples. (+2 4):(—5) = —12, (—2 4).(—5) = 12, (—8 2) 
x (4-2)  —16 4 

When multiplying several factors together, the sign of 
the product 13 positive if the number of negative factors 
is even, and negative if the number of negative factors is odd. 

Example. 


(++) “> =en (r) == 
(three negative factors) 
(—) ecc» (+5) =7 
(two negative factors) 


4. Division. To divide one number by another, divide 
the absolute value of the former by the absolute value of 
the latter and place a plus r im front of the quotient 
if the signs of the dividend and divisor are the same, and 
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a minus sign if they are different (the scheme is the same 
as for multiplication) 

Examples. (—6) (+3) =—2, (+8) (—2) = —4, 
(—12) (—12) « 4-1. 


70. Operations with Monomlals. Addition 
and Subtraction of Polynomials 


A monomial is a product of two or more factors each of 
which is either a number, a letter or a power of a letter, 
For example, 2d, a?b, Забс, --4Х7)3 are monomials A single 
number or a single letter may also be regarded as а monomual, 

Any one of the factors of а monomial may be taken as 
the coefficient of the monomial. The numerical factor (say, 
—4 in the expression—4x2yz4) 15 often taken as the coefficient, 
By 1solating one of the factors as the coefficient, we simply 
wish to stress that the moromial 15 the result of multiplying 
the rest of the expression by the coefficient By separating 
out the numerical factor as the coefficient, we wish to emp- 
hasize that the main role ıs played by the literal expression, 
which 1s repeated as an addend as many times as indicated 
by the numerical factor (coefficient) 

Monomials are called similar if they are the same or if 
they differ solely in the coefficients. It 15 clear then that 
two monomials may be similar or dissimilar depending on 
what coefficients are taken If the numerical factors are the 
coefficients, then like (or similar) monomials are those whose 
letter parts are the same For ср the топот!а]$ ax%y?, 
фх%1, сх%у% are similar И the coefficients are taken to be 
а, b, c, the monomials 3x2y?, —bx?y?, 6x%y? are similar if 
the coefficients are the numerical factors 

Addition of monomials. Generally speaking, the addition 
of two or more monomials can only be indicated, until we 
assign numbers to the letters, the sum of several terms can- 
not, as а rule, be simplified The only simplification possible 
is in the case of similar terms; here, the sum of similar 
terms is a term whose coefficient 1$ equal to the sum of 
mar coefficients, This procedure 18 called collecting hke 
erms 


Example 1. 3x3y1— 5242. 63393 — 4x22, 
Example 2. axty?— bxy + oxty? — (а—-} c) хау, 
Example 3. 4x23 — 3x93 — 243424 6xtyt Бху 

к= 23g + 32у. бху. 
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Taking out а common factor. The operation performed 
in Example 2 16 called factoring by taking out a common 
factor We say that x?y? has been factored out Essentially, 
taking out a common factor ıs the same as collecting [tke 
terms 
Polynomials. The sum of any number of monomuals 15 
called a polynomial. The addition of two or more polyno- 
mials ıs nothing other than the formation of a new polyno- 
пиа! that includes all the terms of all the original polyno- 
mials 
Subtracting one polynomial from another 1s the same as 
adding a polynomial whose terms are those of the orginal 
polynomial with signs reversed. 

Example. (4a3-[-25— 2x22) —(12а2—с) + (7b — 2x3?) 
= 4a? +. 2b —2x*91 — | 2a2-+ c 4- 76—222 = —8a* -4 9b 


— 4xSy3 с 
(like terms are underlined with the same number of fines). 

Multiplication of monomials. Generally speaking, the 
multiplication of monomials can only be indicated (cf the 
foregoing on the addition of monormals). A product of two 
or more mononuals can be simplified only when they inc- 
lude numerical coefficients or powers of the same letters, 
in which case the exponents of the appropriate letters are 
combined and the numerical coefficients multiplied together 

Example. 5ax2y5 (—~3a3.x4z) == —18a5x9y5z 
[we add the exponents of the letter a(1--3—4) and of the 
letter x (24-4 —6)] 

Division of monomials. Generally speaking, the division 

of one monomial by another one can only be indicated Тһе 
de of two monomials can be simplified if the divi- 
end and divisor contain numerical coefficients or certain 
powers of the same letters, їп which case the exponent of 
the divisor is subtracted from the exponent ofthe divi- 
dend, and the numerical coefficient of the dividend is divi- 
ded by the numerical coefficient of the divisor 

Example. 12х3/425 4xiy7*— 3xg*z* [the exponents of the 
letter x are subtracted (3—2 = 1), the same for y (4—1=3) 
and for z (5—2 ==3)]. 

Note 1. If the exponents of some letter are the same in 
the dividend and in the divisor, the letter 1s dropped in the 
quotient because, divided by itself, it yields unity Sub- 
tracting exponents we would get 0 We therefore agree to 
consider the zeroth power of any number to be the number 1. 

Example, 4203. 2х2 zx 2x y? ex 202 (x = |), 
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Note 2. If the exponent of some letter м the dividend 
15 less than the exponent of the same letter in the divisor, 
subtraction yields a negative power of that letter For de- 
tails concerning. negative powers, see Sec 125 The result 
can also be given in the form of a fraction Then the nega- 
tive exponent is*not present 


Example. 105205 2x5*y1—b5x- чу because iim s 


‚11. Multiplication of Sums and Polynomiais 


The product of a sum of twọ or more expressions by an 
expression 1s equal to the sum of the products of each of 
the terms by that expression 

(a-+b+ c) x ax --bx-- ex (with brackets removed) 

In place of the letters а, b, c we could take any expres- 
sions, say, any monomials The letter x can also be replaced 
by any expression, if that expression 18 itself a sum of 
several terms, say т--л, then we have (a--5--c) (m-- n)a 
= (т n)--b (m-+n)-+ c (m4-n) =ат 4- an + bm--6n-[-cm--cn 
That is, the product of a sum by a sum is equal to the sum of all 
possible products of each term of one sum by each term of 
the other sum 

For example, this rule refers to the product of а poly- 
nomiaj by a polynomial: 


(8x2— 2x 4- 5) (4x 4- 2) = 12x3 — 8x* -- 20x 4- 6x1 — Ax 4- 10 
= 128.942 16х- 10 
Outline for muitiplication: 
a3x*— 2x--5 
4х--2 
12x3 — 8x* -1- 20x 
6x? — 4x 4- 10 
12x3-—2x3 + 16x -- 10 


72. Formulas for Short-Cut Multiplication of Polynomials 


The following special cases of multiplication of polyno- 
mials are frequently encountered and so should be memori- 
zed. It ts particularly important to get into the habit of 
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using these formulas for cases when the letters a and 6 are 
replaced by more complicated expressions (say, monomials) 

1. (a-+ b a?--2ab--b*. The square of the sum of 
two quantities 15 equal to the square of the first term, plus 
twice the product of the two terms, plus the square ої the 
second term 

Example 1 104? — (100-1- 4)? = 10,000 +- 800 -1- 16 = 10,816 

Example 2. (2ma? 4-0 116?) — 4т204--0 4mna*b?--0 012354 

Warning (a+b)? 15 not equal to a?+ 6? 

2. (а— b)? == а? — 2ab -- b*. The square of the difference 
between two quantities 1$ equal to the square of the first 
term, minus twice the product of the two terms, plus the 
square of the second term This formula may be regarded 
as а special case of the preceding one [1n place of b we take 
—b 
| О ample 1. 982 = (100— 2)? = 10,000— 400 + 4 = 9604 

Example 2. (5x3—2y3)? = 258 — 20x3y3 -4 4y! 

Warning (2—5)? 13 not equal to а2-—6? [see 3]. 

3. (a+ b) (a — б):=а? — 0°, The product of the sum and 
difference of two quantities 15 equal to the difference of 
their squares 

Example 1. 71-69=(70-+ 1) (70— 1) = 70? — | = 4899. 

Example 2. (0 2235 --c9) (0 2a%—c?) — 0 040152 — c*. 

4. (a+b)? =a? + Sa?b + 3ab? --b3. The cube of the 
sum of two quantities 15 equal to the cube of the first term, 
ps three times the product of the square of the first. term 

y the second, plus three times the product of the first term 
by the square of the second, plus the cube of the second 

Example І 123 = (10--2)3 == 108 4-3.103.2 4- 3.10 23 

4-23 = 1728 

Example 2. (525? -|- 2а3)3 = 125a9b§-+ 1500851 + 60a?b -L Ва? 

Warning (a +6)? is not equal to 23-83 [see 6] 

5. (a— by za?—J3a?b--3ab*—b*. The cube of the 
difference of two quantities 15 equal to the cube of the 
first term, minus three times the product of the square of 
the first term by the second, plus three times the product 
of the first term by the square of the second, minus the cube 
of the second term 

Example 993 =(100 — 1)? = 1,000,000 —3.10,000.1 +3 

X100 1— i ==970,299 

Warning (a—b)? is not equal to 03—53 [see 7]. 

6. (24-5) (а? — ab --b?)— а 4- 53. The product of the 
sum of two quantities by the "imperfect square of the dif- 
ference" 1s equal to the sum of their cubes 
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7. (a — b) (a? ав + 6*)== а — b’. The product of. the 
difference of two quantities by the "imperfect square of the 
sum" 15 equal to the difference of their cubes 


73, Division of Sums and Polynomials 


The quotient obtained by dividing the sum of two or 
more expressions by ап expression 18 equal to the sum ot 
the quotients obtained by dividing each term by that expres- 
sion 


atbte a 6 c 
x ua tx 
а, b, c, x are any expressions, if they are all monomuals, 
that 15, И division of a polynomial by а monomual 1$ per- 
formed, then each of the quotients may be simplified (see 


л th+itabt Bat , Пав 

Example. Am a ep = Bat 11b 

Н a, b, ё are monomials and x 1s a polynomial, that is if 
division of a polynomial by a polynomial 1s performed, the quo. 
tient cannot, generally speaking, be represented as a polynomial 
(just as the quotient obtained by dividing a whole number 
by a whole number cannot always be represented as a whole 
number) To putit differently, we cannot always find a poly- 
nomial which, when multiphed by the polynomial of the 
divisor, will yield the polynomial of the dividend. 


Example. The quotient oe cannot be represented as a 
polynomial, the quotient се can be represented as а po- 
Iynomial, €" 


In the general case, the division of a polynomial by a 
polynomial can be carried out so that a remainder 15 let 
over, Just as in the case of the division of whole numbers. 
However, it is necessary to establish just what 1s meant by 
the division of polynomials involving a remainder. If we 
divide the positive integer 35 by the positive integer 4, we 
get 8 and a remainder of 3. The numbers 8 and 3 have the 
property that 4 8--3--35, that is И р is the dividend, 4 
the divisor, m the quotient and n the remainder, then 
mg+n=p. But this does not suffice to determine the quo- 
tient and remainder completely, thus, in our example 
(р=35, 4<<4) the numbers m=6, n 11, m=4, and n= 19 
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have the same property Also note that the number л must 
be less than д. This cannot be literally carried over to the 
case of division of polynomials because the same expression 
may be greater for one set of values of the letters and smal- 
ler than the other for another set А modification 1$ requi- 
red. in each of the polynomials, some one of the letters of 
its terms 1s taken as the principal letter. The highest power 
of this letter ıs called the degree of the polynomial Then 
division in which a remainder occurs 1s defined as follows 

To divide a polynomial P by a polynomial Q means to 
find a polynomial M (quotient) and a polynomial N (rema- 
inder) that satisfy two requirements: (1) the equality 
MQ+N=P must hold, (2) the degree of the polynomial N 
must be lower than that of the polynomial Q 

Note. The remainder № need not contain the principal 
letter at all, then we say that N 1$ of degree zero 

It 1s always possible to find polynomials M and N which 
satisfy these requirements uniquely for a given choice of the 
principal letter However, they may differ if the choice 
of principal letter 18 different The process cf finding the 
quotient М and the remainder М 18 similar io the process 
of division (with a remainder) of one multidigit number by 
another The role of higher- and lower-order digits 1s played 
by terms containing the principal letter to higher and lower 
powers Before beginning the division process, the terms of 
the dividend and divisor are arranged in а descending order 
of powers of the principal letter. 

Outline of division. 


(dividend) 8a + 16а2—20--4] 4a2—2a-+1 (divisor) 
8а t 4a? F 2a 2а--5 (quotient) 
90а2-- 4а--4 
7720а3-1-104:25 
ба— 1 (remainder) 


(1) Divide the first term of the dividend 803 by the first 
term of the divisor 4a?, the result 2a is the first term of 
the quotient 

(2) Multiply this term by the divisor 4a?2— 2a-l-1 to get 
8a$—4a23--2a which is written under the dividend, similar 
terms under each other 

(3) Subtract the terms of the result from the correspon- 
ding terms of the dividend, bring down the next term of 
the dividend to get 20a?—4a+ 4. 


142 


(4) Divide the first term of the remainder 20a? by the 
first term of the divisor to get 5, which 1s the second term 
of the quotient 

(B) Multiply the second term of the quotient by the di 
visor to get 20a2—10a-+-5, which 1s written under the first 
remainder 

(6) Subtract the terms of this result from the correspon 
ding terms of the first remainder to get the second remain 
der ба—1. Its degree 15 less than the degree of the divisor, 
which means the division process 1s complete We have a 
quotient of 20-5 and a remainder of ба--1 

Alternation mode of division: 


2x2 +. 3x*—92x—4 (quottent) 
(divisor) 3x—2 | 6x4 + 5x3 —12x?—8x-+3 (dividend) 
Gxi—4x? 
9х8 — 12x? 
9х3— 6x? 
— 6x? — 8x 
— 6x3 + Ax 
— 2x 4-3 
— 12x 4-8 
— 5 (remainder) 


14. Division of a Polynomlal by 
a First-Degree Binomial 


If a polynomial containing x 15 divided by a first-degree 
binomial х--і, where / 1s some number (positive or пера. 
tive), then we get a remainder which can only be a zero- 
degree polynomial (see Sec 73), which is to say, some num- 
ber N The number № may be sought without finding the 
quotient. Namely, this number 13 equal to that value of 
the dividend which the latter assumes when x=/ 

Example 1. Find the remainder left after dividing the polyno- 
mial x3——3x3--5x—]1 by х—2 Substituting x=2 into the 
given polynomial, we find N —23—3.22--5.2—] 5 

Indeed, performing the division, we find the quotient 
M —x*—x--3 and a remainder V —5 

Example 2 Find the remainder obtained from dividing 
the polynomial x*--7 by x--2 Неге, (— —2 Substituting 
¥=—2 into Х4--7, we find №: (—2)1 4-7 — 23 

This property of a remainder is called the remainder 
theorem. It was discovered by the French mathematician 
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Bézout (1730—1783) The remainder theorem reads: when а 
polynomial 


арт рахаттар. ар 
is divided by x—J/, the remainder obtained 15 
N zx así? a b71-Laum-?--, ат 
Proof. By the definition of division (Sec 73), we have 
ax” taxti „ав — (x—1)Q--N 


where Q 1s a polynomial and N is a number. Substitute х= {$ 
the term (x—1) Q vanishes and we get 


al@+al® + ,--а:=М 
Note. It may happen that N=0 Then / 1s a root of the 
equation 
050% ах" -1-- +a,=0 (1) 


Example, The polynomial х3-- 512 — 18 leaves no remain- 
der when divided by x-F3 Тһе quotient 15 x?--2x —6 
Hence, —3 1s a root of the equation Х3--5х2--18--0 In- 
deed, (—3)3-+ 5 (—3)?— 18 = 0 

Conversely, 1f / 1s a root of equation (1), Шеп the left 
member of this equation 15 exactly divisible by x—/ 

Example The number 2 15 а rcot of the equation 
Х3--3х--2--0(93--3 2—2=0) Hence, the polynomial 
Х3--Әх--9 18 exactly divisible by x—2 Indeed, 


(3 —3x—2) (x—2) —x*--2x l 


75. Divisibility of the Binomiai 
x” а" ух-а 


1. The difference between identical powers of two num- 
bers 15 exactly divisible by the difference between the num- 
bers, that is x?— a^" is divisible by х--а. This criterion, 
hke the ones which follow, are a consequence of the remain- 
der theorem (Sec. 74) 

The quotient consists of m terms and has the followin 
form. (x®—a™) (x—a) = x"-1--axn-?-l-a2x^-3-.. „| ат- 
(the exponents on x steadily diminish by unity, whereas the 
exponents on a increase by umity so that the sum of the 
ехропепі 15 constant and equal to т— 1, all coefficients are 
equal to 4-1). 
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Examples 


(x3— a3) (x — a) — x 4- a, 

(x* —a?) (x—a) = J- ax 4- a?, 

(x1— a) (x—a) =x? + ах? + ate аз, 

(x5— a5) (х— а) = xt -4H ax? .- айх? --азх -- at 

2 The difference between identical even poweis of two 
numbers 1s divisible not only by the dilference between these 
numbers (Item 1) but also by their sum, 1 е, x?— a", for 
even m, 15 divisible both by x—a and by x--a In the 
latter instance, the quotient 1$ of the form x?-1— gym-à 
+ a3xm-3— (the plus and minus signs alternate) 


Examples 


(x?—a?) (ха) -x—a, 
хї—а%) (ха) =x —ax?+ a!x—a?, 
f at) (x4- a) == х®— ах“ ал — ax? -H ax — ah 


Note. Since the difference between even powers is divi. 
sible Бу х--а and by х--а, it is also divisible by x?— 92, 


Examples. 

(2—08) (а) = 22+ at 

(х8--а4) (х®-—а?}== аа ра, 
(x8—a8) (2—22) == x5 + ахі + atx? -- af 


The law of formation of quotients ts obvious; it 15 rea- 
dily subsumed under the law of Item 1, for example, 
38— a8) (13 — а?) = [x34 — (a3)1]. (x — a? 
( )( =K ( Jp at (x?) 4- (a2)? x94 (а3)з 

2a. The difference between identical odd powers of two 
numbers 15 not divisible by the sum of the numbers 

For example, neither x3—a3 пог x*—a5 ts divisible by 
x--a. 

3 The sum of the same powers of two numbers 15 never 
divisible by the difference between these numbers 

For example, x—a does not divide into xta? or x3-|-a? 
ог x$-- at 

4 The sum of the same odd powers of two numbers 15 
divisible by the sum of the numbers (їп the quotient, the 
pius and minus signs alternate) 

Examples 


(x* + a3) (x 4- a) = x*-—ax -- a?, 
(x5 + a5) .(x-- a) = х*— ax? + a33— a3x + al, 
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4a The sums of identical even powers of two numbers 
are not divisible by their difference (Item 3) or even by the 
sum of the numbers For example, x*-+-a% 15 not divisible 
either by x—a ог by х-а, 


76. Factorization of Polynomlals 


А polynomial can sometimes be represented in the form 
of a product of two or more polynomials This is by far not 
always possible but when it 15 possible, it ıs often very dif- 
ficult to find the required factors. Its practical utility lies 
in the fact that it permits simplifying expressions (say, when 
common factors can be found іп the numerator and denomi- 
nator of a fraction, for examples, see the next section). The 
following are some elementary cases of the factorization of 
роупониа!5 

1 If all terms of a polynomial contain the same expres- 
sion as a factor tt can be taken outside the brackets (see 
Sec. 70, addition of monomials) 

Example 1. 7аху— 14a5x3 = 7a*z (y —2a?x?) 

Example 2, 6x%y3— 2uxy? -+ Au?xy == 2xy (Зху%—— ug -+ 2u’). 

2. Ц is sometimes possible to break the terms up into 
several groups, take out a factor іп each group, and find 
the same expression in all sets of brackets This expression 
can then be factored out. factorization of the polynomial is 
complete 

Example 1. ax 4- bx J- ag 4- by — x (a+b)+y (a+) 
= (a 4-5) (x+y) 

Example 2. [003—653 -+ 40658 — 1525 


= 5a? (2a — 35) -- 2b (22 — 35) = (2a— 36) (5014-25), 


Note, It is worth remembering that the expression a—-6 
can always be given in the form —(b—a) so that what ap- 
ears at first glance to be different expressions can easily be 
urned into the same expressions. 


Example 3. бах--20х--98у-27ау 
== 2x (3a — b) -+ 9y (b—3a) = 2x (3a— 5) —9y (3a —5) 
= (3a—5b) (2x—99) 
3, The transformation explained in Item 2 can sometimes 
be carried out after first introducing new terms that mutu- 


ally cancel or after breaking up one of the terms into two 
summands. 


146 


Example 1. à —x* — a3-- ах —ax-—x* 
=a (a+ x) —x (a+ х) == (a - x) (a— x) 
(cf formula 3 of Sec. 72) 
Example 2. p?-- pg — 29? = p* -+ 2pqg — pq — 20% 
=p (р--24)—4 (P+ 29) (p 4-29) (p— 4). 
4 The technique of Нет 3 can sometimes be circumven. 
ted by using some of the factorization formulas obtained by 


manipulating the formulas of short-cut multiplication 
(Sec 72), namely 


a3-- 2ab-- be (a+-b)®, 22—24} -- b? = (0-Б); 
amb? = (a +b) (а— b), etc 


Example. 4x?J-20xy--25y?. Using the first of these for. 
mulas (a=2x, 6=5y), we get 


4x2 -- 20xy 4- 2502 = (2x + 5y)? 

Successful factorization of polynomials into the largest 
possible number of factors depends largely on one’s dexterity 
in handling and combining the techniques enumerated above, 

Example. 12-- х2 —4x— 3x3 = 12— 3x? - x3 — 4х 
= 8 (4—x3)— x (4— 42)  (4— x?) (8— x) 
= (24-3) (2— x) (— 5). 


77. Algebralc Fractions 


Ап algebrate fraction is an expression of the form 4, 


where A and B denote any literal or numerical expressions, 
and, the horizontal bar is the symbol for division The divi- 
dend A is called the numerator, the divisor B 1s called the 
denominator The fractions studied in arithmetic are a spe- 
cial case of algebraic fractions (in which the numerator and 
denominator are positive whole numbers) The rules for 
handling algebraic fractions are the same as those for the 
fractions of arithmetic (see Secs 30-36) We therefore confine 
ourselves to a number of illustrative examples. 


Reduction of Fractions 


Example 1. The fraction Ізі. may be reduced by divi- 


l8a?x* бх 
ding through by 3a?53, Tats = Tat, " 
ті may be reduced by 


Example 2. The fraction 
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cancelling out 2а—3 To see this, factor the numerator and 
the denominator (see Sec 76, Item 3) 
242-450-352 — (2a-35) (a4 5| Lax 
208-5454 3047  (2a-35) (a- b) ““а-% 


Addition and Subtraction of Fractions 


Example 1. To add the fractions pta take 2202 for 
the common denominator, the additional factors are 5 for 
the first summand and a for the second 


m n mb+na 
ate t apt ai 
Example 2. 
a-b a+b ü-b a+b 


2at—ab—35? 2a?—5ab4+ 36% (2a—3b) (a+) (2a—35) (а– b) 
2 (az b- (a by 
— (2a~3b) (a+b) (a=b) 
-4ab 
— (2a-3b, (a? ~ 64) 


Note. Only іп exceptional cases do multi-termed denomi- 
nators have common factors, and 1f there are common fac- 
tors, 1t usually requires а good deal of time to find them 
Searching for such factors 1$ а good exercise in developing 
algebraic habits and so the continued attention devoted to 
this work in textbooks 1s quite justified However, their 
practical utility 15 shght and it 1s very often much better 
simply to take the product of the given denominators as the 
common denominator and not search for the simplest one 


Multiplication and Diviston of Fractions 


44% 2c8d* — 8acd 
Example 1. сү, zr gor Simplification can be car- 


ried out either prior to multiplication or afterwards 


xta? ‚ х®-ах-сх+ас 
Example 2. х%—бх+сх-8с xta bt 
= (x? ~ ату (x1 b?) __ (eta) (+В (жаа) (x40) 
(жу (xto (кта) (хс) (хас) (x-e)” SCE 


78. Proportions 


The definitions of a ratio and a proportion are given in 


Sec 62, From the proportion T = follows ad==be (the 
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product of the means is equal to the product of the extre- 
mes), conversely, from ad — bc follow the proportions 
a с а b а c 


"rr боа 


and others АП these proportions may be obtained from the 


original опе, =o, using the following rules 


1 In the proportion ==, the means may be inter. 


changed, the extremes may be interchanged, or both may 
be interchanged at the same time We have 


a b d с d b 
T d' b a? t a 


2 In a proportion, the antecedent and the consequent 


of both ratios may be interchanged From $—T we get 
b d 


7T This proportion was obtained earlier (in the form 


of 7) In the same way, nothing is altered by inter- 


changing the antecedent and the consequent in the three 
proportions given above 


Derived proportions, ЇЇ у=, then the following pro- 


portions (called derived proportions) which are obtained from 
the given proportion hold true 
a+b ctd a-b с-4 atb ctd a~ с-а 


ü с "а гр dq» а, 
Bre M E NEN Е EI жаға 
a+b ¢t+d’ a~b c-d' a+b c+d'a~b c-d' 
atb etd ate a. с азб a b 
а-8  c-d' bed 7% 74 %сжа € d' 
ab a b азс_а_с 
ted ¢ d' bed 5 d 


These and a multitude of other derived proportions can 
be combined into two basic forms 


та+пь _ mcend (1) 
magn, merned? 

та+пс тӛ-па (2) 
man,  m,b+n,d 


where m, n, my, лу are any numbers Form (2) 15 obtained by 
the same rule as (1) if we first interchange the means in 
the given proportion 
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Putting menm, =1, п: =0 1л formula (1), we get the 


b d 
derived proportion 575—777 , putting т= ne m =1, n —0 
in (2, we have = 14 or, interchanging the mean terms, 
AUF and so on. 


79. Why We Мевй Equations 


Computational problems are of two kinds direct and in- 
direct 

Неге is an instance of a direct problem what 1s the 
weight of a chunk of alloy which contains 06 dm? of 
copper (specific weight 89 kg/dm?) and 04 dm? of zinc 
(specific weight 70 kg/dm? Solving, we find the weight 
of the copper (89 06=5 34 (kg), the weight of the zinc 
(70 0.4=28 (kg) and then the weight of the alloy 
(534--2 8-8 14 (kg)) These operations and their sequence 
are implied in the very statement of the problem 

Here is an instance of an indirect problem an alloy con- 
sisting of copper and zinc of volume 1 dm? weighs 8 14 kg. 
Find the volumes of the copper and zinc in this alloy Here, 
the statement of the problem does not indicate the opera- 
tions that will lead to the solution In what is called ап 
arithmetic solution, considerable ingenuity is often required 
to find a plan of solution of an indirect problem Each new 
problem requires setting up a fresh scheme. This is largely 
a waste of the computor's time It was to rationalize the 
computing process that the method of equations, which 1s 
the basic subject of study ın algebra, was created (see 
Sec 65) The gist of the method 15 this 

1. The desired quantities are given special designations 
For this purpose we use literal symbols (mostly the last let- 
ters of the Latin alphabet, x, y, 2, и, v) Using these sym- 
bols and the signs of operations (+, —, etc), we translate 
the conditions of the problem into mathematical language, 
that is, we express the relationships between the given 
quantities and the unknown quantities by mathematical 
sytnbols instead of words Each such mathematical state- 
ment 15 an equation 

2 The next step is to solve the equation, that 1$, to 
find the values of the sought-for unknown quantities The 
solution of an equation 1$ а mechanical procedure, which 1$ 
in strict accord with established rules At this stage we no 
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longer have to take into account the specific features of 
the problem at hand, all we have to do is make use of 
firmly set rules and techniques (One of the primary tasks 
of algebra 13 to derive these rules } 

Thus, equations are needed to mechanize the labour of 
the computor After the equation has been set up 115 soly- 
tion can be obtained quite automatically (which is exactly 
what computing machines do at present) The difficulty of 
solving a problem lies їп setting up the equation 


80. How to Set Up Equations 


То form an equation is to express іп mathematical form 
a relationship between the given (known) quantities of the 
problem and the sought-for (unknown) quantities This rela. 
tionship is sometimes so explicitly stated in the formula- 
tion of the problem that setting up the equation actually 
reduces to a word-for-word rehashing of the problem in the 
language of mathematical symbolism 

Example 1. Petrov received 16 roubles more for a job 
than half the sum which Ivanov got Together their pay 
came to 112 roubles How much did each get? 

Denote by x the share of Ivanov Half his pay 1$ 1/2x: 
Petrov's pay for the month was 1/2х--16, together they re- 
ceived a total of 112 roubles in symbols we can write 


(1/9x -- 16) 3- x 112 


The equation has been set up Solving it by the estab- 
lished rules (Sec 84), we find that Ivanov got paid x64 
roubles, Petrov's pay was 1/2х-- 16 —48 roubles 

More often, however, it happens that the relationship 
between the known and unknown quantities 1$ not expli- 
сіу stated та the problem and has to be built up out of 
the statement of the problem Practical problems are almost 
all of that kind so that the case we gave above is of a 
пе artificial type hardly ever encountered in real situa- 
ions. 

It is therefore impossible to give exhaustive advice as 
to how equations are set up However, as a starting piece 
of advice we offer the following For the value of the 
unknown (or unknowns) take some number or numbers (at 
random) and make a check to sce if the guess 15 а solution 
to the problem or not If we can make the check and see if 
our guess із correct or incorrect (which 15 more likely), 
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then we can immediately set about forming the equation 
(or equations) we need. Namely, write down the very ope- 
rations that were used to check the correctness of the гап- 
domly chosen number by introducing instead a literal зут- 
bol for the unknown That is the equation we need. A 

Example 2. А piece of an alloy composed of copper and 
zinc weighs 8,14 kg and is 1 dm? in volume. How much 
copper is there іп the alloy (specific weights: copper 
89 kg/dm?, zinc, 7 0 kg/dm*)? 

Take some number to express the desired volume of 
copper, say 03 dm? Now check to see how close a fit we 
get Since | dm? of copper weighs 89 kg, 03 dm? will 
weigh 89 03=2 67 (kg) The volume of zinc in the alloy 
18 1—03—07 (dm?) This weighs 7.0 07-49 (kg) The 
total weight of zinc and copper comes out to 2 674-49 
= 7 57 (kg) But the weight of our piece is given as8 14 kg. 
Our guess was wide of the mark, but at least we have an 
equation whose solution will yield the correct answer. In 
place of the guess (03 dm?), denote the volume of copper 
(іп dm?) by x In place of the product 8 9-0 3=2 67 take 
the product 89x This 1s the weight of the copper іп the 
alloy In place of 1—03=07 take 1—x; this is the volu- 
me of the zinc In place of 70 07=49, take 7 0(1— x), 
which 1s the weight of the zinc In place of 2 67--49, take 
8 9x-+-7 0 (1— x), which 1s the total weight of the zinc and the 
copper, and which is given аз 8 14 kg Thus 89х--70 
X(l-—x)28 14 The solution of this equation (see Sec. 79) 
yields x 206 The solution can be checked in a variety of 
ways, which yield a variety of equations, all of which ho- 
wever will result 1n the same solution. Such equations are 
called equivalent equations (see Sec 82) 

Quite naturally, after setting up equations has become 
a firmly established habit, there is no need to make these 
peel mine) checks of conjectured numbers, simply start out 

designating the unknown quantity by some letter (x, y, 
etc) and then proceed as if this letter (the unknown) were 
the number we wish to verify 


81. Essential Facts about Equations 


Two expressions, numerical or literal, joined together by 
an equality sign (=) form an equation (numerical or literal). 

Every true numerical equation, and also every literal 
equation which holds true for all numerical values of the 
letters in them 15 termed an identity. 
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Examples. (1) The numerical equation 5 3--1—20.—4 15 
an identity (2) The literal equation (a— 5) (a-- 5) — a — p 
1$ an identity since for all numerical values of a and b the 
right and left sides yield the same number A literal equa. 
tion 15 one in. which all or some of the known quantities 
‘are expressed by letters, otherwise the equation is termed 
numerical. 

It must be pointed out specially which letters of the 
equation are to be taken as known and which are to be 
regarded as unknown quantities. The unknowns are ordina. 
rily denoted by x, у, 2, и, v, w According to the number 
of unknowns, equations are called equations in one, two, 
three, еіс unknowns 

To solve a numerical equation means to find numerical 
values of the indicated unknowns which turn the equation 
into an identity. These values are called the roots of the 
equation 

To solve a literal equation means to find expressions of 
the unknowns tn terms of the known Guanine given in 
the equation, which, when substituted for the unknowns, 
turn the equation into an identity The expressions thus 
found are called the roots of the equation. 


2 1 
Example 1. ЕО ва See in one 
unknown, х For х= 1 the expressions Е апа ux form 


an identity that 1s, they yield one and the same number, 
4=1 ıs the root of the equation 


Example 2. ах--ӛгесх--4 is a literal. equation in опе 
unknown, x, when rot it becomes an identity, since the 


ex pressions а? рь апа са ed yield the same numbers 


for all values of the letters a, b, c, d | these expressions 
may be transfdrmed to шім) Тһе уаше rat is the 


root of the equation 


Example 3 3x-+4y=11 is a numerical equation in two 
unknowns When x==1, y=2 it becomes an identity 
3.1--4:2-- 11, The values x= 1, y=2 are roots of the equa- 
tron; x=—3, y=5 are also roots of the equation The 


values ¢= 2, y=! L are also roots This equation has infi- 
nitely many roots but it is not an identity because, for 
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example, when х=2 and у=3 the right and left members 
of the equation do not equal each other 

Example 4. 2x--3-—2(x-j-1) is а numerical equation in 
one unknown 1t does not become an identity for any va- 
lues of x whatever (the right member may be represented 
as 2x--2 no matter what 2x equals, adding 2 to 2x cannot 
yield the same number as adding 3 to 2x) This equation 
does not have any roots. 


82. Equivalent Equations. Solving Equations 


Equivalent equations are equations that have the same 
roots; for instance, x*—3x—2 and х2--2==3х are equivalent 
since they both have the roots х==1 and Х--2 The process 
of solving an equation consists mainly їп replacing а given 
equation by another one that 1s equivalent to the first 

The basic techniques involved in solving equations are 
the following 

1. Replacement of an expression by an equivalent one. 
For example, the equation 


(х- 1)? — 2x 4-5 
may be replaced by the equivalent equation 
x*4- 2x 4-1 2x 4-5 


2. The terms о! an equation may be transposed (carried 
over from one member, or side, of an equation to the other), 
in this process the sign of each term 1s reversed. For instance 
in ihe equation x*4-2x--1-—2x-4-5 we can transpose all 
terms to the left member, the terms +2x and -+5 go from 
the right member to the left member with the sign reversed 
The equation x*4-2x--1—2x—5-— 0 or, what 1s the same 
thing, x*—4—0, 1s equivalent to the original equation. 

3 Both members of an equation can be multiplied or 
divided by one and the same expression It 1$ important 
here to bear in mind that the new equation may not be 
equivalent to the preceding equation if the expression used 
ү multiply or divide has the property of becoming equal 
о Zero. 

Example. Given the equation (x—1) (x4-2) - 4 (x— 1). 
Divide both sides by x—1 to get x--2--4 This equation 
has a unique root, x—2, yet the original equation has the 
root x=2 and also the root x=1 This root was “lost” in 
the division by x—1. On the contrary, when we multiply 
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both members of the equation x4-2—4 by (x—1) a new 
root, x —1, appears Іп addition to the root x=+2 From 
this it does not in the least follow that we should not mul- 
tiply or divide both members of an equation by ап expres- 
sion which 15 capable of becoming zero The only thing we 
have to do, when períorming such operations, is to note 
whether any old roots are lost or any new ones are intro. 
duced 

4 It 1s also possible to raise both members of an equa. 
tion to the same power or extract the same root, however, 
the result may be equations that are not equivalent to the 
original one For example, the equation 2x —6 has one root, 
х=3: but the equation (2x)? = 6%, ог 4x?= 36, has two roots 
х=3 and х= --3 Before transforming an equation, check 
to see whether some of the original roots are fost or new 
ones introduced Most important is to be sure no old roots 
are lost. The introduction of new roots 1s not so dangerous 
because any root can be substituted into the original equa- 
tion and verified on the spot to see whether it satisfies the 
equation or not 


83. Equations Classified 


An equation 15 called algebraic 1f each of Из members 
(sides) 15 a polynomial or monomial (single term) (see Sec 70) 
with respect to the unknown quantities 

Examples. bx -+ ay? = xy-+ 2^ 15 an algebraic equation in 
two unknowns, but the equation bx--ay*-xy--2* 15 nol 
algebraic because the right member is not a polynomial in 
the letters x and y (the term 2* 1s not a monomial їп the 
letter x) 

The degree of ап algebraic equation Transpose all terms 
of an algebraic equation to ome side and collect like terms, 
1 the equation contains only one unknown, then the degree 
of the equation 15 the greatest exponent on the unknown 
If the equation contains several unknowns, then for each 
term of the equation it 1s necessary to form the sum of the 
exponents of all unknowns The largest sum 1s termed the 
degree of the equation 

Example 1 The equation 4x3+2x®—17x—=4x3—8 ва 
second-degree equation since we get 2х2 — 17x 4-8 — 0 when 
all terms are transposed to the left side 

Example 2. The equation а4х--58 =c is an equation of 
the first degree since the highest degree of the unknown, a, 
1s one. 
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Example 3 The equation a?x* --bx*y? — a8yy4—2=0 is an 
equation of the sixth degree since the sum of the exponents 
on the unknowns x and y comes to 5 for the first and third 
terms, 6 for the second and zero for the fourth, the largest 
sum is 6 

Equations whose solution reduces to the solution of an 
algebraic equation are sometimes also classed as algebraic 
The degree of such an equation is the degree of the algebraic 


equation to which И reduces 

Example 4 sth m is an equation of the second degree 
although the second degree of the unknown 1s not evident 
However, И it 15 replaced by an equivalent algebraic equa- 
tion (by getting rid of the fraction), it. becomes 2x?—3x 
—1=0 A first-degree equation in any number of unknowns 


15 also called a linear equation 


84, First-Degree Equation In One Unknown 


An equation of the first degree in one unknown may be 
transformed to one of the form ax--b, where а and b are 
given numbers or literal expressions containing known quan- 


tities, The solution (root) is of the form х--2- Manipula- 


tive difficulties ош only in carrying out transformations 
8х- 3х-1 1 
Example 1. ау = 255 Ы 


(1) Reduce the right member to a common denominator: 


3x-5 _ (3x-l) (x42) -(2x 5) 
92(x12) — {2х+5) (x+ 2) 


(2) Remove brackets in the numerator of the right mem- 


3x-8 — 3х1+3х-7 
ber and collect terms PUN "FOE GYN 


(3) Multiply both members by 2 (2х--5) (х-- 2) so as to 
clear the equation of fractions (We leave the question as to 
whether or not extraneous roots have been introduced till 
after the solution ) 


(Әх--5) (2x 1-5) == 2 (3x? 3x — 7) 
(4) Removing brackets, we get 
6x? -+ 5x — 25 = 6x? + 6x — 14 
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(5) Transpose all unknowns to the left member, all known 
quantities to the right, and collect like terms We finally 
get —x== 11, the root of the equationas thus x= — 1 

Substitute this value into the original equation and verify 
that this root 1s not an extraneous root 

xt (x-a) | (5-6) —— 
Example 2. {x-a} (x= b) +; Bt rena 
(1) Reduce the leit member to a common denominator 
х(х—а) (x—b) 


(The additional factors are. x for the first fraction, x—a for 
the second, and x—b for the third) 
x3 (x-a) ы (x- bys —3 
x(x-a)tx-b) 7 
(2) We get rid of the fraction by multiplying both sides 
by x (x—a) (x —b) 
x8-- (x — a) + (x — 5) = 3x (x—a) (x —5) 
(8) Removing brackets, we have 
x3 4- x3 — Зах? -- За?х аз + x3 — Зри? + 3b3x — 53 
== Зу? — Зах? — 3bx? + Sabx 
(4) Transpose unknown terms to the left and known quan- 
tities to the right member, Collecting like terms, we finally 
have 
Зах —3abs + 362x = 034-03 ог 3(a? —ab -|- b?) x — a3 -- 53 
(5) We now find the root of the equation to be 
B a+b’ 
хаса tbt 


This expression. may be simplified. by cancelling out 
a? —ab -- b? А 
a+ 


х= 


3 


85. А Syslem of Two First-Degree Equations 
In Two Unknowns 


After performing manipulations like those considered in 
the preceding section, an equation of the first degree in two 
unknowns x and у becomes ax--by=c, where a, b, с are 
given numbers or literal expressions. 
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Taken separately, such an equation has infinitely тапу 
roots Assign arbitrary values to one of the unknowns (say +) 
and the value of y can be found from the equation in one 
unknown by substituting the value of x into our equation 
For instance, іп the equation 5х--Зу=7 we can put х=2, 
we then get 10--3y —7, whence y= —1 

However, 1f the unknowns x and y are connected by two 
(not one) equations of the first degree, then they will have 
infinitely many solutions only in exceptional cases (see 
бес. 87) Generally, a system of two first-degree equations in 
two unknowns has only one set of solutions (solution set) 
It may also happen (in exceptional cases again) that it does 
not have any solutions at all (see Sec 87) 

Solving a system of two first-degree equations in two 
unknowns may be reduced, in a variety of ways, to the solu- 
tion of one equation of the first degree іп one unknown 
Two such procedures are discussed in the next section 

Problems that lead to a system of two equations in two 
unknowns can always be solved by means of one equation in 
one unknown, however, much attention must then be paid 
{o computations which, when a system of equations is 
employed, are handled routinely in the very process of solv- 
ing the system The same goes for problems involving three 
or more unknowns They may Бе solved with the aid of one 
ог two unknown quantities The larger the number of 
unknowns involved, the simpler (generally speaking) it is to 
set up each one of the equations, but the more difficult 1s 
the process of solution of the system Therefore, practical 
considerations suggest introducing as few unknowns as pos- 
sible but ın such а way that setting up the equations does 
not become too involved 

Example. A ptece of alloy made of copper and zinc weighs 
8.14 kg and is | dm? in volume How much copper and zinc 
1s there in the alloy (copper has a specific weight of 
89 kg/dm?, zinc, 70 kg/dm*)? Denoting by x and y the 
unknown volumes of copper and zinc, we have two equations 


x+y=!, (1) 
8 954-7 0y =8 14 (2) 


The first states that the total volume of copper and zinc 
(іп dm?) is equal to 1, the second states that the total 
weight (in kg) is equal to 8 14 (89x is the weight of the 
copper; 7 Oy, the weight of the zinc) Solving the system of 
equations (1)—(2) using the general rules of Sec 86, we find 
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x=06, y=04 We solved this same problem in Sec 80 
(Example 2) using only one unknown, x The suggestions 
given in Sec. 80 hold true as well for setting up a system 
of equations їп two or more unknowns 


86. Solving a System of Two First-Degree 
Equations іп Two Unknowns 


(а) Solving by the substitution. method, This method 
consists in the following (1) using one equation, find an 
expression of one of the unknowns, say x, in terms of the 
known quantities and the other unknown, y, (2) substitute 
this expression into the second equation, which then contains 
only one unknown, y, (3) solve the equation and find the 
value of y, (4) substitute the value of у into the expression 
of the unknown x which was found at the beginning of the 
solution This yields the value of x 

Example. Solve the system of equations 


8x — 3y = 46, 
(1) Use the first equation to find the expression of x in 
terms of the given numbers and the unknown y 


_ 464 dy 
s= 


(2) Substitute this expression into the second equation: 


(3) Solve the resulting equation 


5 (46-+ 3y) + 48y = 104, 
230 + 15y -- 48y = 104, 
15y + 48y = 104—930, 
63y = —126, у---2 
(4) Substitute the value of y (y = —2) into the expression 
Br This yields х= 522.25 
(b) Solving by addition or subtraction, This method con- 
sists in the following (1) both members of one equation are 
multiplied by some factor, both members of the second 
equation are multiplied by another factor These factors are 
chosen so that the coefficients of the unknowns in both 


equations have the same absolute value after the operation 
(2) Add or subtract the equations depending on whether the 
signs of the equalized coefficients have the same or different 
signs; in this way one of the unknowns is eliminated 
(3) Solve the resulting equation in one unknown (4) The 
othtr unknown can be found in the same way, but it is 
ordinarily easier to substitute the value of the first unknown 
into any one of the given equations and solve the resulting 
equation in one unknown 
Example Solve the system of equations 


8x— 3y = 46, 
5х 6у= 13 


(1) The easiest way is to equalize the absolute values of 
the coefficients of y, multiply both sides of the first equation 
by 2, and both sides of the second by 1 (which 1$ to say, 
leave it unchanged) 


8x — 39g -:46 [2] 16х--бу 2:92, 
5x+6y=13 |1| 8xJ4-6y 13 
(2) Add the two equations 
16;—бу= 92 
T Ber6y- 13 
21x =105 
(3) Solve the resulting equation 
105 
tea ah 
e Substitute the value х==5 into the first equation to 
ge 
40—Зу==46, — 3y=46—40, — 3y—6 
Whence 
6 


The method of addition or subtraction is preferable to 
other methods (1) when the absolute values of the coeffici- 
ents of one of the unknowns are equal in the given equations 
(then the first of the steps in the solution process 1s not 
needed), (2) when 1t 15 seen at once that the numerical co- 
efficients of one of the unknowns сап be equalized by means 
of small integral factors, (3) when the coefficients of the 
equations contain literal expressions 
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Example Solve the system 


a-c) a= (a —«c) y= 2ab, 
(a9) t—(2-— b) y = дас 


(1) Equalize the coefficients of x, multiply both sides of 
the first equation by (a+b) of the second by (а--с) to get 


b) x — (a +b) (a —c) y == даб (а--0), 
ake 41% х--(а--0)(а--с))--2ас(а--о) 


(2) Subtract the second equation from the first. 
{(a—b) (a4- c) —(a +b) (a—c)] y = 2ab (a 4- 5) —2ac (a 4- c) 
(3) Solve the equation obtained 


ЕЕ 2ab (0+5) -2ac (ate) 
y= (a~b) (a+c)—(a+5) (a—c) 


This expression can be simplified considerably but the 
manipulations are involved In the numerator and denomi. 
nator, remove brackets, collect terms, factorize and cancel 
common factors to simplify the fraction 

= 2a (ab- b! ac- ct) 
Y~ a abrar- bej- (a? ab - dc — bc] 
_ 2а (адас) +ib? — c1)] 
E -2a0b42ac 
__ 2a (0-с) a4 (b —- c) (54 c)] 
S —2a (6-2) 


_. да (b- c) (a bc) EN 
жән -5a (b-c) Y (a 4-5 -4- c) 


(4) To find x, equalize the coefficients of y 1n the original 
equations by multiplying the first Бу (a—~b) and the second 
by (a—c) Subtracting one equation from the other, we solve 
the equation in one unknown and find 


2ab (a-b)-2ac (a— c) 
{a ~b} {a +e)~= (a+b) (а-с) 


Performing the manipulations as in Item 3, we get 
х=0--с—а. Substituting of the value of у into one of the 
original equations would have required unwieldy computa- 
tions, this happens very cften when solving ега] equations. 


161 


87. General Formulas for and Special Cases 
of Solving Systems of Two First-Degree 
Equations in Two Unknowns 


The solution of a system of equations of the form 


ахҷ- bye (1) 
aux 4T by с (2) 


may be obtained much faster if use 1$ made of certain gene- 
ral formulas that have been worked out. These formulas may 
be found by any method, for example, by the method of 
н and subtraction The solution has the following 
orm. 


Вус bey 
7 ab-ab ' (3) 
__ UTE 
Y= gab (4) 


These formulas are easy to remember И we introduce for 
numerators and denominators the following symbolism We 


agree to use the symbol А kj to denote the expression ps— rg 
which is obtained by cross multiplication: 


P 6 


5 


and a subsequent subtraction of one product from tbe other 
(the product of the right-downwards diag pal has the plus 
sign) For example, the symbol E Bii signifies 5,1—2 


X(—8) «54-16 —21 
The expression 


is termed a determinant of the second order (in contrast to 
determinants of orders three, four, еіс which аге in the 
solution of systems of first-degree equations in three, four, 
еіс unknowns). 


11-652 
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With the aid of this symbolism, formulas (3) and (4) 
look like this 


PA НЕ 
= | Е 5 (5), y= E р | (6) 
a, b, ay Oy 


Each of the unknowns 1s equal to a fraction, the denomina- 
tor of which 1s a determinant made up of the coefficients 
of the unknowns and the numerator is obtained from this 
determinant by replacing the coefficients of the correspon- 
ding unknown by the constant terms 

Example. Solve the system 


8x—3y = 46, 
Бх-- 6y = 13 
46 ~ 
_ [13 | 466413 3__ 318 _ 
= E 86483 ^63 ^ 
5 6 
8 46 
. |5 13] в 18-5 4802126 о 
y= PT ao T 
5 6 


Ап investigation shows that when solving the system 
(1) —(2), three essentially distinct cases arise 
(1) The coefficients of equations (1) and (2) are not pro- 


portional, 2 ж E Then, no matter what the constant terms, 


{һе equation has a unique solution given by formulas (3) 
and (4), or, what 1s the same, by formulas (5) and (6). 


(2) The coefficients of (1) and (2) are proportional L-p е 
. 1 1 
Then it 1s important to know whether the constant terms as 


well arein that relation If so, that is, isisi, then the 


system of equations has an infinitude of solutions The reason 
for this 1s that one of the equations 1s а consequence of the 
other, so that in actuality we are dealing with one equation 
and not two 
Example. In the system 

10x 4- бу = 18, 

Ex 3g —9 
ihe Coefficients of the unknoww? 5 and y are proportional. 


18 
— = + t RUP 
5 7372. The constant terms are in the same ratio g=? 


Hence one of the i 35 the other 
equa tiotis 15 a consequence ue tig , 
namely, the first 15 bta, ned from the second by multralying 


b 
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both members of the iatter by 2 Апу one of the infinity 
of solutions of one of the equations 1s a solution of the other. 
(3) The coefficients of the equations are proportional: 


L6 but the constant terms are not in that ratio Then 


the system has no solution because the equations are con- 
tradictory 
Example. In the system 


10x 4- 6y == 20, 
Бх--3у:-9 
the coefficients are proportional: 12-52 The ratio of the 


constant terms 1$ different {тот the ratio of the coefficients: 
2.22 The system has no solution because if we mul- 


tiply the second equation by 2, we get 10х-- бу= 18 which 
contradicts the first equation, for one and the same expres- 
sion 10х--бу cannot be equal to 18 and to 20. 


88. А System of Three Firsi-Degres Equations 
In Three Unknowns 


If transformations similar to those indicated in Sec. 84 
are carried out, a first-degree equation іп three unknowns 
x, y, 2 takes the form ax-+-by-+cz=d, where a, b, с, d are 
given numbers or literal expressions One such equation, 
taken separately, or a system of two such equations has an 
infinity of solutions In the general case, a system of three 
first-degree equations in three unknowns has one set of so- 
lutions In exceptional cases (see below) it сап have infinitely 
many solutions or none at all 

The solution of a system of three equations tn three 
unknowns is based on the same techniques as used in the 
solution of a system of two equations in. two unknowns, 
as will be seen from the following example 

Example. Solve the system of equations 


3x—2y -- 52 — 7, (1) 
Tx- 4g — 82 —8, (2) 
7. 5х--9%у--4:---12 (3) 


Take two equations ‘of this зуеш, say (1) and (2), and 
assume that one of the unknowns (say г) has already been 
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found, that is, 15 known Solving this system for x and y 
by the rules of Sec. 86, we get 


22117-02 2592-40 


Хар, 36 (4) 


Substituting these expressions of x and y into (3), we get 
an equation ш one unknown 

8(17-22)  3(592-40) ,, 22 

ст Бар og ee 


Solving this equation (see Sec 84), we obtain z=2 Putting 
this value in (4), we find хі, y—3 
The general formulas for solving the system 


ах by -.- cz — d 
ayx бу си == dy 
aX +- уг саг = d; 


тау be obtained hy the same device The solution will be 
complicated and hard to remember if written out in full, 
but tt can be given a convenient and easily remembered 
form if we first introduce the concept of a third-order de- 
terminant. 

A determinant of third order, symbolized compactly аз 


(5) 


a b c 
а в o {6) 
п, by Cy 
is simply the expression 
abie -- bc dg + ca, b, — cb a4 асб — bart (7) 


This expression need not be memorized since it 15 readily 
obtainable from its symbol (6) as follows: rewrite the array 
(6), adjoining on the right the first two columns It then 


takes the form (8) 
6, bx, [^ а ж 3- “2. v J -2 
ххх NOC 
a WO b 7 ух 


И ХХ BY 

а; Жж % by Y 22 A. 57% 
РА ra Pd хм UN uà ” МММ 
sf. . eee A ++ + 


Draw diagonal fines [shown in (8) by the dashed lines] 
and write out the products of the letters on each of the six 
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diagonals. Affix the plus sign to the three products that 
represent the diagonals from upper left to lower right, and 
the minus sign to the other three products Writing out 
these products horizontally, we get (7) 

Example 1. Compute the third-order determinant 


з —2 5 
7 - (9) 
ж 


Scheme (8) becomes scheme (8^). 
The determinant (9) is then 
3-4 (—4)-- (—2) (—8) 5--5:7-(-<3) — 5:4-5 — 3:(—8)-(—3) 
—(—2)-7 (—4) = —48--80— 105—100 — 72 — 56 — — 301 
Using determinants, we can represent the system (5) as 


КОШ dips 
с 4 с а 
РИВЕР 5 B 2-04 
тает "^pa boc Га b «€ (10) 
a, Б, б, а, b, 0 а, b. 0 
а, b. 9 а, by 0 а, b, 0 


Here, each of the unknowns is equal to a fraction’ the de- 
nominator is a determinant made up of the coefficients of 
the unknowns, and the numerator 1s obtained from this 
determinant by replacing the coefficients of the corresponding 
unknown by the constant terms 

Example 2. Solve the system of equations 


3x—2gy 4-52 ==7, 
Tx4- 4y — 82 = 3, 
5x— 3g —42 — — 12 


The common denominator of the formulas (10) was computed 
in the example, it 1s —301. The numerator of the first of 
the formulas in (10) 1s obtained from (9) by replacing the 
first column by the column of constant terms It looks like 
this 
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Computing it by (8) we get —301 Thus, we have tol a! 


(cf. the example on page 168). In the same way we find 
~903 — 602 


у= 391—3 2= 239—2 

The system of equations (5) has а unique solution if the 
determinant made up of the coefficients of the unknowns js 
not equal to zero Then formulas (10), with this determinant 
in the denominator, yield the solution of system (5) If the 
determinant made up of coefficients 1s zero, then formulas 
(10) become useless for the purpose of computation In this 
case system (5) either has an infinity of solutions or none 
at all. There are an infinity of solutions if not only the 
determinant in the denominators but also the determinants 
in the numerators of formulas (10) vanish, И 15 important 
to note that if the determinant tn the denominators and one 
of the determinants in the numerators are zero, then the 
other two determinants in the numerators must be zero. The 
‘existence of an infinity of solutions 15 due to the fact that 
one of the three equations (5) is a consequence of the other 
two for even each of two of the equations (5) 15 а conse- 
quence of the third], so that actually we have not three 
but only two equations in three unknowns (or even one 
equation) 

Exatnple 3. In the system of equations 


2x—5y+z=— 2 
4x--3y —62 — | 
2x-J-21g— 1528 


the determinant of coefficients 1$ 


(1) 


2-5 1 
4 3 —6 |=0 
2 2| —16 


[see scheme (8)] Taking one of the determinants in the nu- 
merators of formulas (10), say the determinant 


|-2 -5 | 
1 3 —6 
8 21-15 


which 15 in the first one of (10) we find that it too 1s zero 
The other two determinants in the second and third formulas 
of (10) need not be computed since they are certainly zero. 
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The system (11) has an mfinite number of solutions, one of 
its equations (any one) 1s a consequence of the other two 
For example, И we multiply the second equation by 2 and 
the first by —3 and combine the two equations, we get the 
third one 

The system (5) has no solutions at all 1f the determinant 
in the denominators of formulas (10) is zero but not one of 
the determinants іп the numerators 1s zero Here, it 15 suf- 
ficient to ascertain that one of the numerators is nonzero, 
then the other two will definitely be different from zero. The 
absence of solutions 1s due to the fact that one of the equa- 
tions contradicts the other two (or even each one separately). 

Example 4. Take the system of equations 


2х—бу--2=-2 
4х--Зу—62=1 | 
2х-Е2ш—152=83 


which differs from the system (11) solely in the value of the 
constant term in the last equation The determinant of the 
coefficients therefore remains the same equal to zero. Ho- 
wever, the determinants in the numerators will be different. 
For instance, the numerator of the first of the formulas 
of (10) will be 


(12) 


—2 —5 1 
1 3 -6 |=—135 
3 21 —15 


It is not zero The other two numerators are definitely not 
zero The system (12) has no solutions It 1s inconsistent 
because the first two equations yield 2x--219—152—8 as а 
consequence (see Example 3); je the third equation of (12) 
has the form 2x4-21y— 152-3. Thus one and the same ex- 
pression 1s equal to both 3 and 8, which is impossible. 


89. Laws of Exponents 


| The power of a product of two or more factors is equal 
to the product of the same power of each of the separate 
factors: 
(abc... = arbh... 
Example 1. (72-108 =77 23.101-=49.4.100 = 19,600. 
Example 2. (x*— a?) = [(х-- a) (x —a)]* — (x J- a)* (x —a)! 
(cf. Sec. 72, Нет 3). 
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Of more practical utility is the reverse transformation: 
алһааа, ,=(abe . p 


where the product of the same powers of several quantities 
ts equal іо the same power of the product of the quantities, 


Example 3. 604) (+) =(4 + +) == 
Example 4. (a+b)? (a*—ab-- 63)*—[(a + b) (a? — ab-- bày 
= (a3 +b? 
(cf Sec. 72, Пет 6) 
2. The power of a quotient (or of a fraction) 1s equal to 


the quotient. obtained. by dividing the same power of the 
dividend by the same power of the divisor. 


алп a? 
м 


Example 5, (+) == à 


3 3:78 
а+ 5\3 _ (atb) 
Example 6. (25) = (a- b» b 
m 
The inverse transformation 15% к= (2). 


Example 7. Tu 75 3 133227 


(gi-b1)'  fat—bt\2 _ 
Example 8. $072 -(шаы) = (a— pi 
(cf Sec. 72, Item 3) 

3. When multiplying powers having ihe same base, add 
the exponents (cf Sec 70): 

атал —qmen 

Example 9, 23.25 — 2345 — 97 = 128 

Example 10. (a—4c-- x? (a —4c-- х) (a —4c T x)*. 

4. In dividing powers having the same base, subtract the 


exponent of the divisot from the exponent of the dividend 
(cf Sec. 70) 


Example 11. 128.123 — [28-3 == [28 == 144 
Example 12. (x—y)? (х— y) ==х— y. 
EZ In шша а power of a power, multiply the exponents: 
am yi zs дтп, 
Example 13. se D i igi 
ai _ {а py ny а 1 
Example 14. (+) =e A 
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90. Operations Involving Radicals 


In the formulas given below, the symbol У denotes the 
absolute value of the root 

1 The value of a root remains unchanged if Из index 15 
increased п times and the radicand 15 raised to the nth power. 


Vio" us 
Example 1. vg V gy 64 


2 The value of the root remains unchanged if its index 
13 reduced п times and the nth root 15 taken of the radicand 


at the same time. 
a V Va 
Example 2. 7 8=° ү з= ұт 


Note. This property also holds true when the number = 


is not integral, both properties are also valid when л 15 frac- 
tional But to see this we first have to extend the concept 
of a power and a root by introducing fractional exponents 
(see Sec 125) 

‚З The root of a product of several factors 1s equal to the 
product of the roots (of ihe same index) of these factors: 


“ы. ae bU. 
Example 3. у a "Au =a 0, 
The last transformation 15 based on Property 2. 
Example 4. Y/48— Y 16 3— Y 16 V3—4 УЗ 


Conversely, the product of roots of the same 1п4ех is equal 
to ше root. (of that 1ndex) of the product of the radicands. 


way b п/с... = abe A 
Example 5. Vab V ab3 = Vath’ = at? 


4 The root of а quotient 15 equal to the quotient obtai- 
ned by dividing the root of the dividend by the root of the 
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divisor (the indices of the roots are al! assumed to be the 


same) 
Va b= Va wt 
Conversely ya "Ура yab 


Example 6. VT i= 27 3/1-3 Ут 


5 To raise a root to a power, raise the radicand to that 


power 
(узу-ув 
Conversely, to extract the root of a power, raise the root 
of the base to that power 


vey 
Example 7. (j/ a)? = j/ a9? = баба Иа 
Example 8. Y 27- 3: =(У 3): —(V 3)? V3-3y 3, 


6. Rationalizing the denominator or numerator of a frac- 
tion. Computation of fractional expressions involving radi. 
cals 1s often simplified by what 18 termed “rationalizing” 
the numerator or denominator. This process signifies elimi- 
nating the radicals im the numerator or denominator, 

Example 9. Let it be required to compute WIE УЕ 
to 001 If the operations are carried out in the indicated 
order, we have (1) V7 2 2646, (2) V6 = 2499, (3) 2646 
— 2 44920 197, (4) TUE а 510 Four operations were re- 
quired to obtain the answer; what ts more, to obtain digits 
correct to hunredths required computing the roots to 
thousandths, otherwise we would have only two significant 


digits in the denominator of the fraction y? vr and so we 
could not obtain three correct significant digits (see Sec. 56) 

But if we first multiply the numerator and denominator 
of the fraction by Y 7-- V 6, we get 
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The compulation now requires only three operations, and 
the root need only be evaluated to hundredths 


() ИТ 65, (2) Vox 2 45, (3) V7+V6~ 510 
Here are some typical illustrations 


Example 10. B ЕР. 


Ys  V85V8 5 
VarVi _ (Иа+ ИБ) _ а+2 Vab+o 
Example 11 Vivr Walp” i m 


In these examples, we rationalized the denominator In 
the two following examples we rationalize the numerator 


Example 12 VE VF ATE 


Y35-Y31 V38:-Y 343 1 
Ехат le 13. ити Ee ЕПТІ СТ 
P 3 3(Y385.Y341)  3(V354V31) 


The transformation in Example 19 is clearly unsuitable 
for computational purposes because evaluating the expression 


тшт requires division by a multidigit number, whereas the 


V38 S 
computation of 28 (see Example 10) requires division Бу 


a whole number But the transformation іп Example 13 18 


useful in that it permits computing the roots V 35 and V 34 
to as тапу places as required in the answer, whereas in 
the original expression. we would have had to extract the 
roots to a larger number of places (see Example 9) Thus, 
the general school practice of rationalizing the denominator 
every single time 15 a harmful formalistic tradition, 


91. Irratlonal Numbers 


The range of whole and fractional numbers is more than 
sufficient for purposes of mensuration (see Sec 45) It is 
not, however, sufficient for the theory of mensuration 

For example, let it be required to determine exactly the 
length of the diagonal AC in the square ABCD (Fig 1), 
the side of which is | metre long The area of the square 
ACEF constructed on the diagonal :s equal to twice the 


area of ABCD (the triangle ACB iscontained twice in ABCD 
and four times in ACLF) Therefore И x rs the desired 
length of AC, then x*—2 However, no 
whole number and no fraction can satisfy 
this equation 
We can do one of two things either 
give up attempting to express exactly 
lengths by numbers or introduce new 
numbers im addition to the whole and 
fractional numbers Alter a long period 
of struggle, the latter point of view 
prevailed 
These new numbers, which represent 
the lengths of line segments that аге 
incommensurable with the umt length (that is to say, line 
segments that cannot be expressed by any whole or frac. 
tional number) are called irrational numbers * n cont. 
rast ta irrational numbers, whole numbers (integers) and 
fractions were called rational After the introduction of 
negative numbers (this was later, see Sec 66), they too 
were split into rational and irrational 


Every rational number can be represented in the form = | 


where m and m are integers (positive or negative) Irrational 
numbers cannot be exactly represented in this form How- 
ever, every irrational number can be replaced approximately, 


{о апу degree of accuracy, by a rational number =, lor 


instance, it 1s possible to find a decimal fraction (pure or 
mixed) which differs from a given irrational number by an 
arbitrarily small number 


The numbers Y 2, V5, МИЗУ, y V 54YT 


and many other expressions involving rational numbers 
under the radical'sign are irrational These irrational. num- 
bers аге said to be expressed in terms of radicals 

They do not however exhaust the range of irrational 
numbers Up to the end of the 18 century, mathematicians 
were convinced that the root of any algebraic equation with 


* The term “irrational” literally means “having no ratio" uL 
nally, it did not refer to an irrational number but to quantities 
whose ratio is now expressed by an irrational number Say, the ratio 
of the diagonal of a square to its side is now given by the number 


VT Prior to the advent of irrational numbers, it was customary to 
say that the diagonals of a square cannot be related to its side 
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rational coefficients eould be expressed їп terms of radicals 
if the root is not rational, later ıt was proved that this 1s 
true only for equations up to the fourth degree inclusive 
(see Sec 66) As a rule, the irrational roots of equations 
of fifth and higher degree cannot be expressed in terms of 
radicals Numbers which are the rootsof algebraic equations 
with integral coefficients are called algebraic numbers; only 
іп exceptional cases are algebraic numbers expressible by 
radicals, and still rarer are the cases when they are rational. 

Algebraic numbers still do not exhaust the range of irra- 
tional numbers Thus, for instance, the well-known number s 
of pem (see Sec 152) is irrational, but it cannot be 
the root ot any algebraic equation with integral coefficients 
The same goes for the number e (see Sec. 128) which 15 not 
algebraic In other words, рі (m) and e are not algebraic 
numbers 

Ап irrational number which cannot be the root of any 
algebraic equation with integral coefficients 15 called a frans- 
cendental number 

Up to 1929, only a few numbers had been proved to be 
transcendental, the transcendence of the number e was рго- 
ved іп 1871 by the French mathematician Hermite In 1882 
the German mathematician Lindemann proved the transcen- 
dence of x Academician А. A. Markov (1856—1922) proved 
the transcendence of e and л by a new method In 1913 
DD Mordukhai-Boltovsko: (1877—1952) pointed out a num- 
ber of new transcendental numbers It was stil] not known, 


however, whether such “ordinary” numbers as E ER V ЗУ? 


were transcendental ог пої The Soviet mathematicians 
А О Gelfond and R О Kuzmin (1891—1949) proved in 


1929 and 1930 that all numbers of the form a" ^, where a 


> 


is ап algebraic number not equal to zero ог unity and л 


1s an integer, are transcendental The numbers 3h 2, V3"?, 

etc, are precisely of this form In 1934 Gelfond completed 

these studies He proved the transcendence of all numbers 

of the form a? where « and В are arbitrary algebraic num- 

bers (provided that a is neither 0 пог 1 and В 15 irrational) 
3 


For example, the number (V 5) И? is transcendental. 


From the transcendence of the numbers af there readil 
follows the transcendence of the decimal logarithms of all 
integers (except, of course, 1, 10, 100, 1000, etc) 
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92. Quadratic Equations. Imaginary 
and Complex Numbers 


An algebraic equation of the second degree 1s called 
a quadratic equation The most general form of a quadratic 
equation 11 one unknown 1s 


ах? bx 4- c — 0 


where a, b, c are given numbers or literal expressions tn. 
volving known quantities (note that the coefficient a cannot 
be zero for otherwise the equation would not be quadratic, 
but only of degree one) Dividing both members of the 
equation by a, we get an equation ot the form 


юрау (ре 2,4-5) 


А quadratic equation of this kind 15 called reduced, the 
equation ax*+bx-+-c=0 (where а # 1) 1s called unreduced 
If one of the quantities 0, с or both are zero, then the 
quadratic equation 1$ termed incomplete, И both b and c 
are nonzero, the quadratic equation 1s called complete 

Examples 


3х2 --8х—5=0, complete unreduced quadratic equation 
3х%-—5 = 0, incomplete unreduced quadraticequation 
Х2--ах--0; incomplete reduced quadratic equation 
22—12х--7==0, complete reduced quadratic equation 


An incomplete quadratic equation of the form 
xim (т known) 


is the simplest case of a quadratic equation and a very im- 
portant case too, since the solution of every quadratic re. 
duces to this form The solution of this equation ts 


х=Ут 

Three cases are possible 

(1) Tf m=0, then х=0 

(2) If m is a positive number, then its square root Vm 
can have two values one positive and one negative Their 
absolute values are the same For instance, the equation 
x?=9 15 satisfied by the value х=--3 and x=—3 In 
other words, x hag two values: --3 and —3 This 15 frequ- 
ently expressed by the double (plus-and-minus) sign in front 
of the' radical’ хе V 9. This notation means that the 
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expression Y 8 denotes the general absolute value of two 


roots: im our case, the number 3 The quantity V m may 
be irrational (see Sec 91) Note too that the number м 
itself may be an irrational number. For instance, let it be 
required to solve the equation 


xi zx 


(geometrically, this means finding the length of a side of 
a square equal to the area of a circle of radius 1) Its root 
185 х= V л See Sec 58 on the extraction of square roots 
of numbers 

(3) If m 15 a negative number, then the equation х= т 
(say, x?=— 9) cannot have any positive or negative root. 
this is obvious since either a positive or a negative number, 
when squared, yields a positive number We can thus say 
that the equation х2=—9 has no solution, that 15, the 


number V —9 does not exist 

Prior to the introduction of negative numbers we would 
have been equally justified in saying that the equation 
2x4-6—4 has no solutions But after the introduction of 
negative numbers this equation became solvable. In the 
same way, the equation x1--— 9 which does not have апу 
solutions in the set of the positive and negative numbers becom- 
es solvable if we introduce new quantities the square roots 
of negative numbers These quantities were first introduced 
by the Italian mathematician Cardano in the middle of the 
16th century іп connection with the solution of cubic equ- 
ations (see Sec 66) Cardano called these numbers “sophistic”, 
Descartes (in the 1630's) suggested the name “imaginary 
numbers” which, most unfortunately, has persisted to this 
day In contradistinction. to the imaginary numbers, the 
earlier known numbers (positive апа negative, including the 
irrational numbers) came to be called real numbers. The 
sum of a real number and an imaginary number constitutes 
a so-called complex number. This term was introduced by 


Gauss іп 1831 For instance, 2-- V —3 is a complex number. 
Complex numbers too are sometimes called imaginary пит- 
B Complex numbers are explained in detail in [m 84 
et seq. 

Having at our disposal imaginary numbers, we can say 
that the incomplete quadratic equation хі--т always has 
two roots If m> 0, these roots are real, they have the 
same absolute value but differ in sign. If m0, both are 
zero; if m <Q, they are imaginary, 


176 
93. Solving a Quadratie Equation 


To find the solution of the reduced quadratic 
xP px q 2-0 
it suffices to transpose the constant term to the right mem. 
p\2 
ber of the equation and to add (+) to both members of 


the equation Then the left member becomes a perfect square 
and we get the equivalent equation 


p 2- nA 
(oye rs 
It differs from the simplest equation х? == т (see Sec 99) 
in aspect alone х-4-2- standsin place of x and (+) —4 


in place of m We find 


eb uy (F) 


Whence 


This formula shows that every quadratic equation has 
two roots These roots may be imaginary if T <q. 1 
may also happen that both roots of the quadratic are the 
same, this occurs when (4)*=¢ 

Formula (1) 1s a particularly convenient form to use 
when p 1s an even integer 


Example 1 x?—12x—28=0 

Here pz —12, q= —28, 

х-6-- V 6:28 =6- V 64 —6 -- 8, 

X, 2:6-- 8 14, M 
X322 6— 8 a= — 2 

Example 2. x*-4- 12x -- 10 =0 

x= 65 y36—10- —64- V 6, 

я = —64 V 26 c; —09, x, —6— y 26 x —111 


Example 3, x3— 2mx -- m?-— n= 0. 
кете V mi —(mi— ni) m Д V ai- m 4 n, 
жет, Xy m-—n 


Note. In Example 2, both roots are negative real num- 
bers, but irrational (Sec 91), The square roots obtained in 
solving quadratics may be extracted by means of computa- 
tions (see Sec. 88) or by using tables Unfortunately, most 
problem books give exercises in quadratic equations that 
are specially constructed so that the roots are extracted 
exactly. In practical situations, this occurs very rarely For 
this reason we strongly advise the student to rid himself of 
the fear of irrational solutions instilled by such problem 

ooks 

When p is not an even integer, it 15 preferable, when 
solving reduced quadratics, to use the more general formula 
(3) given below and assume a=! (see Example 5 below). 

The unreduced complete quadratic 


ax? -- bx "pc 0 (2) 
may be solved by the formula 


-b us Y Pac (3) 


yes 


It Is obtained from (1) by dividing both members of the 
unreduced equation (2) by a, 
Example 4, 3x?—7x --4 =0, (a=3, Әз«--7, c=4). 


=e 
Example 5, x?--7x-4-12<-0, (а 10-7, e 12) 
-PiYiu-4 1? 


2 


ic 
Xp), Хұз--4 
Example 6. 0 60x? 4-3 2x —8 4 0 


«824 V(-3 31-4 0 60 9) 
ER TH wd ' 


ЕТІН si 572 
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Іш Example 6, the coefficients are assumed to be approxi. 
mate numbers, as 13 evident from the fact that we write 
0 60x? (and not 0 6x?) Therefore, it is advisable to perform 
the operations by the short-cut method given in Secs 47 
and 48 At any rate, note particularly that by the rules of 
the indicated sections, only two exact significant digits can 
be obtained Note that these results are correct to 01, but 
this does not mean that by putting them іп the left mem. 
ber of the equation we get a number equal to zero to 
within 01 On the contrary, substituting into the left mem- 
ber, say, the value x—19, we get 


060 192--32:1 9—8 4 a9 —0 2 


But И the value of x 1s increased by 01 and we take 
x=2 0, then we have 


060.2 0243.2 20—84=04 


Thus, for х=19 the left member was negative, for x=20 
it is positive This means that it 1s equal to zero for some 
value of x lying between 19 and 20 Consequently, taking 
х=1 9 we err by not more than 01 This is what we mean 
when we say that the root is equal to 19 to within an 
accuracy of 0,1 

If & 1s an even number, it 15 best to give the general 
formula in the form 


Example 7. 3x?— 14x — 80 — 0 
74V 7:43 80 741989 7417 
5 = 


= L—Á—————— ш ——Á— wx 


= = 
X; =8, dm 
This formula is also convenient. when the coefficients a, 
b, c, are literal expressions 
Example 8 ах?—2 (a-- b) x+ 46 — 0. 
a4bk Virb- iab a+b + Уақ Зар  asbi(a-5) 


te 
a a a E 


94. Properties of the Roots 
of a Quadratic Equation 


The formuia 
__ —-6-ИЪ:- Час 
с 2а 
indicates that in the solution of the quadratic equation 


ax*-.bxtc=0 three cases are possible 
(1) 92--4ас > 0, two roots are real and distinct, 


(2) b5— дас — 0, two roots are real and equal (both аге 


equal to -ш) 

(3) 6?—4ac < 0, both roots are imaginary 

The expression b?—4ac which permits us to discriminate 
between the three cases 15 termed the drscruminant 

The signs of the roots, when’ the roots аге real (that 15, 
when 5*—4acz» 0) ate best judged on the basis of the fol- 
lowing rule of roots 

The sum of the roots of the reduced quadratic equation 


xt px d q0 


1s equal to the coefficient of the unknown to the first power 
with sign reversed, that is, 


х= —p 
The product of the roots 1s equal to the constant term, ie, 
XX =F 


95. Factoring a Trinomial 
of the Type ax’-+bx-+¢ 


The quadratic trinomial ax?--bx-+c may be decomposed 
into first-degree factors in the following manner. solve the 
quadratic equation ax?--bx+c=0 If x, and x, are roots of 
this equation, then ax?-+-bx-++¢ = a (x— x1) (x— x3) 

Example 1 Factor the trinomial 2%2-|- [3х—24 into 
first-degree factors Solve the equation 2x24. 13v—24==0 
We find the roots n=, X37: —8 Consequently 

®й--13х—24=9(х— | (х--8) = 0—3) (64-8) 

Example 2. Factor x?--a?, the equation х?--а*=0 has 


imaginary roots: x -Y-—a, а= — Иа? and so it в 
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impossible to factor x3--a? into real factors of the first deg- 
ree, It can be factored Into imaginary factors, however: 


ха ай НИ —а%) (x— VE = (t+ ai) (х--а) 
(Е denotes the imaginary number V =T) 


96. Higher-Degres Equations Solvable 
by Means of Quadratios 


Some algebraic equations of higher degree cati be solved 
by reducing them to quadratic equations. The most impor 
tant cases are the following. 

1, The left member of an equation can sometimes тейді. 
ly be decomposed into factors one of which is а polynomial 
not higher than the second degree. Then we solve the тезі. 
ting equations by Е each factor to zero separately, 
The roots thus found will be the roots of the original equa 
tion. 

Example 1, x*-- 5х3 4-68 =0, 

The polynomial х*-- 5х8 -- бх? can readily be factored 
into xà Ad. (х2- 60-6). We solve the equation x2=0 to 
get two equal roots xiz2x,-0. Solve the equation xí 
+ 5х6 = 0. Denoting its roots by xs and x, we have 
Хата--2, x= —8. The roots of the original equation are 
КүшаХұғе0, Хаа 2, Xam — 8. 

Example 2. Solve the equation x3 ==8. 

Rewriting it as х2—8==0, we factor the left member: 
х%— 8 == (0—0) (1 --2х--4). The equation х--2--0 lelds 
x, 772, the equation x3--2x 4- 4-0 ylelds д: = —1 -+ V —3, 
x= —~1—Y --3. Thus the equation х3 == 8 has one real 


root and two Imaginary roots. In other words и 8 has, 
besides the obvious real value of 2, two imaginary roots 
(see Sec. 111, Example 3), 

2, IE the equation is of the form ахи 4. bg’ -- c0, It 
сап be reduced to a quadratic by introducing a new un- 
known thus: x" =z, 

Example 3. x$— [3x1-- 36 0. Rewriting the equation as 
T aD we introduce the new unknown x*-—z. 

he equation then becomes 27—132--36==0, Its roots are 2; — 9, 
2474. Now solve the equations 33:9 and х4--4. The first 
has the roots x, 23, Хх: = — 3, the second, the roots x, 2, 
X= —2. The roots of the given equation are: 3, —3, 2, —3. 
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К к this possible ta solve апу equation of the form 
uA e ВА ет 0, whieh is called а biguadratic equation. 

Example 4, xt- 10x? |-64 <0, Representing the equation 
as (x!)? | 16c 1-64 —-С, Introduce а new unknown: х 2, 
This yields the equation 211—162 |-64==0, which has two 
equal roots Zy ==2; --8 Solve x?2:8 to get (sce Example 2) 
Xj 2, X," —1| УЗ, X477 —]— y 3 The other three 
roots in this case are (since z,-s2,) equal to these three. 


97. A System of Quadratic Equations 
In Two Unknowns 


The most general form of a second-degree equation in 
two unknowns 18 


ах? + bey + су? -|- dx -- ey -- | == 0 


where а, b, c, d, e, f are given numbers or expressions 
involving known quaniities One equation of the second 
degree in two unknowns has an infinity of solutions (see 
бес. 85) 

A system of two equations. in two unknowns, one equa- 
tion being a quadratic equation and the other a first degrob 
equation, may be solved by the substitution method deseri- 
bed т Sec. 86 The expression of one unknown in terms of 
the other ıs found from the [irst-degree equation Substitut- 
ing this expression into the second-degree equation, we get 
an equation in one unknown Jn the general case, it is a 
quadratic equation (see Example 1). However, И may hap- 
pen that the second-degree terms cancel oui, we then have 
a first-degree equation (sce Example 2) 

Example 1. x4—~3xy -+ 4y*—6x + 2y 0, x-—2y = 3, 

From the second equation we find х=3--2у Substitut- 
ing this expression into the first equation, we get 


(3-294 —3 (3+ 2y) y+ 4/4 — 6 (3 + 2y) + 2 = 0 
Solving this equation; we find 
9- 12y + 4j! — 9y — 6y? + 41 — 18— 12y + 2y = 0, 
2y? — 7y —9 —0, 
"m шы, 
У = 5. 1 =o 1 


182 


Insert the values thus found nays у›===—— 1 into Не 


expression х= 3--2y to get д, = 12, x= 1 

Example 2 x8—y?=1, x4-y=2 

From the second equation we find у=2—х Putting this 
expression inte the first equation, we get x?—(2—x)*= |, 
After collecting terms, second-degree terms cancel out, and 


we have — 4-4 4х = 1, whence ge Putting this value 


3 
into the expression у=2-х, we find y=- 


A system of two quadratic equations in two unknowns 
can be solved thus if one of the equations does not contain 
the term ax? (or the term cy?) then use the substitution 
method expressing x (or y) of this equation in terms of y 
(or x), but if both equations involve terms like ax? and суі, 
then first apply the method of addition or subtraction 
(Sec 85) so as to obtain an equation without ax? or cy? 
Then apply the substitution method After the elimination 
process we have an equation in one unknown (generally 
speaking, of the fourth degree) Only іп exceptional cases 
oes 1t reduce to a quadratic equation, but these cases are 
encountered rather frequently in the solution of geometric 
problems ‘ 

Example 3. 


X5 d-xy 4-293 74, 2x*4-2xy 4- у — 73 
Both equations have terms involving x4 and terms involving 


y? So first use the addition-or-subtraction method to obtain 
an equation. without, say, y? 


2x1-F2xy4-y3--73| 2 | — 4x*-- 4xy 4-29? = 146 
Pt xy + 29$ 74 OF ху Fy =T 
(0 зу 72 


From this equation we find the expression of y in terms of x 


24-и 


d x 


Then we substitute this expression into one of the given 
equations, say the first, to get 


ааа Lo xm 74 
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Simplifications yield 


xi t 24x1— yt 1 1152 — 96x? -- 2x1 = 74x*, 
2х4 —146x?-- 1152 — 0, 
x1— 7831 +. 576 = 0 
We have a biquadratic equation (see Sec 96, Example 3). 


Putting x* z we reduce it to the equation 22— 732 4-576 =0 
which yields 


. 73 & Y 733-4 576 73 + 73055 — 73555 
етут тесе 3 — 23." 
2,—64, 2,—9 
The first solution gives us x,-—8, x4— — 8, the second, 
X47z8, x, — 3 Putting the values ху, х,, xs, x, into the 


expression yim, we get the corresponding values of y. 


yi-—-—9, yam-A yu—089,,——5 


In solving systems of second-degree equations artificial 
techniques often yield faster and more elegant results 


98, Complex Numbers 


The development of algebra (Sec, 66) called for numbers 
of a new kind besides the familiar positive and negative 
numbers They received the name complex numbers. 

A complex number has the form e-+b1, where а and b 
are real numbers and 1 1s a new kind of number called the 
imaginary unt, “Imaginary” numbers (see Sec 92) constitute 
a special subset of the complex numbers (when а=0) On 
the other hand, the real numbers (positive ап’ negative) 
also constitute a special subset of the complex numbers (when 
b=0 

Let us call the real number а the abscissa of the complex 
number a--br, the real number b, the ordinate of the comp-, 
lex number a+6: The basic property of the number t 1s 
that the product 4-4 1s equal to —1, that is 


gl (1) 
For a long time, по physical quantities could be found 


that obeyed the same rules as those involving complex num- 
bers, say Rule (1) Whence the name "imaginary unit”, 
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"imaginary number", etc, АЁ present we know many such 
physical quantities, and complex numbers are extensively 
employed not only in mathematics but also in physics and 
engineering (theory of elasticity, electrical engineering, aero. 
dynamics, сіс.) 

Below (Sec 104) a geometric interpretation of complex 
numbers 15 given, but first the rules for operating with them 
are considered (Secs, 100-103), Here, the question of the 
geometric or physical meaning of the number / із not cong). 
dered because it differs іп various spheres of science, 

The rule for each operation involving complex numbers 
1$ derived from the definition of the operation. The defini. 
trons of the operations involving complex numbers were tot 
devised arbitrarily but were established to ensure consistency 
with the rules for operating with real numbers (cf. Sec, 84), 
The point is that complex numbers must not be considered 
separately from the real numbers 


99. Basle Conventions Concerning 
Complex Numbers 


1. The real number а can also be written as а-Н0.1 (or 
а--04). 

Examples. The notation 3--0.і means the same as 3, 
The notation --2--04 means —2. The notation E n 


8Y2 


1$ equivalent to 
Note. We have similar instances in ordinary arithmetic 
where the fraction i denotes the same thing as 5 The no 


tation 002 is simply 2, etc 

2, A complex number of the form 0--51 is called a pure 
imaginary, The notation bi is the same as Q-L- bi 

3. Two complex numbers a--bi, a'--b'i are conside- 
red equal if they have equal abscissas and ordinates, that 
15, | ama’, b=b', Otherwise these complex numbers are 
not equal, This definition is suggested by the following rea- 
soning If, say, we could have an equation like 2 -|- bí = 8 -- 2, 
then by the rules of algebra we-would get 12:2, whereas i 
cannot be а real number 

Note, We have not yet delined the addition of complex 
numbers, and so, strictly speaking, we cannot yet assert that 
the number 2--5 is the sum of the numbers 2 and 5i. It 
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would be more correct to say that we have here а pair of 
real numbers 2 (abscissa) and 5 (ordinate), these numbers 
generate а new kind of number which we agree іо denote 
by 2-ББі 


100. Addition of Complax Numbers 


Definition, The sum of the complex numbers а-- bi and 
а'--ф'1 18 the complex number (#4 а’) + (b-b): 

This definition is suggested by the rules for operating on 
ordinary polynomials 

Example 1. (—3-+ 5i) + (4—8) -= 1—3: 

Example 2, (24-0) 4- (7-01) -- 94-01. Since (бес 99} the 
notation 2--04 means the same as 2, etc , the operation per- 
formed is in agreement with ordinary arithmetic (2-67 = 9), 

Example 3, (0+ 2:)-+(04-5:)+ 0 4-7:, that is to say, 
(бес 99), 21 -- 5: == 71 

Example 4, (—2-1-3/) ef- (—2--31) sa —4 

In Example 4 the sum of two complex numbers 15 equal 
io а real number. Two complex numbers like a-}bi and 
а are called conjugate complex numbers, The sum of the 
two conjugale complex numbers is equal to the real num- 
ber 2а. Note that the sum of two nonconjugate complex 
Е m also be a real number, as witness (3-F 8i) 
+ (4—5) =7, 

Note. Now that the operation of additlon has been defi- 
ned, we can consider the complex number a-b: as the sum 
of the numbers a and bi Thus, the number 2 (which we 
agreed could be written as 2-+0:) and the number 5í (which, 
by Sec 99, means the same as 0--51) yield a sum equal 
(according to the definition) to 2 4- 5r. 


101, Subtraction of Complex Numbers 


Definitlon. The difference between the complex number 
a--bi (minuend) and a'-4-b'i (subtrahend) 13 the complex 
number (a —a^) 4-(b—5^) i. 

Example 1. (—5 4-21) — (3—51) = — 8 4- 7i, 

Example 2. (3-]- 2?) — (2-3 4- 21) = 6 4-01 = 6. 

Example 3, (3— 4) —(3-- 4i) == —8:. 

Note. The subtraction of complex numbers can be defined 
as an operation inverse to addition. Namely, we seek а comp- 
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lex number x--yt (difference) such that (x-- yt) + (a-b 
zzd4-bi By the definition of Sec. 100, we have eae) 


(x-Fa^) - (9-5) ro a 4- bi 


By the condition for the equality of complex numbers 
(Sec. 99), 
x+a =a, y+4-b' =b 


From these equations we find x=a—a’, y =b—b' 


102, Multiplication of Complex Numbers 


The definition of the multiplication of complex numbers 
is devised so that (1) the numbers a+-h and a'--b'i can 
be multiplied as algebraic binomials and (2) the number 1 
has the property 18----1. By virtue of Requirement 1, the 
product (а-н) (a'--5r) must be equal to aa' -- (ab' -- ba^) 
--5b*, and by virtue of Requirement 2, this expression 
must equal (aa'—b5')J-(ab'--ba')i. Accordingly we have 
the following definition 

Definition. The product of the complex numbers a+ bi 
and a'--b'i ıs the complex number 


(аа 4- bb’) + (ab' +- ba") i (1) 


Note 1. The equality Ий=—1 was in the nature of a 
requirement prior to establishment of the rules for multipl- 
cation. Now however it follows from the definition. The 
point ts that the notation 12, that 15, 151, is equivalent 
(Sec. 99) to the notation (0 -- 1-1) (0-- 1:1) Неге, а=й, 6=1, 
a'=0, 5'’=1. We have aa'—bb' = —1, аб -- ba! =0, so that 
the product is --1--0%, that is, —1. 

Note 2, In practical situations there is no need to use 
formula (1) One can multiply the given numbers as bino- 
mials and then рый = —1. 

Example 1. (1—2) (3--21) = 3—6i-- 2i — 43 ==3 64 
4214-42 7 —Ai, 

Example 2. (2-- bt) (a—bi)  a*-- b*. 

Example 2 shows that the product of conjugate complex 
numbers is a real positive number. * 


* But the product of two nonconjugate complex numbers can also 
be a positive real number, for example (2431) (4—6/)226 (see 
Sec 100) Now ff both the sum and the product of two complex 
рр are теа] numbers, then these complex numbers must be 
onjugate. 
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103. Division of Complex Numbers 


In accordance with the definition of the division of real 
numbers we give the following definition. 

Definition. To divide a complex number a- br (dividend) 
by a complex number a'+ 8’: (divisor) means to find a num- 
ber x--yt (quotient) such that, when multiplied by the divi- 
sor, tt yields the dividend 

If the divisor is nonzero, then division 1s always possible 
and the quotient is untque (for proof see Note 2) A conve- 
nient practical way to find the quotient 1s this 

Example 1. Find the quotient of (7—41).(8+ 22) 

Writing the fraction na multiply both terms by num- 
Бег 3—2:, which is the conjugate of 342: (see Sec. 102, 
Example 1), to get 

(7—41) (3-20) 13-26: _ 

G:NIG-A)"U 43 Tia 
Example 1 of the preceding section 15 a check 

-2+51 (-245)(-344) _ -14-231 


Example 2. 7,75 —(-3-4)(-8€4) = — 056 
— 0 92: 
Example 3. T -—i. The easiest way here is to 


divide both terms by (—2-- 7t) 

Doing as we did іп Examples 1 and 2, we find the репе. 
ral formula 

ў n aa'-bb^ | a'beb'a 
(a 4-51) (a te= adr A (1) 

In order to prove that fhe right member of (1) 1s really the 
quotient, multiply it by а --54 to get 24-ы 

Note 1. We could take formula (1) as the definition of 
division (cf the definitions іп Secs 100 and 101). 

Note 2. Formula (1) can also be derived as follows Ву 
the definition we must have (a'--b'i) (ху) а-ы Hence 
(Sec. 99) the following two equations must be satisfied: 


a'x—b'y—a, b'x+a'y=b (2) 
This system has a unique solution 
__ aa’ + bb! 2b b'a 
“ү, FT 


«ES. (бес, 87), that 1s, i$ 2-60, 
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It remains to consider the case а -- 0, This case 
(the numbers а’ and b’ are real!) is only Possible when 
&'-0 and b'=0, that is when the divisor a’+-5't is того, 
It however the dividend a--bi Is also zero, then the quotient 
is indeterminate (see Sec, 37, Item 2.) But if the dividend 
is not zero, then the quotient does not exist (we say it | 
equal to infinity) (cf. Sec, 37, Нет 3). 


104, Complex Numbers Depleted 
in the Plane 


Real numbers may be depicted by points on a straight 
line, as shown in Fig, 2 where point A denotes number 4 
and point B number —5. These same numbers can also be 
indicated by the IIne-segments OA, OB, which Indicate both 
length and direction 


8 MA 
-5-4-9-2-1 012945 
Fig. 2. 


Every point М of the number line depicts some real 
number (rational if the line segment OM is commensurable 
with the unit length, and irrational if it 1$ incommensu- 
rable), Thus, there 18 no place for comp. 
lex numbers on the number Line, 

But complex numbers can be depl- 
cled on a "number plane", To do this 
we choose a rectangular system of coor- 
dinates in the plane (see Sec, 211) with 
the same scale on both axes (Fig. 3). 
The complex number a--é is depicted 
by a point M, whose abscissa x (in Fig, 3, 
x sOP=QM) is equal to the abscissa a 
of the complex number and the ordinate y(OQ==PM) ls 
equal tothe ordinate b of the complex number, 

Examples. [n Fig, 4, point А with abscissa xz:8 and 
ordinate y=5 depicts the complex number 3-5. Point B 
depicts the complex number —2--6:; point C 15 the comp. 
lex qumber —6—2:, point D denotes the complex number 

--бі. 

Real numbers (in complex form they look like this: 

а--0{) are depicted by points on the X-axis and pure ima- 
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ginary numbers (of the form 0+ bt), by points on the Y-axis 

Examples, Point К in Fig 4 depicts the real number 6 
(or, what is the same thing, the number 64 0), point L 
depiets the pure imaginary 
number 3 (L e, 0-41), 
point М, ihe pure imagi- 
nary —4 (Ге, 0—4), The 
origin of the coordinates 
indicates the number 0 (which 
Is 0--01) 

Conjugate complex num 
bers are depicted by a pair 
of points symmetric about 
the axis of abscissas (X-axis); 
thus, the points C and C' in 
Fig. 4 indicate tlie conjugate Fig. 4. 
numbers —6— 2; and —6--21 

Complex numbers can also be Indicated by line-segments 
(vectors) issuing from the point О and terminating at the 
appropriate point of the number plane, Thus, the complex 
number —2--6i may be described not only by the point B 
(Fig. 4), but also by the vector OB The complex number 
—6—21 is denoted by the vector OC, etc. 

Note. When we call some line-sogment а vector we mean 
thet there ate two essential things about the line: it has 
length and it has a certain direction. Two vectors nre consl- 
dered the same (equal) only when they have the same length 
and the same direction. 


105. The Modulus and Argument 
01 à Complex Number 


The length of the vector depicting а complex number is 
called the modulus of the ола number The modulus of 
any complex number not equal to zero 15 а positive number, 
The modulus of the complex number a -bi 
is symbolized as |a--5i | and also by the 
letter 7. From the drawing (Fig. 5) it is 
clear that 

гез |а| V ad Ы (1) 

The modulus of а real number coin- 

cides with iis absolute value. The conju- 


gate complex numbers a-bil and a—6i 
have the same modulus, 
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Example 1. The modulus of the complex number 3-45 
(that 1s, the length of the vector OA in Fig 4) is equal to 
VEFE = V 34 x 5 83 _ 

Example 2 |1--:]— V BF =V 25141 

Example 3. |--3-- 4| — 5 

Example 4. The modulus of the number —7 (that is, 
—7-4-0) 15 the length of the vector OM (Fig4) This 
length is expressed by the positive number 7, or 


1760 |= V(—7) 3-02 =7 


Example 8. The modulus of the number — 4: (length of 
vector ON, Fig 4) 15 4 

Example 6 The modulus of the number —6—-2; (length 
of vector OC, Fig 4) 1s equal to Y 46632 The modu- 
lus of the number --6--% (length of vector OC’, Fig 4) is 
also equal to Зб Two conjugate complex numbers al- 
ways have equal moduli 

The angle q between the axis of abscissas and the vec. 
tor OM describing the complex number a+ is called the 
argument of the complex number a -+ bi, 


Y In Fig 6, the vector OM depicts the 
ИННИНИНЕШІ complex number —3—3: The angle 
БЕШИНЕН ХОМ аз the argument of this complex 
Т А y number 


Every nonzero complex number 
(lor the number 0 the argument is 
indeterminate) has an infinite number 
of arguments that differ by an integ- 

Fig 6 ral number of complete rotations 

(that 15, by 360%, where Æ 18 any 

integer) Thus, the arguments of the complex numbers 

—3— 3: are all angles of the form 225°4360°%, for instance, 
225° +. 360° = 585°, 225° —360° = — 135° 

The argument Ф 15 connected with the coordinates of a 
conics number a+b by the following formulas (see 

ig 5) 


Lot T LL 
и % киі 


% а 
(1) tan ф-- =, (2) Со (4) 
b 
O nes ті 


However, none of these formulas, taken separately, permits 
finding the argument from the abscissa and ordinate (see 
examples) 


191 


Example 7. Find the argument of the complex number 
— 3—8: 


By formula (2) tan ф= = This condition 15 satis- 


hed by an angle of 45° and also by an angle of 225° But 
the 45° angle 15 not the argument of the number —3— 3: 
(Fig 6) The correct answer 15  — 225° (or — 135°, or 585°, 
eic) This result is obtained и we note that the abscissa 
and the ordinate of the given complex number are negative 
This means that point M lies in the third quadrant 
Alternative method Use formula (3) to find cos P= ув 
Formula (4) shows that sing 1s also megative Hence the 
angle ф belongs to the third quadrant so that ф = 225° + 360°% 
Example 8 Find the argument of the complex number 


—2-+6: We find tang = —3 Since the abscissa is ne- 


gative and the ordinate is positive, the angle p lies іп the 
second quadrant Using tables we find @ a 180° — 72? = 108° 
See Fig 4 where point B depicts —2+ 6; 

The least (їп absolute value) argument is called the prin- 
cipal value of the argument Thus, for the complex num- 
bers —3—3:, 21—65, the principal values of the argument 
аге —135°, -|- 90°, —90° 

The argument of a positive real number has the princi- 
pal value 0°, for negative numbers, the principal value of 
the argument is taken to be 180? (and not — 180^), 

In the case of conjugate complex numbers, the principal 
values of the argument have the same absolute values but 
opposite signs Thus, the principal values of the argument 
of the numbers —3-4-3: and --3--3 аге 135° and — 135°. 


106. Trlgonometric Form of a Complex Number 


Abscissa а and ordinate b of the complex number a+b: 
are expressed in terms of the modulus г and the argument ф 
(see Fig 5) by the formulas 


a=rctos p, bersneg 


Therefore, any complex number can be represented in the 
form r (cos ф-{-151пф) where г 22 0 

This expression 15 termed the normal trigonometrie form 
or, simply, the trigonometric form of a complex number. 
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Example 1, Represent. the complex number 4 34 ain 
the normal trigonometrie form We have (Sec 105) 
r- ИЗ С зу? 
Consequently 
—3—38:« ЗИ 3 (cos (-— 1357) | sin (= 135?) 
or 
--2-% -4 y 3 (cas 225^ -| гып 225°) 


and so forth, — 
Example 2. Гог the comples number --2--б/ we have 


усу 
and (Sec, 105, Example 20 108" Hence, the normal tri- 
gonometric form of the number --2 | Bi is 
V 40 (cos 108° |: sin 108°) 
Example 3. The normal trigonometric form of the num- 
ber 3 is 3 (cos ^ -- c sin 0°) or, in general form, 
3 (соз 200% | t sin 260" 8) 
Example 4. The normal trigonometrie form of the num 
ber —3 is 3(cos 180” |- i ein 180) or 
3 [сов (180° |- 360") | t sin (180° -- 3604] 
Example 8, The normal lrigonomelre form of the nnagi- 
пагу unit Г is cos 90° : sin 90° ur 
cos (90° |- 360 А) | гып (90° -b 360^4) 


Here гь 1. 
Example 6, The normal trigonometric form of the num- 
ber ~, 15 соз (— 90°) j-r sin (e 907) ur 


cas (~~ 90^ -E 360^) p asin (— 90° | 360 4) 


Mere z=] 

In contrast to, tbe irurononietric form, an expression. like 
а-| 5i is called the algebran or coordinate (Cartesian) farm 
of the complex number 

Example 7, Represent the complex number 2 [cos ( — 40") 
oe gin (—40°}) іп algebran form 

Here ғ 2, р -40’ By formulis (3) and (1) of the 
preceding section, 


a-rcosqp Zos 40) 2 2 0 766. - 1 539, 
brsup -2«n(- 10) 2 2(- 0643) -- | 286 
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The algebraic form of the given number is (approxima- 
(еу) 1 532—1 286: 

Example 8. Represent in algebraic form the number 
3 (сов 2702--і sin 270%) Since cos 2707 —0, sin 270? = — 1, the 
given number is equal to —3: 

Example 9 If r(cos ФР rsin q) is one of two conjugate 
complex numbers, then the other сап be represented in the 
form r[cos(—qQ)--isin(—Q)] or in the form r(cosq 
—ising), incidentally, the latter expression is not the nor- 
mal form 


107. Geometric Meaning of Additlon and Subtraction 
of Complex Numbers 


Let the vectors OM and ОМ’ (Fig 7) depict the complex 
numbers z— x - yi and 2' —x'--y'i From the point M draw 
the vector MX equal to ОМ’ (that 15, having the same 
length and the same direction as OM’, see Sec 104, note). 
Then the vector OK gives the sum 
of the given complex numbers * 

The vector OX thus constructed ts 
termed the geometric sum (or, briefly, 
the sum) of the vectors OM and OM’ 
(the name “sum” is due to the fact 
that ıt arises by analogy with the com- 
bining of velocities of moving bodies, 
of forces applied to a point, and 
of many other physical -quantities) 

Thus, the sum of two complex numbers 1s given by the 
sum of the vectors depicting the separate summands 

The length of side OK of the triangle ОМК is less than 
the sum and greater than the difference of the lengths OM 
and MK Therefore 


21—12 1<12+2' 1< 121-6121 


The equality is valid only when the vectors OM and 0М” 
have the same (Fig 8) or opposite directions (Fig 9) In 
the former case, он Тем [= [05 |, that is |2+2' | 
ziz|--iz'| Іп the latter case |2--2' |=} z |z || 


* Indeed, the triangles OM'L and MKN are equal Hence, 
x zOL-MNZ-PR, 2-1 ‘=МК Consequently, the abscissa ORZOP 
+РА=х Hx’, and the ordinate RK=y+y’. 


194 
Example 1. Let 2--4--3І, 2 =5-- № Then 
|21= Y 4313155, 12715 0 514 12213, 242 =9-- 15, 
[22 = V 933-15: = y 306 
We have 13—5 < V 306 < 134-5, 8 < V 306 < 18. 


Fig 8 Fig 9 


Example 2. Let z=4-+ 31, 2 «84-6: 
These complex numbers have the same argument (362527), 
the corresponding vectors are in the same direction. 


Here 
12125, |z |==10, 24-2! 2124-91, 
zz |= V ZF = 15 

We have 10—5 < 15=10+5 

Example 3. Let z=8— 64, z' = —12-- 9t 
These complex numbers are depicted by vectors of opposite 
direction (their arguments are equal to 323508’ and 1432087) 
Here 

Ігіз-10, | 2/1215, z+ = --4--%, |242 |-«5 


We have 
15—10=5 < 154-10 


The sum of fhree or more complex numbers can afso be 
represented аз the sum of vectors (OM, OM', OM" in 
Fig 10) depicting the separate summands, that 15 to say, 
the vector OX which completes the polygonal line OMSK 
(the vector MS is equal to the vector OM’, the vector SK 
equals the vector OM") The summands may be taken in 
any order, the polygonal lines will be different but their 
extremities will coincide Since OX ıs not longer than the 
polygonal line OMSK, it follows that 


la+ te" ellz i+] 


The equality is valid only when all summands have the 
same direction 
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The difference between the complex numbers а4- and 
a’-+6% is equal to the sum of the numbers a+: and 
— a'—b'i The latter summand has the same modulus as 


Fig, 10 Fig 11 


а --b'r but is opposite in direction Therefore, the difference 
between two complex numbers represented by the vectors ОМ 
and OM‘ (Fig 11) ts depicted as the sum of the vectors OM 
and OM" (as the vector OT) 


108. Geometrie Meaning of Multiplication 
of Complex Numbers 


Let iwo complex numbers 2 and z' be depicted by the 
vectors OM and OM' (Fig 12) Write down the factors 1n 
trigonometric form and compute the product 

zz’ == r (cos фам p) ғ (cos p+ гәт g’) 
= rr’ [(cos pcos ф' —sin q sin q^) -- (sin ф cos ф' 
+ cos q sing’) 
That 1s (Sec. 194) 
22 сеге [cos (p+ 9") + isin (P+ 9^] (1) 

The modulus of the product (it 1s depicted by the vec- 
tor OL) is rr’, and the argunfent of the product is equal 
to p+’ In other words, to multiply two complex numbers, 
multiply their moduli and add their arguments 

This rule holds true for any number of factors 

Example 1. Take the complex numbers depicted by the 
vectors ОМ and OM’ in Fig 12 Their moduli are | OM | => 


and |ОМ’|=2, and the arguments аге / ХОМ = 20° and 
£ XOM’ =30°. The modulus of the product depicted by the 
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veclor OL 1s Ti-2 the argument of the product (angle 
XOL) ıs 20°+30° = 50° We get 

4 (cos 20° -- 1 sin 20°) 2 (cos 30° 4- sin 30°) 


= 3 (cos 50° -- sin 50°) 
Example 2. 


4 V 3 (cos 45° +1 sin 459). (cos 135° 4-1 sin 135°) 
==4 (cos 180° 4-1 sin 180°) = —4 (Fig 13) 


The same factors in algebraic form' are 4-4 and 
+++. Multiplying them together, we again get —4 


LLLLLELCLLELTM 
LLLLLLLLLLI 

ТАЦ 
LLLLLLLL ALD 
HH ttt 
LLL LL LL 
1 HHH ms 
a 


Flg 12 Fig. 13 


Example 3. Multiply together 2 (соѕ 150? -F t sin 150°), 
3 [cos (—160°)-+1 sin (— 160°)] and, 05 (соѕ 10°-+-2 sin 109) 
The modulus of the product 2.3.05 —3 The argument of 
the product 150°— 160? + 10° =0° The product is 


3 (cos 0? зп 0°) =3 


Example 4.  r(cosq--:sin ф) г [cos (—4) +1 sin (— q)] 
= rê (cos 0° Решая 0°) =r? - 
The product of two conjugate complex numbers is a real 
number equal to the square of their common modulus 

Example 5. 4 [cos (—20°)-+1 sin (—20°)}-2 [cos (—30?) 
++ sin (—30°)] =3 [cos (—50°) -- : sin (—509)] 
Comparing this with Example 1, we see that by replacing 
the factors with conjugate numbers the product is replaced 
with its conjugate number This property 15 general and can 
be extended to any number of factors, 

Note 1 The rules for multiplying real numbers are a spe- 
cial case of the above rule Thus, in multiplying the num- 
bers —2 and —3 their arguments (180° and 180%) combine 
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to form 360° so that the product is the posrtive number 6 
[that is, 6 (cos 360°- : sin 360°)] 

Note 2. When a complex number ғ (cos ф-- i sin %) із 
multiplied by the imaginary unit i (the modulus of which 
is 1 and the argument +90°), the 
modulus of the product remains equal 
to г The argument however 13 increa- 
sed by 90°, which means the vector of 
the factor 1s rotated through --90° with- 
out changing its length. In particular, 
multiplication of ! (the vector OA in 
Fig 14) by т is represented by a rota- 
tion of the vector OA through 90° Fig, 14. 
to position OB, while multiplication 
of г by 1 ıs represented by a rotation of OB through 90° to 
the position ОС. But the vector OC ıs depicted as —1. 
Therefore, ?=-—1 In geometric representation, the num- 
ber ; ıs по more “imaginary” than the number —1. 


109. Geometric Meaning of Division 
of Complex numbers 


Division 18 the inverse of multiplication. Therefore, (see 
Sec 108), when dividing complex numbers, divide their mo- 
дап (the modulus of the dividend by the modulus of the 
divisor) and subtract the arguments (the argument of the 
divisor from the argument of the dividend), or 


r (cos p+: sin Ф).” (cos p’ +: sin q') 
=< [cos (9— 9) - t sin (p— 9^)] (1) 
Example 1. 2(со530%--: sin 30°) 6 (cos 45* -- зіп 45°) 
= т [cos (—-15°) +t sin (—15°)] 
Example 2. —4 4 У 2 (cos 45%--1 sin 45°) = 4 (cos 180° 
+ i sin 180°) 4 Y 2 (cos 45°-+ 1 sin 45°) = yg (08 135° 


+1510 135°) Cf Example 2 of the preceding section 
In algebraic form 


ыы. 


Example 3. Divide I by the complex number r(cosq 
4:3 $). The dividend can be written as 1 (cos 02-і sin 0°), 
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By formula (1) the quotient will be + [cos (—9) +: sin (—q)] 
l.r (cos p+: sin ф) = + [cos (--Ф)--і sin(—q)] (9) 


Geometric construction describe a circle of radius t with 
centre at О. Let |г|>1, that is, the point M (Fig 15) 
depicting the divisor lies outside the circle Draw the tan- 
ent MT, from point T draw the perpendicular TM’ to ОМ, 
The point L which 15 symmetric with М’ about the axis of 
abscissas depicts the quotient Indeed, [OL | | OM | and 
from the right triangle OT M, in which TM’ 1s the altitude, 


Fig 15 Fig 16 


we find |07|%-|0М|40М%|, that is, 1—r|[OM'| or 
ом |=. The arguments of the vectors ОМ and OL аге 
obviously equal in magnitude and opposite in sign, 

For the case |r| < 1 see construction in Fig 16 

From formula (2) it follows that division of 1 by a complex 
number with modulus r==1 yields a complex number that 
is conjugate to the divisor - 

Example 4. 2 соз (—30°)+: sin (—30°)] 6 [cos (—45°) 
+e sin (—45°)] = 4 (cos 15° sin 15°) 
Comparing this with Example 1, we see that replacing the 
dividend and divisor by conjugate numbers replaces the quo- 
tient by Its conjugate number Formula (1) shows that this 
property 15 general! 


110. Ralsing a Complex Number 
to an Integral Power 


According to Sec 108, 


Ir (cos p+ 1 sin g)|? = r? (cos 29 4-1 sin 29), 
[r (ces ф-- sin p}? = 7? (cos 3 4- : sin 3g) 
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and generally 
[7 (cos p+: sin фу = г” (cos ng +i sin ng) (A) 


where п is a positive integer. Formula (А) is called 
De Moore's theorem (after Abraham De Moivre, 1667—1754) 
It'is valid for a negative integral exponent n (Sec 125) and 
also for n 0 

For example, [r (cos p+: sin ф)}-3 

1 1 
= ғ (соз p+é зіп qj]! = Я оз p+: sin 3g) 

Consequently (cf Example 3 of the preceding section), 

[r (cos « +t sin q)] 73 r7? [cos (—3p) + 1 sin (—39)] 

To summarize, to raise а complex number to any integral 
power, raise the modulus to that power and multiply the 
argument by the exponent of the power For raising to а 


fractional power see Sec 112 
Example 1 Raise to the sixth power the number 


z —2 (cos 10? -- c sin 109) 


We have 28 = 28 (cos 60° -- : sin 60°) == 32 - 321 УЗ. 
Example 2. Raise to the 20th power the number 

1 Уз 

2лт----- 


2 2 


The modulus of the number z (Sec 105) is 1, the argu- 
ment 1s —60° Hence, the modulus of z% is | and the ar- 
gument 15 —1200? = —3 360?— 120° We thus have 

220 == cos (—120?) рэп (pend ut, 

Example 3. Find the expression of the cosine and sine 
of the angle 39 in terms of the cosine and sine of the angle Ф. 

Solution. cos dq J- sin 39 = (cos p+ t sin p)? = cos? ф 
+ 31 cos? ф sin ф-|- 31° cos ф sin? ф-- 13 sin? ф = cos? ф 
— 3 cos ф зіп? фк: (3 cos? p sin ф— sin? 

Equating abscissas and ordinates (Sec 99), we find 

cos 3p = cos? ф— 3 sın? ф cos ф 
and 
sin Зф= 3 cos? ф sin p—sin? Ф 
Example 4. In the same way we find 
cos 4ф = cost ф— 6 cos? p sin? ф-- sint ip, 
sin 4p =4 cos? ф sin ф—4 cos ф sin? g 
and also the general formulas for sin np, cos ng (see Sec 198), 
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111. Extracting the Root 
of а Complex Number 


Extracting the root of a number (see Sec 23, ltem 6) 
is the inverse of raising a number to a power Therefore 
(see preceding section), the modulus of a root (of integral 
index) of a complex number 1s obtained by extracting that 
root of the modulus of the radicand, the argument is obtar- 
ned by dividing the argument by the index of the root: 


y r (cos p+i sin ф)== Vr (cos 2 pism 2) (B) 
Here the symbol p/ 7 denotes a positive number (the 


principal root of the modulus) 


The nth root of any complex number has n distinct va- 
lues. They all һауе the same moduli и г, the arguments 


however are obtained from the argument of one of them by 
successively adding the angle - 360 
Indeed, let Фф, be the argument of the radicand Then 
Pot 360°, q,--2 360°, еіс аге also its arguments Formula 
(B) shows that for the argument of the root we can take not 
Ф Фо 1 Фф 2 
only = but also 399, Wu 360°, and so on The 
corresponding values of the root are not all distinct the 
argument 2.4 360°, те, $*-- 360? yields the same comp- 


lex number as the argument 2, the argument eat 


X 360^ = 22.4 1. 360°+ 360° yields the same complex number 


as the argument 9» 2. «360°, еіс, There will be exactly л 


distinct values of the root See examples. 

Example |. Extract the square root of —9 The modulus 
of this number 15 9 Hence the modulus of the root is 
V 9=3. The argument of the radicand may be taken equal 
to —90°, —90°-+ 360°, —90°--2 360°, etc 

In the first case we obtain 

1 
—9:) ? = V 8 [cos (—45°) -hi sin (—45°)] = —5_.—_3—{( 1 
(-%) (cos fo ма ы E 
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In the second case 
1 


—9)? = Y (сов 136°+1 sin 188) — —— 3, (2 
(—91) Y 9(cos 251 ) vr^vy! (2) 
In the third case 
1 
—9)? = V 8 (cos 315° also do 
(9) ? =V 8 (cos 315? 4-1 sin 315°) moult 
which 1s the same as in the first Taking ф = —90° +. 3.3605, 
p=—90°+4 360° ог ф=—90°—360°, —90°—2-360°, 
etc , we alternately get the values (1) and (2) 
Example 2 Take the square root of 16. The argument 
of this number 15 360° k (k an integer) The argument of the 


root 1s 360°R'2=180°R If k is zero ог an even number, 
the argument of the root 1s equal to zero or 15 a multiple 
1 


of 360°, Then 16? =4 (cos 0°-- г 0°) =4 But if k is an 
odd number, then the argument will be 180? or will differ 
1 


[гот 180° by а multiple of 360? Then 16? —4 (cos 180* 
+: sin 180°) = — 4 

Example 3. Extract the cube root of І The modulus of 
the root 1s Ww 1=1 The argument of the radicand is 360° k 
(where & 15 any integer) The argument of the root 15 12026 
Putting &—0, 1, 2, we find three values of the argument 
of the root 0°, 120°, 240° The corresponding values of the 
root are *. 

2, — cos 0? 4- i sin 0° — 1, 


2, —cos 120° +: sin 120? = — PAR i, 


2; = cos 240° 4-1 sin 240^ =— ыкы 


* It is useful to check these results Multiplying the number 
ando a by itself by the rule of Sec 102, we find z=- 


уз 
-—- {=2, Multiplying once again, we get 23=2z,z,=1, Verifica» 


Yi 
tion of the root yeep 15 the same Namely, 
1 Из 


#{=-ъу+—у— [ET 232242, 1 
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In Fig 17 these values are represented by the points A,, 
A, Аз The triangle 4,4545 1$ ап equilateral triangle in- 
scribed in a circle of radius | 

Example 4. Take the sixth root of —Ё The argument 
of the radicand —1 15 180°+360°A The argument of the 


Бір 17 Fig 18 


root 15 equal to 30° -- 60° е We have the following six values 
of the root 


21 ==С05 30° +- 1 sin 30° == ыз Te 


22 == cos 90° -- 1 sin 90° — 1, 


o о Y3 , 1 
z= cos 150? -- 1 sin 150 =—=-+5ь 


24 ==00$ 210° -- : sin 210° = ый 
z, = cos 270° -- 1 sin 270° = — 1, 

а ұза 
24 == cos 330° +1 sin 330° — ————- 


The points 4,, Az, Aj, Ay, А», Ag which represent these 
values (Fig 18) are the vertices of a regular hexagon 

From formula (B) И follows that the m roots of some 
complex number and the a roots of the conjugate of that 
number are pairwise conjugate 

Example 5 The fourth roots of the number 


16 (cos 1209 -- : sin 120°) = — 8+8 Y 31 are 
2, — 2 (cos 30? -- 1 sin 30°) = V 3-41, 
2,2:2 (cos 120° -- 1 sin 120°) = — 1 +y 3i, 
2542 (cos 210" -- ып 9109 — И Bi, 
24== 2 (cos 300° -+ 1 sin 300°)  1— У 3 
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and the fourth roots of the number 16 (сов 120° — sin 120?) 
= —8--8 V 31 are 

2, = 2 (cos 30° — sin 30°) = И 3-і, 

242 (cos 120°—1 sin 120) - — 1 — Y 3, 

2, =2 (cos 210°—1 sin 210°)  — У 3-1, 

2, ==2 (cos 300° —1 s10 3009) == 1 + Và 


The numbers 2, and 2,, 2, and 2, etc. are conjugate in 
pairs 


112. Raising a Complex Number to an Arbitrary Real Power 


Raising a real number to a fractional power ts defined 
in Sec 125 However, only real values of the power are con- 
sidered there Here, we need a more general definition 

Let it be given by the following formula 


[r (cos ф +: sin p)? = 7? (cos pp 4- sin рф) (C) 


Here, p 18 апу real humber and ғ? denotes a positive num- 
ber representing the pth power of the modulus r 

Formula (C) coincides with formula (А) of Sec 110 
when p is integral and with (B) of Sec 111 when p is the 


fraction 1. Tf p is the fraction =, then by virtue of (C), 
(A) and (B) 
т. ——— сыз 
[г (cos p+: sin g)] = УГ (cos Ф: зіп)” (p) 


which is Ш agreement with the ordinary definition of а 
fractional power 

The fractional power of any complex (hence, also real) 
number has n distinct values (n is the denominator of the 
fraction) Formula (C) extends also to any irrational expo- 
nent p, in which case the pth power of any number has an 
infinite number of values 


Example 1 Raise the number— 16 to the power T. 
We have 
р---, r=16, p= 180° + 360°# 


3. 
4 


3 
The modulus of the power (—16)^ 1s, Бу (C), 164 =8 


The argument of the power 1s equal to 
2. (180°-+ 360° 4) = 135°- 270" k 


Assuming k=O, 1, 2, 3 (the other integral values of А 
will not yield fresh results), we have the following four va- 
lues of the power 


2, = 8 (cos 135^-- i sin 135°) =—4 V 2+4 V Xx, 
2, == 8 [cos (135° +270°) 2-1 sin (135° - 270*)] 
=8 (cos 45* -- sin 45°) =4 У 24-4 V 2, 
25 = 8 [cos (135%--2 270°) {г sin (135? -- 2-270*)] 
=8 [cos (—45*)--1 sin (—457)] 54 V 2—4 үй, 
2, 8 [cos (185° --3:270°) -- 1 sin (135? -- 3 270°) 
== 8 [cos (—135*) +i sin (—138)] = —4 V 8—4 V 2 


These values are represented by the points By, Ba, Bs, В, 
(Fig 19). 


Fig 19. 


Example 2, Raise the number 1 to the power 
pay, rz], Ф= 360° ё Ву (C) we have 
1 


1 
ж Неге, 


TA ppg 360° 360° 
1 = соз = ki sin тг” 

Figure 20 shows the points By, В), Ba, Ba.. depicting 
the values of the power which result when Е--0, 1, 2, 3. 
All Не on a circle of radius 1 Мо pairs of points coin- 
cide Indeed, each of the angles В,0В,, B,OB,, eic is equal 
to а radian, т.е, each of the arcs 8,8), B,B,, etc is one 
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radius in length If some point B, coincided with By, this 
would mean that the circle traversed s times (s a whole number) 
contained / гайн But then a single circuit of the circle 


would be of length exactly equal to - radi, yet the cir- 


cumference of a circle 1s not commensurable with its radius 
Hence, no pair of points By, В), . can be coincident The 
more points we take, the more densely they cover the circle 
An infinity of points В accumulate about any point of the 
circle circumference And yet on the circumference there are 
everywhere sites not occupied by any points B Such, for 
instance, 1s the point which is diametrically opposite Bo, or 
any vertex of any regular polygon in which B, 1s one ofthe 
vertices 

Note. It is also possible to define the power of a comp- 
lex number for a complex exponent It too has an infinity 
of values, but the corresponding points do not, in the gene- 
га] case, accumulate They are spread out 


113. Some Faets about Higher Degree Equatlons 


For general-form equations of third and fourth degree 
(see Sec 66), we have formulas which express the roots of 
the equation in terms oi the literal values of the coefficients 
These formulas 1nvolve radicals of 1ndex 2 and 3 They are 
complicated and too unwieldy for practical use No such for- 
mulas exist for higher-degree equations. It has been proved 
that it 1s 1mpossible to express the roots of a general equa- 
tion of degree higher than fourth in terms of literal coeffi- 
cients by means ofa finite number of additions, subtractions, 
multiplications, divisions, involutions and evolutions This 
1s possible only for certain particular types of literal equa- 
tions of higher degree 

Nevertheless, the roots of any algebraic equation with 
numerical coefficients can be found in approximate fashion 
to any desired degree of accuracy 

Prior to the introduction of complex numbers, even a 
quadratic equation did not always have a solution (see Sec 92) 
With the advent of complex numbers, every algebraic equa- 
stion has at least one root (the coefficients of the algebraic 
equation may be quite arbitrary, even complex). 

An equation of the nth degree cannot have more than п 
distinct roots, though it may have a smaller number For 
instance, the quintic (frfth-degree) equation (x — 3) (x — 2) 
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X(x—1)920, which in expanded form looks like this: xè 
— 84-2443 — 34x? | 23x — 6=0, has the roots x, =3, х, = 2, 
Ха= 1, and no other roots Still, it 1s considered that this 
equation has five roots x, —3, x5 2:2, g=], x4 — 1, xg 
The root | 1s counted three times because the left member 
of the equation involves the factor x— 1 to the third power 
Counting in this manner, we find that every nth degree 

equation 
ayx" -aux^71-- +a,=0 (4 # 0) (1) 


has exactly л roots The reason 15 this Equation (1) may be 
represented (uniquely) as 


ау (X — Ху) (x — Xo) (Х--5,):-0 (2) 


The numbers xi, xs, ‚ X, are the roots of (1) There 
may be, among them, severa! with the same value (in the 
last example, we had xy =%,==x,=1) This value is counted 
as a root as many times as it 1s repeated If counted in this 
«fashion, the total number of roots is always equal to л 

If the coefficients of an algebraic equation are real and one of 
the roots ts a complex number a -+ bi, then the conjugate complex 
number а— ıs also a root. For instance, the complex number 


AT is a root of the equation х* 4 | =0 (Sec. 111), the 


conjugate complex number кмк 18 also a root of this 


equation Thus, an equation with real coefficients always has 
an even number of complex roots 

Every odd-degree equation with real coefficients has at 
least one real root (there 1s always an even number of com. 
pex roots and the total number of roots, by hypothesis, 15 
odd) 

The sum of the roots of equation (1) в-Ш, while the 

0 

product of the roots is equal to (aS These properties 


were pointed out by the French mathematician Viète in 
1591 Viàte did not recognize negative numbers (cf. Sec 67) 
and so he considered the case when all roots are positive 

Example The equation х5 —8x4 + 2433 — 34424. 23x —6—0 
in=5, a,—1, a,=—8, a,=—6) has the following roots 
(see above) 3, 2, 1, 1, 1 Their sum is 8 ¢ an) and 


their product 6 [ е (=) 35]. 
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These properties (and other similar properties) are derived 
from a comparison of equations (1) and (2) (all terms in them 
must be the same, in particular the second and the last) 


114. Fundamentals of inequalities 


Two expressions, numerical or literal, connected by the 
sign > (greater than) or the sign < (less than) form an ine- 
quality (numerical or literal) 

Every true numerical inequality and every literal me- 
quality that is valid for all numerical real values of the 
letters involved ıs called an absolute or unconditional ine- 
quality 

Example 1. The numerical inequality 2 3—5 < 8—5 (it 
15 truel) is ап unconditional inequality. 

Example 2 The literal inequality a?» — 2 ts uncondi- 
tional since for any numerical (real) value of a the quantity 
г 15 Ра or equal to zero and, hence, 15 always greater 

an — 

Two expressions can also be connected by {Пе signs «; (less 
than or equal to) and > (greater than or equal to) Thus, 
the notation 2а >23 means that the quantity 2а 1s either 
greater than 36 or equal to 36 These expressions are also 
called inequalities 

The literal quantities involved in an inequality сап be 
classified as known and unknown It 1$ common practice to 
stipulate which letters are to be taken for the unknown 
quantities and the known quantities Ordinarily, the last 
letters of the alphabet (x, y, z, u, v etc.) are used for un- 
knowns 

To solve an inequality means to indicate the limits 
within which the rea] values of the unknown quantities must 
he in order for the inequality to be true 

If several inequalities are given, then to solve the system 
of inequalities means to indicate the limits within which 
the values of the unknowns must lie so that the given 
inequalities are true. 

Example 3 Solve the inequality x? <4 This inequality 
is true if jx] « 2, that is, if x lies between —2 and +2 
The solution 1s of the form —2 <x « 2, 

Example 4. Solve the inequality 2x > 8 

The solution looks like this, х > 4 Неге x is bounded 
on one side only 
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Example 5 The inequality (х—2) (x—3)» 0 18 true 
ii x > 3 [then both factors (x —2), (x—3) are positive] and 
also if x < 2 (then both factors are negative) and is not 
true when x lies between 2 and 3 (and also when x==2 and 
х=: 3) Therefore, the solution 15 given by two inequalities 


%>3,х<2 


Example 8. The inequality x? <--2 has по solution 
(cf Example 2) 


115. Basle Properties of inequalities 


1 If a>, then Р « a, conversely, i$ a < b, then b >a 

Example 1. И 5х-—1 > 2x -- 1, then 2-4-1 < 5x— 1. 

2 Ifa» b and b» c, thena>c [n the same way, if 
a«band < е, thena «c 

Example 2. From the inequalities x »2y, 2g » 10 it 
follows that x » 10 

3 Ifa» b, then а--с>8--с (and а--с > 6—6), and 
iba «b, then a+ e< b4- c (and а--с < b—c), which means 
that we can add to (or subtract from) both sides of an ine- 
quality the same quantity without changing the sense of the 
inequality 

Example 3. Given the inequality x+8 > 3 Subtracting 8 
from both sides we get x » —5 

Example 4. Given the inequality x —6 <—2. Adding 6 
to both sides, we have x < 4 

4 lf a» b and c» d, Шеп a+-e> 5--d, іп the same 
way, И a «b and c «d, then a+¢<b-+d, that 15, two 
inequalitves faving the same sense (the expression "inequali- 
ties of the same sense” means that both inequalities involve 
the sign > or both have the sign <) may be combtned term 
by term This holds true for any number of inequalities, say, 
th a, > D, а, > bo, аз > bz, then а +a, d- a4 > bit bat ba 

Example 5. The inequalities —8 > —10 and 5> 2 are 
ше ene them termwise, we find the true inequality 
—_ > — 

1 1 
Example 6. Given the system of inequalities тігу 


< 18, qi—.)9« 4 Adding them term by term, we get 
x« 22 

Note Two inequalities of the same sense cannot hesubtracted 
termwise one from the other because the result may be either 
true or untrue For example if from the mequality 10 >8 
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we subtract termwise the пешү 271, we have the true 
inequality 82 7, but И we subtract the inequality 6 > 1 
from that inequality, we get an absurd result. Compare with 
the following Нет 

5 la» b and c« d, Шеп a—c 2 b—d, if a < b and 
c£» d, then a—c < b—d, that ts, from one inequality it 1$ 
possible to subtract termwise another inequality of opposite 
sense* and leave unchanged the sense of the inequality 
from which the other was subtracted 

Example 7. The inequalities 12 < 20 and 15 >7 are true 
Subtracting the first from the second term by term and 
retaining the sign of the first, we get the true inequality 
—3 < 13. Subtracting the first from the second and leaving 
the sign of the second, we obtain the true inequality 3 > —13. 


Example 8. Given a system of inequalities, ух 
+0 < 18, тх--у >8 Subtracting the second one 
from the first, we get y < 10. 

6 If a> and т 15 a positive number, then ma > mb 

a b 
and т > р. oF 

both sides of an inequality may be divided or multiplied 

by the same positive number without changing the sense of the 


inequality 
But i£ a> 6 and п is a negative number, then ла < nb 
and — X T. or 


both sides of ап inequality may be multiplied or divided 
by the same negative number, bul then the sense of the ine- 
quality 15 reversed (it 1s of course forbidden to multiply and 
divide both members of an inequality by zero). 

Example 9. Dividing both sides of the true inequality 
25 > 20 by 5, we get the true inequality 5 > 4. But if we 
divide both sides of 25 > 20 by —5, we have to reverse the 
sign > (to <) to get the true inequality —5 < —4 

Example 10. From the inequality 2x « 12 it follows that 


i бетінін 11. From the inequality—-;- x24 ıt follows 
that x < —12 

Example 12. From the inequality > 4 it follows that 
ix > И the signs of the numbers / and k are the same, 
and that Ix «ky И the signs of the numbers / and k are different. 


* The expression “inequalities of opposite sense" means that one 
of the Inequalities has the sign > and the other, the siga < 
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118. Some Important Inequalities 


Е fa+b|<}a[+|6| Here, a and b are arbitrary геа] 
ог complex numbers (but |а|, [61 and |a-+ 6| are always 
real and positive, see Secs, 69 and 105), that is, іле modulus 
of a sum does not exceed the sum of the modult Equality 
occurs only when both numbers a and b have the same 
argument (Sec 105), in particular when both numbers are 
posit;ve or both negative 

Example 1. Let а----3, ӛс---5 Then а--8----2, 
[а4-0|==2, |a|--3 |b|=5 We have 2 < 34-5 

Example 2. Let a=4-+-3:, 6=6—8 Then 

а e 10—54, |a4- b |= V 103 - (—5} y 195, 
|а|= V 4*3 =5, |b] Y 62+ (—8) 10, 
la]+1b]=15 

We have 1/125 < 15 

Note The inequality | a--b | e |a|-4-] b| may be extended 
to a grealer number of terms, thus 

[а+5+-с| < [21-10141] 

2 ati? (a is a positive number) The equality holds 
only when q=! 

3 Vab «2° (д and b positive numbers), what this 


means is that the geometric mean (Sec. 59) of two numbers 
does not exceed their arithmetic mean The 


С equality Vab= 57* holds only when 
KA, = 
У 


Example 3. а=2, b—8, Vab=4, 
at? 5, we have 4« 5 This inequality 


was known 2000 years ago Its obvious natu- 
Fig 21 ге 15 seen geometrically in Fig 21, where 


ср-У AD- DB and CO— А0 ADIP 


A generalization of 1{ 15 the following inequality established 
by the French mathematician Cauchy in 1821. 

4 Yaa, ap = Hat Жал (the numbers 44,4), .,4, 
are positive) The equality is valid only when all numbers 
а, dy, — . a, are equal. 
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51 + (+++) < Vab (a and b positive) The sign of 
equal ty is valid only when a=b 


Example 4, a=2, b=8, 1.4. (++) =. ме have 
16 
T <4 

The quantity 1 (+++) = ан 1s a mean quantity (Sec 
59) between a and b. It 1s called the harmonic mean * Thus, 
{һе harmonic mean between two quantities does not exceed 
the arithmetic mean of the quantities. This property can be 


generalized to any number of quantities, tn conjunction 
with the inequality of Item 4 we have 


1 1 ] 1 
L- ara T . -2)< аа: ан = " 


2,22 2 
и а1+а3+ Фал 
= ———— 


(the numbers ау, ау, ‚ аһ are arbitrary), thus, the abso- 
lute value of the arithmetic mean does not exceed the root. 
mean-square (Sec 61) The equals sign holds only when 
üj—404- $a, 
Example 5. 2; —3, a,=4, аз =5, а, =6 
а. +а, Fd, 
4 


6 |%12:+_: +ап 
п 


Here the arithmetic mean 15 =-- and the 


root-mean-square is 


272731 ——— ы Ls 
V Е ылыш ыи 
4 4 ў 


9 „Үз 
We have т <-- 


7 ана + Ча «И тиф айх 
xV них c 
the numbers 41, as, ‚ ан; by, be, , 0, are arbitrary The 
equality is valid only when ау b;=a,°b,= .=a, 


b 
Example 6. Let a4 1, a4,—2, аҙ--5; еее? b =l, 
b=2 We have аб На t.. 4-0, 1 (—3)--2 1 


* in the anclent Greek theory of musical harmony an important 
role was played by the harmonic mean between the lengths of two 
strings Whence the name "harmonic", 
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5229, 
V аа = ane VPS ETS 30, 
VREF poh = VHP p= ү 
"We have 9< V3o yu 
8. Chebyshev inequalities. Let the numbers 44, à,  ., 
а, bis bos ,60, be positive 
a « d, < <a, and babs eb, then 
QytOg+ dg Oy + bgt зі, арав +ацёд (1) 
n п 
But if аа «ca, yel Dmm. Ib, 
then 
hilt жал п+щ+ +в = тая. t ünbn (2) 
In both cases, the equality is valid only when all the 
numbers 44, az , 4, are equal and also the numbers Ві, 
, by are equal 
Example 7. Let a,=1, а.=2, 4з=7 and b, =2, 0,—3, 
bg=4 Then 


be, 


а(+а,+ tay 142%7 10 
n CA NU a o 

bitb, + thy 24334 g 
п Jie NIE 


aibit 0,0, жалды. i 242 8+7 4—2 
Е ұлес а E 
We have 
5 3«12 


Example 8. Let 2; —1, 2,22, ag=7 and б =4, 0, =3, 
$; =2. Then 
A+A taa 10 byt bat 3 
Sg ag. ge Su 
246406: R12 ы 
3 
We have 


10 
3358 


The inequalities (1) and (2) may be stated thus 

If two sequences of positive quantities have the same 
number of terms and i1 in both sequences the terms do not 
diminish (or do not increase), then the product of the arith- 
metic means does not exceed the arithmetic mean ої the pro- 
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ducts But if in one sequence the terms do not decrease and 
in the other they do not increase, then the opposite inequa- 
Шу 15 valid 

These inequalities were discovered 1n 1886 by the celebra- 
ted Russian mathematician Р L Chebyshev (1821—1894) 
He also generalized them and proved the following inequali- 
ties 


П0<а, аж sa, and Ü«b,« 5 «А, 
then 


a? 


2 2 И. 2 
itate “аң oy + 83+ +81 
n п 


(а, 64)? + (a,b)? + + (agg)! 
«y 101 1341 = n 4 (3) 


3 21743 3 3 3. 8 3 
у ss жаң Жағы - +8 
n n 


« y нее +(anbn)® (4) 


A 
and so on 
However и 0za,«a,« <a, but b m5 
=b, > 0, then the opposite inequalities hold true 


117. Equivalent Inequalities. Basic Techniques for Solving 
inequalities 


Two inequalities involving the same unknowns are called 
equivalent И they are true for the same values of the un- 
knowns 

The equivalence of two systems of inequalities 15 defined 
in the same manner 

Example 1 The inequalities 3x + 1» 2x -- 4 and 8x»2x-- 3 
are equivalent since both are true for х> 3 and both are 
untrue when x «3 

Example 2 The inequalities 2x«;6 and x?<9 are not 
equivalent since the solution of the former is х< 3, while 
the solution of the latter is —3 «x «3, so that, say for 
Х----4, the former is true and the latter untrue 

The process of solving an inequality consists, in the main, 
ш replacing the given inequality (or the given system of 
inequalities) by other, equivalent, inequalities (see Зес 215 
for a graphical solution of inequalities) When solving inequa- 
lities use the following basic techniques (cf Sec 82) 

1 Replacing one expression by an identical expression. 
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2. Transposing a term irom one side of the inequality to 
the other with a reversal of sign (by virtue of Sec 115, 
Item 3 

3 Кышы or dividing both sides of an inequality by 
the same numerical quantity (not equal to zero) If the mul- 
tipher 1s positive, then the sense of the mequality remains 
unchanged, И it is negative, the sense of the mequahty is 
reversed (Sec 115, Item 6). 

Each one of these transformations yields an inequality 
that ıs equivalent to the original one 

Example 3. Given the inequality (2x—3)? < 4x?-+2 Rep 
lace the left member by the identical expression 4x*-— 12x 4-9 
We get 4xt—12x--O«4x*--2 Transpose 4x? to the left mem- 
ber and 9 to the right member. Collecting like terms, we get 
—]19x«-—7. Divide both sides of the inequality by —12, this 
necessitates reversing the sense of the inequality. The solution 


of the given inequality is x > E 


To multiply (and of course divide} an inequality by zero 
is not permissible. When multiplying or dividing both mem- 
bers of an inequality by literal expressions, we get an inequ- 
ality which, as a гше, is not equivalent to the original one 

Example 4. Given Ше inequality (x—2) x < x—2 

Divide both sides by x—2 to get x «1. But this tnequa- 
Шу is not equivalent to the original one because, for instance, 
the value x=0 does not satisfy the inequality (x—2)x 
< x-—2 Again, the tnequality х > 1 is not equivalent to the 
original one because, for example, the value x=3 does not 
satisfy the inequality (x-—2) x < x—2 


118. Inequalllleg Classified 


Inequalities involving. unknown quantities may be divi- 
ded into algebraic and transcendental inequalities Algebraic 
inequalities are further subdivided into inequalutes of first, 
second, etc degree This classification 1s the same as that for 
equations (Sec 83) 

Example 1 The inequality 3x8—-2x+5>0 is an algebraic 
inequality of the second degree. 

Example 2 The inequality 2* > x J- 4 1s a transcendental 
inequality, 

Example 3. The inequality 3x*—2x +5 3х (х— 2) is an 
algebraic inequality of the first degree because it can be redu 
ced to the inequality 4x 4-5» 0. 
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119. inequalities of the First Degree in One Unknown 


A first degree (linear) inequality in one unknown сап be 
reduced to the form 


ох > 6 
И has the solution 


x» И а>0 
and 
х< 2 f а<0 


Example 1 Solve the inequality 5х—3 > 8x--1 
Solution. 5x —8x 534-1, —3x > 4, x < —$ 


Example 2. Solve the inequality 5x 4-2« 7x 4-6 
Solution 5x—7x«6—2, —2x «4, x >—2 
Example 3 Solve the inequality. (x —1)? < x*4-8 
Solution x*—2x--1« x?*--8, —2x «7, x >-4 . 


Note An inequality of the form ax+6 > a,x--5, 1s an 
inequality of the first degree if a and a, are distinct Other- 
wise the inequality is reduced to a numerical (true or untrue) 
inequality 

Example 4. Given the inequality 2 (3x—5) <3 (2x—1) 4-5 
It is equivalent to the inequality 6x—10 < 6x--2 and the 
latter can be reduced to the numerical (unconditional) 1nequ- 
ality —10«2 Hence, the original inequality 1$ uncon- 
ditional 

Example 5 The imequality 2(3x—5) > 3(2x—1)+5 
reduces to the meaningless numerical inequality —10>2. 
Hence, the original inequality has no solutions 


120. A System of Inequalities of the First Degree 


To solve a system of first-degree inequalities, find the 
solution of each inequality separately and compare the solu- 
tions This. comparison either yields the solution of the 
system or reveals that the system does not have any solutions 

Example 1. Solve the system of mequalties 


4x—3 > 5х— , 2x4-4 < 8х 
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The solution of the first inequality 15 x < 2, of the second, 
x = The solution of the system ts + <х<2 
Example 2. Solve the system of inequalities 
Әу--3 > 3x—5, 2х--4 > 8x 
For the first we һауе the solution x «2, for the second, 
x« 2. The solution of the system 15 x < + (under this 


condition the inequality x < 2 15 certainly true) 
Example 3. Solve the system of inequalities 


2x—3 < 8x—5, 2x+4 > 8x 

The solution of the first inequality ts x > 2, the solution 
of the second, x < = These conditions are contradictory. 
The system has no solutions 

Example 4. Solve the system of inequalities 
2x < 16, Зх--1> 4—4, 8х--6 > 9х--7, x+5 < 254-6 

The solutions are, respectively, x «8, x «5, x>1, 
x»-—] Comparing these conditions we find that the first 
two may be replaced by the second alone, and the third 


and fourth, by the third alone Тһе solution of the system 
isl<x< 5. 


121. Elementary Inequalities of the Second Degree 
in One Unknown 


і. The inequality x? < т (1) 
(a) Е m > 0, the solution is 
—Ym«x«ym (1а) 


(b) If m=O, then there 1s no solution (the square of a 
real number cannot be negative) 

2 The inequality x? > m (2) 

a) If m> 0, Шеп (2) is valid, firstly, for all values of x 
greater than V m, and, secondly, for all values of x less 
than — Y m. 


x>Vm o x«—Vm (2a) 
(b) If m==0, then (2) holds true for all x except х-=0 
x>0 or «<0 (2b) 


(c) ИН т<0, then (2) is ап unconditional inequality 
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Example 1. The inequality х2 < 9 has the solution 
-3<х<3 

Example 2. The inequality x? < —9 has no solutions. 

Example 3. The inequality x? > 9 has for a solution the 
set of all numbers greater than 3 and the set of all numbers 
less than —3 

Example 4. The inequaüty x*>—9 ıs unconditional. 


122. inequalltles of the Second Degree 
in One Unknown (General Case) 


Dividing a second-degree inequality by the coefficient of 
хӯ, we reduce it to one of the following types: 


+ px < 0, (1) 
xi px-Fq > 0 (2) 
Transpose the constant term to the right side and add to 
both sides (т) . This yields, respectively, 
DA pa 
«(о 
р \3 DM + 
(«5 » (8). e 
If we denote t$ by z and (2 --4 by m, we get the 
elementary inequalities 
2 < т, (1) 
>т (2^) 
The solution of these inequalities was given іп the pre- 
ceding section Knowing И, we find the solution of (1) or (2). 
Example 1. Solve the inequality —2x?-+ 14x —20 > 0 


Divide both members by —2 (Sec 117, Item 3) to get 
Х2--7х--10 < 0 Transposing the constant term 8 ю fhe 


right and adding (ғу both members, we get (-т) < 
< +: whence (Sec 121, Case 1a) 
3 7 3 
-?<х--<- 


7 
Adding =, we find фр 4 that 15, 
2«x«8. 
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Example 2. Solve the inequality — 242+ 14x —20 < 0 
Performing the same transformations, we get the inequality 


(т) >. whence (Sec. 121, Case 2a) we find that 


our inequality 15 valid, firstly, for х--4. >=, that 1s, for 


3 
x > 5, and, secondly, for х-Т. &— or for x «2, 


Example 3. Solve the inequality х2--6х--15 < 0 Trans. 
posing the constant term to the nght and adding to both 


members T i ге, 9, we find (x+3)2<—€ This ine. 


quality (Sec 121, Case 1b) has no solutions and so the given 
inequality has no solutions 

Example 4. Solve the inequality. x?4-6x-[-15 > 0 As in 
Example 3, we find (х--3) > —6 This inequality (Sec 121, 
Case 2c) 1s unconditional, 


123. Arithmetic Progressions 


At one time the term progression was used іп mathema- 
ties to denote any sequence of numbers generated by some 
law that permitted extending the sequence indefinitely in 
one direction For example, by squaring the sequence of 
whole numbers, we get the sequence I, 4, 9, 16, 25, etc, 
This can be continued without end simply by applying the 
law of formation of the sequence The numbers thus gene- 
rated are called the /erms of the sequence At the present 
time the term "progression" 1s largely confined to the two 
most important kinds of number sequences arithmetic and 
geometric, all other progressions of numbers being termed 
sequences 

An arithmetic progression 15 a sequence of numbers such 
that the difference between any two successive terms 18 a 
constant called the common difference 

Example 1 The sequence of natural numbers 1, 2, 3, 4, 
5, _ 1s an arithmetic progression with common difference 1. 

Example 2. The sequence of numbers 10, 8, 6, 4, 2, 0, 
—2, —4  . 1s an arithmetic progression with common diffe- 
rence —2, 

Any term of an arithmetic progression may be computed 
by the formula 

a, =a, (1—1) 


where a, 15 the first term of the progression, d is the com- 
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mon difference, and a, 18 the ath term, п being the number 
of the term 

The sum of the first n terms of an arithmetic progres- 
ston 1s given by the formula 


NECI TREO 
Sy == 3 


Example 3. In the progression 12, 15, 18, 21, 24, , the 
tenth term is egual to a2, 1243 9=39 
The sum of the first ten terms is 


10 12+39) 1 
$,,— E i + 2 0 955 


Example 4. The sum of all integers from 1 to 100 inclu- 
sive 15 iii = 5050 


124. Geomatric Progressions 


A geometric progression 1s a sequence of numbers such 
that the ratio of each term to the immediately preceding 
one 15 a constant called the common ratio (or, simply, ratio) 

Example 1. The numbers 5, 10, 20, 40, form a geo- 
metric progression with ratio 2 

Example 2 The numbers 1, 01, 001, 0 001, еіс consti- 
tute a geometric progression with ratio 01 

A geometric progression is termed increasing when the 
absolute value of its ratio 1$ greater than unity (as in 
Example 1) and decreasing when it is less than unity (asin 
Example 2) 

Note The ratio of a progression may be a negative num- 
ber, but such progressions are of no practical significance 

Any term of a geometric progression may be compuled 
from the formula 

ар = 040771 (1) 
where a, 1s the first term, 4 1s the ratio, and ар is the ath 
term, being the number of the term 


The sum of the first n terms of a geometric progression 
(whose ratio 1$ not unity) 15 given by the formula 


_ @9-а, 4,-8алй 
Sg = 74-1 “71-4 (2) 


The first expression 15 most conveniently used for increasing 
progressions, the second for decreasing progressions 
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But if 9—1, then the progression consists of equal terms 
and in place of (2) we have sp = па; 

Example 3. In the geometric progression, 5, 10, 20, 40, 
the tenth term ajg=5 29=5 512—2560 The sum of the 
first ten terms 1s 


во NESTA = 5115 


The sum of an infinitely decreasing progresston 1s a number 
approached without bound by the sum of the first n terms 
of the decreasing progression when the number m increases 
without bound 

The sum of an infinitely decreasing progression is given 
by the formula 


Example 4 The sum of the infinite geometric progression 
1 
1 1 1 T 
T T ТГ (а =F. =) 18---г--І that 15, the 


1--- 


sum T4 + approaches the number 1 without 
bound as л increases without bound 


125. Negative, Zero and ҒгасПопа! Exponents 


Raising а quantity to the nth power was, originally 
understood as an a-fold repetition of a certain number as 
а factor From this point of view, such expressions as 9-% 
or 9 * appear to be meaningless since it is clearly impos. 
sible to take 9 as a factor for a total of minus two times 
or one and one half times. Nevertheless, mathematicians 
attach а very definite meaning 10 өшеһ expressions, namely, 


9-3 15 considered to be equal to Шеш» 912, о У 


=(V9 )#>=27, еіс Here again we encounter the generali- 
zation of the concept of a mathematical operation that is 
constantly going on in mathematics The simplest and ear- 
lest generalization of this kind was that of the operation 
of multiplication to the case of a fractional factor (see 
Sec. 34) It ıs possible to get along without introducing 
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fractional or negative exponents, but then problem of a single 
kind would have to be solved by a multitude of diverse 
rules instead of one The problems we have in mind are to 
be found mostly in higher mathematics and therefore many 
concrete examples are beyond the scope of this book Howe- 
ver, one of these prablems is studied in detail in elemen- 
tary mathem tics. It has to do with logarithms (see Sec 126) 
It 15 worth noting that the theory of logarithms, which 
today 1s intimately bound up with the generalization of 
the concept of a power, dispensed with fractional and nega- 
itive exponents for а whole century after its discovery (at the 
turn of the 17th century), the same goes for the problems 
of higher mathematics that we mentioned It was only at 
the end of the 17th century that the number and comple- 
xity of mathematical problems urgently called for a genera- 
lization of the concept of a power That was the path taken 
by certain scholars and, most notably, Newton 
Definition of negative power * By definition, the power 
of any number with a negative (integral) exponent is unity 
divided by the power of that number with a positive expo- 
nent, the value of which 1s equal to the absolute value of 
the negative exponent, or 
а-п= 1, 


Examples ==, (6) = (4 =} ; 


(—4)7321 (—49 5 — ру, ete 


The equation 7-й =1 ат holds true both for positive m 
and for negative m If, say, m = —5, then —m will be equal 


іо +5 and our formula will look like this a=} which 


15 in agreement with the definition given above 
Operations involving negative exponents obey all the 
rules that hold for positive exponents What 18 more, it was 
only after the introduction of negative exponents that the 
rules for handling positive exponents acquired full generality. 
Thus, the formula a" a%=a"™-" (see Sec 89) can now 
be applied not only when т> n, but also when m <n. 
Example, аб а%--а5-8--а-% Indeed, according to the 


definition aci so that the expression а8.а8 — 273 means 
“The terms ‘negative power", “zeroth power", and “fractional 


power" are taken to mean powers With a negative, zero and fractio- 
nal exponent, respectively 
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S4 For the formula a” a^ ат" to have generality, 


it must hold true when т==л as well For this purpose we 
make the following definition 

Definition of a zeroth power. The zeroth pawer of any 
nonzero number ıs unity [the expression 0°, like the expres. 


sion + (see Sec 37), ıs indeterminate] 


0 
Examples 3°= 1, (—3)%==1, (-+) zl, a5 aè alm], 
Definition of a fractional power. To ratse a (real) number 
a fo fhe power = means іо extract the nih root of the mth 


power of а The fractional powers of complex numbers are 
discussed in Sec 112 


4 4 EN 
Examples TE (=) 5-(%) а (Sy 


Note 1. The base a could be taken negative, һи} then 
its fractional powers might not result in real numbers, For 
instance, 

3 
ол а 
(2) = C = y —8 


The root и —8 cannot be a real number 

Ordinarily, elementary mathematics considers only posi- 
tive bases of fractional powers. 

Note 2. The exponents however, may be positive, nega- 
tive or fractional Negative exponents are of no less impor. 
tance than positive exponents. In order to master logarith- 
mic computations, it 1s necessary to do as many exercises 
as possible in order to get a proper understanding of nega- 
tive and fractional exponents 


3 3 -14 1-2. 
-7 тоа 8 $ .,/8N 3 
Example. 9 * -19*—$, (2) =) 
1 1 
-2-- эш 
= 3 Fag 2...1 0.0642 


32, [ДЕ 
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The introduction of fractional exponents does not involve 
any changes in the laws of exponents Thus, the formula 
ай ай —g^*" and others are still valid 


5 3 2 
gus uM. ue ШЫ. M 
Example a’ а / =a’ True enough. а’ = Va 
5 7 Lor 
a 1-і ya „а? = Vai so that our notation. signifies 


И == Ия which is irue (see Sec, 90, Rule 4). 


и 


126. The Method of Logarithms. Construction 
of Logarithmic Tables 


The operations of multiplication, division, involution 
and evolution are much more labour-consuming than those 
of addition and subtraction, especially when they involve 
multidigit numbers An insistent need for such operations 
arose in the 16th century in connection with the develop- 
ment of sea navigation which gave rise to improved astro- 
nomical observations and calculations It was astronomical 
calculations that gave rise, at the turn of the 17th century, 
to computations by means of logarithms 

Today, such calculations are used whenever one has to 
do with large numbers They are already useful when dea- 
ling with four-digit numbers and are absolutely necessary 
when five-place accuracy is required Greater accuracy 18 
rarely needed in practical situations 

The value of the logarithmic method consists in reducing 
multiplication and division of numbers to addition and 
subtraction which are much easter to perform Likewise, 
involution and evolution and also a number of other compu- 
tations (trigonometric, for instance) are greatly simplified 

The tdea of the method can be illustrated in a few 
examples 

Suppose we have to multiply 10,000 by 100,000 The 
ordinary scheme of multiplying long numbers is not needed 
here at all simply count the number of zeros in the multi- 
рісапа (4) and the multiplier (5) and add these numbers 
to get 9, which 1s the number of zeros in the product: 
1,000,000,000 (9 zeros) This computation is legitimate be- 
cause Ше factors are (integral) powers of 10. we multiply 
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104 by 105 and the exponents are added Іп the same way 
we perform division of powers of ten (division in this case 
is replaced by subtraction of the exponents) 

But only a few numbers can be divided and multiplied 
in thts manner In the first million (excluding. 1) we have 
only 6 such numbers, 10, 100, 1000, 10,000, 100,000, 1,000,000 
Now there would be more numbers involved 1n multiplica 
tion and division И in place of the base 10 we took, say, 
2, or some base closer to 1. For 2 as a base, we construct 
a table of the first 12 powers 


Exponent 
(ог logarithm) 1 2 34 5 6 7 8 9 10 11 19 


n —————————— en 
Power 2.4 8 16 32 64 128 256 512 1024 2048 4096 
(or number) 


We will now use the term logarithm for the numbers (expo- 
nents) in the upper row, and the term number for the num- 
bers (powers) in the lower row 

To multiply any two numbers of the lower row, add the 
two numbers above them in the upper row To illustrate, 
we find the product of 32 by 64 by adding the 5 above 32 
to the 6 above 64 to get 11 The answer 1$ under 11. 2048 
To divide 4096 by 256, take the numbers 12 and 8 above 
them, subtract 8 from 12 to get 4 The answer 1s under 
the number 4; 16 If we continue the table to the left and 
introduce zero and negative powers of the number 2, it is 
possible to perform division of small numbers by larger 
numbers 

Although there are fewer gaps between the powers of 2 
than between the powers of 10, this table still involves 
only a few numbers and so is of Пе practical value 
But if we take for the base a number much closer to 1 than 
the number 2, this defect will be overcome 

Let us take for the base the number 1,00001, There will 
be over a million (1,151, 292) successive powers of this num- 
ber between | and 100,000 1f we round off the values of 
these powers and retain only 6 significant digits, then a 
million rounded results will include all the whole numbers 
from 1 to 100,000 True, these will only be approximate 
values of the powers But since in the multiplication and 
division of five-digit integers we are interested only in the 
first five places of the result, such tables will enable us to 
multiply, divide, ete five-digit integers and, consequently, 
decimals with five significant digits, 
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That 15 precisely how the first tables of logarithms were 
constructed * Their computation required many years of 
arduous labour Today, anyone could do the Job in about а 
month using the methods of higher mathematics Three hund- 
red years ago it required a Шебте But the result was that 
many thousands of computors calculated many times faster 
through the use of these tables which were constructed once 
and for all time 

At the present time, logarithmic tables use the base 10 
because this yields a number of computational advantages 
since our system of numeration 15 decimal To obtain whole 
numbers it is necessary to use fractional powers of the 
number 10 

The logarithm of some number to the base 10 1s called 
the common logarithm Computation of tables of common 
logarithms does not involve any particular difficulties if a 
table to the base 1 00001 has already been compiled Indeed, 
suppose we want to find the common logarithm of the 
number 3, that 15 the exponent of the power to which we 
“һауе fo raise 10 in order to obtain 3 In the table to the 
base ! 00001 we find 


10 = 1 00001 20,258 
3 = 1 00001109,861 


Raising both members of the first equality to the power 
ETT we get 1 00001 = 10(1:230.258) апі so the second 


equality can be written as ӛлу 10(109,861:230,288) which ıs 
to say that the logarithm of the number 3 to the base 10 15 
047712 Іп the same way we can find the common loga- 
rithms of other numbers ** 


* In about 1590 by Bfirgs of Switzerland independently of him, 
and somewhat later the Scotsman Napier constructed a table based 
on a number very close to unity, but less than unity Bürgl published 
his work in the year 1620 whereas Napier's tables appeared earlier, 
n 

** The ides of constructing of table of logarithms to the base 
10 belongs to the Scotsman Napier and the Englishman Briggs 
Together they undertook to recalculate the earlier tables of Napfer 
te the new base of [0 After the death of Napier, Briggs continued 
the work and published it completely in 1624 That ts why the 
base-- [0 (common) logarithms are also called Briggsian Fractional 
powers were not yet used in mathematics, but Napier and Bri ges did 
without them since they defined the term logarithm somewhat dilfe- 
rently from the presently accepted definition 
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127. Basle Properties of Logarithms 


The logarithm of a number N to a base a 1s the exponent 
x indicating the power to which a must be raised to obtain М, 
Notation: log; N=x Symbolically, log; М=х 1s equiva- 
lent to a¥= М 
Examples. log, 8==3 since 2°=8, log,,, 16=—4 since 
1 \- + yai 
(2) = 16, 1081 (4) ==3 since (4) =F: 
From the definition of a logarithm follows the identity 
gl*E,N = № 


Examples. 2/26: 8 —8, | е, 23-8, 51065 28—05, |01944 Ny 

The numbers а (the logarithmic base) and N (the number) 
may be taken integral and fractional (see examples), but 
they must be positive if we want the logarithms to be real 
numbers 

The logarithms themselves may be negative. Negative lo- 
garithms are just as important, practically, as positive loga- 
rithms 

If for the base we take a number greater than unity 
say, 10), then the larger number has a larger logarithm 
he logarithms of numbers greater than unity are positive, 
those of numbers less than unity are negative The logarithm 
of unity to any base ts zero The logarithm of a number 
{йш to the base 15 always unity (in the common logarithms, 
og 10— 1) * 

The EM of a product is equal io the sum of the 
logarithms of the factors: 


log, (pq) = loga p-- log, 9 


The logarithin of the quotient of two numbers ıs equal to 
2 logarithm of the dividend minus the logartthm of the 
101507 


loga £= loga p— log, q 
The logarithm of the power of a number 15 equal to the 
exponent times the logarithm of the number. 
loga p” = m log; p 
* The number a must not equal unity, otherwise numbers not 
equal to unity will not have a logarithm and any number will be 


the logarithm of unity 
We use the symbol log x to mean log, x [translator] 
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The logarithm of a root of a number 15 equal to the loga- 
rithm of the number divided by the index of the root: 


e 1 
log, D loga D 


(ts 13 а consequence of the preceding property since 


1 
Wa 5-07) 

Warning. The logarithm of a sum 1s not equal to the 
sum of the logarithms, tt 15 incorrect to write logg p 4-logag 
in place of log, (p-I-g) This 15 a common mistake 

To take the logarithms of an expression means to express 
its logarithm in terms of the logarrthms of the quantities 
that make up the expression 

Examples of taking logarithms: 


204 
e 
= log, 2+2 logg p +log, 4-4- loga m 


14 352 V 20800 
185 08 431103 ” 


-9/8 
m 


(1) log; = log, (2р?дт 


Q) х= 


log x= log 14 352+ log 0 20600 — log 185 06 —2 log 43,110 


Using a table of common logarithms, find log 14 352, 
log 0 20600, ete and compute the right member of our equa- 
tion; this 157log х Then, using the table, find the number x 
from tts logarithm For more details, see Secs 131-134 


128. Natural Logarithms. The Number e 


For practical purposes the most convenient are logarithms 
to the base 10 (common logarithms) In theoretical investi- 
gations however, И is more convenient to use a different 
base, namely the irrational number е==2 71828183 (to eight 
decimal places) This amazing, at first glance, fact can only 
be explained in higher mathematics Here we will merely 
show where the number came from It ts closely connected 
with the mode of computing logarithms that was explained 


in Sec. 126. When for the base we take a number i++ 
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close to unity, say 1 00001 (п = 100,000), then for small 
numbers we at ИЕ logarithms such аз 109,861 for the 
number 3 To make this logarithm of the same order of 
magnitude as 3, it has to be reduced by a factor of n= 100,000 
Then it will be 109861 The number 3 will have the loga- 
rithm 1 0986! if for the base we take 


(142)? =1,00001299,0% and not 1+— — 1 00001 


Indeed, we have 


3 = (1 00001):99,891 = | Q0001100,000 1 09861 
= (1 00001100,000)1 00861 


Computing the quantity 1 00001106,29? fo eight places of 
decimals, we get 


\ п 
(1 Ei.) =2 71826763 (n—100,000) 


This number 15 very close to the number e, the first five 
digits coincide If we took a number still closer to unity, 
say 1 000001 (л = 1,000,000), then reasoning as before, we 
would see that 


(ыу 1 0000012,000,000 
n 


13 а still more convenient base 
To eight places of decimals, this number 1s 2 71828047 
The first six digits are the same as those in the number e 
and the seventh digit differs only by unity, The greater the 
п 
number п, the less the number (++ differs from the 
number e In other words, the number е 15 the limit to which 


n 
(1-2) fends as п increases without bound That is the 
definition of the number e 
We have seen that the base I and, hence, (14+ 9 


as weil, enables us to compute logarithms of all possible 
numbers the more exactly, the greater the number л It 15 
natural to expect that for this purpose the most convenient 


п 
number is the limit to which 1+1) tends as п increases 


without bound, which ts the number е That precisely is the 
case. Computation of logarithms to the base е can be per- 
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formed more quickly than to any other base The methods 
for such calculation are given in higher mathematics 

The number e itself can be expressed as a decimal to any 
desired degree of accuracy Some tables contain approximate 
values of e that far exceed any practical demands However, 
it is impossible to express the number e exactly by any 
decimal fraction or any rational fraction What 1s mare, e 15 
not only irrational, И 15 transcendental (see Sec 91) 

Logarithms taken to the base e are called natural loga 
rithms Sometimes they are called Napierian, but this 18 
wrong historically * 

Notation. Natural logarithms are usually denoted by Inx 
instead of log, x 

Example. In 3— 1 0986! 

To find the natural logarithm of a number N from its 
common logarithm, divide the common logarithm of № by 
the common logarithm of e (which 15 equal to 0 43499 y 


..logN _ logN , 
InN — AT А 0713195 У 2 30259 log N 

The quantity log e— 0 43429 1s called the modulus of com- 
mon logarithms with respect to natural logarithms and 15 
denoted by M, so that 


In N= log N ** 


——M— 


* The base actually used by Napier was the number 1--0 0000001 
И we wanted to reduce all logarithms of Napier's table by a factor 
of 10,000,000 — 10" (see example analyzed above), we would have to 


take as the base the number (1-4) , where 2= 107, which could 
then be called the base of Napier’s table But this number is by no 


means equal to e (и differs very slightly from the number l) 


** The rules given here for converting from natural logarithms to 
common logarithms and vice versa are particular cases of the general 
formulas 

log, N 


loga N —log, М logab, loga та 
which permit converting from the logarithm of a number N to the 
base b to a logarithm of the same number to the base g The second 
formula yields for N=b 


H 
logo PIE т 
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Example From the table of common logarithms we have 
log 2= 0 30103, whence 
2-4. 0 30103 =0 69315 
To find the common logarithm of a number W from a 
given natural logarithm of №, multiply the natural loga- 


rithm by the modulus of common logarithms with respect 
to natural logarithms M =loge 


log N =loge in N= М In N a20 43429 In М 


Example Іп9--! 09861, whence log3=M-1 09861 
=0 47712 
Tables are provided to simplify multiplication Бу М and 


4 They contain products of M and x by all one-digit or 
all two-digit factors We give below a table for multiplica- 


tion of М and 4 by single-digit numbers 


1 
Multiples of. М Multiples of Ж 


1 0 SRE 2 30259 
2 0 86859 4 60517 
3 1 30288 6 90776 
4 { 73718 9 21034 
§ 2 17147 11 51293 
6 2 60577 13 81551 
T 3 04006 16 11810 
8 3 47436 18 42068 
9 3 90865 20 72327 


129, Common Logarithms 


From now on, we shall simply use the word logarithm 
in the meaning of common logarithm. 

The logarithm of unity 15 zero 

The logarithms of 10, 100, 1000, etc., are 1, 2,3, and so 
on, that 1s, they have as many positive units as there are 
zeros following unity. 

The logarithms of the numbers 0 1, 001, 0001, etc are 
equal to —1, —2, —3, etc, hence they have as many ne- 
gative units as there are zeros (including the zero in the 
units place) preceding unity. 
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The logarithms of the other numbers have a fractional 
part which 1s called the mantissa The integral (whole-num- 
ber) portion of the logarithm is termed the characteristic. 

Numbers greater than unity have positive logarithms. 
Positive numbers less than unity have negative logarithms 
(negative numbers do not have real logarithms) 

For example, * log 0 5----0 30103, Jog 0 005 = —2 30103 

For the sake of convenience in locating the logarithm 
from a number or the number from the logarithm, negative 
logarithms are not given in this natural form but in an 
“artificial” form In the so-called artificial form, a negative 
logarithm has a positive mantissa and а negative characteristic. 

For example, log 0 005=3 69897 This notation means 
that log 0.005 == —3 4-0 69897 = —2 30103 

To transfer а negative logarithm Нот its natural form 
to the artificial form, (1) increase. the absolute value of its 
characteristic by unity, (2) put the minus sign (а bar) over 
that number, (3) subtract from 9 all digits of the mantissa 
except the last nonzero digit, subtract the last nonzero digit 
from 10 The differences obtained are written in the same 
places of the mantissa as the digits being subtracted Zeros 
at the end remain unchanged 

Example 1 Reduce log 0 05 = —1 30108 to the artificial 
form (1) increase by I the absolute value of the characte- 
ristic (which is 1), this yields 2, (2) write the characteristic 
in artificial form as 2 and place the decimal point, (3) sub- 
tract the first digit of the mantissa (which 15 3) from 9; 
this yields 6, write the 6 in the first decimal place. Тһе 
subsequent places will have the digits 9 ( --9--0), 8(=9—1), 
9 (=9—0) апа 7 (—10—3), or 


—1 30103 = 2 69897 


Example 2. Represent —0 18350 in artificial form (1) 
increase 0 by | to get 1, (2) we have 1, (3) subtract from 9 
the digits 1, 8, 3, and from 10 the digit 5, the zero at the 
end remains unchanged This yields 


—0 18350 — 1 81650 


To transfer а negative logarithm from the artificial to the 
natural form, (1) reduce the absolute value of its characte- 
ristic by unity, (2) place the minus sign to the left of the 
number, (3) handle the digits of the mantissa as in the pre- 
ceding case 


* All subsequent equations ar: oximate t thin half 
unit of the last digit аи жалы ES 
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Example 3. Represent 4 68900 in natural form (1) 4— 1 —3, 
(9) we have —3, (3) subtract the digits 6, 8 of the mantissa 
from 9, and the digit 9 from 10, the two zeros at the end 
remain unchanged This yields 


4 68900 = —3 31100 


130. Operations Involving Artificial Expressions 
of Negative Logarithms 


In the case of artificial expressions of logarithms there 15 
no need to convert them to the natural form from the start 
With a httle practice, the techniques described below enable 
one to handle artificial expressions directly just as fast as 
natural ones 

Addition. Mantissas are added as usual, after adding the 
tenths it may happen that one or more units have to be 
carried, if that is the case, then the carried digit 1$ added 
to the positive characteristics when adding the characteris- 
ties (which may include both positive and negative numbers) 


Example 1. 1 17350--2 88694 4-3 99206 


Work. Неге, adding the tenths yields 2-4- 1 -- 8-9 — 20 
22111 (Ше carried digits are written at the top of the 
1 17350 proper column) Write down 0 and carry the 2 
+ Een Adding the characteristics yields 2--1--24-3--0 


0 05250 


1 n0 
Example 2. | 27458 Adding the characteristics here we 
+4 3089 get 1--2--4=1 
1 0547 


Subtraction The mantissa of the subirahend 1s subtracted 
column by column from the mantissa of the minuend both 
when the former is less than the latter and vice versa In 
the latter case, for the tenths digit of the minuend we bor- 
row a positive unit from the characteristic 


А In subtracting tenths we had to 
Example 1. 21741 borrow а native umt from the 
5 1846 characteristic 2, which changed it 
99895 to 3 Subtraction of the characte- 
tistics yields 3—8—2 
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x Here we do not have to borrow 
Example 2. cad T from the characteristic, 1—324 


40164 


Here uia can see Ux Ө wien 
i subtracting a positive logarithm 
Example 3. 0 ee from a positive logarithm, the re- 
—————— Suit can be obtained directly in 
21894 artificial form It 1s advisable to 
40 so 
In joint addition and subtraction, И is sometimes prefe- 
rable to replace all subtractions by additions In this case, 
if the subtrahend 18 a positive number, the corresponding 
negative addend ts converted to artificial form But if it 1s 
negative number specified in artificial form, И 15 converted 
to natural form and the minus sign 1s dropped The resul- 
ting addends may then be called cologanthmue addends 
Example. 0 1535 —1 1236--1 1686—4 3009 =0 1535 -- co- 
log addend 1 1236--1.1686--colog addend 4 3009 =0.1535 
+ 0 8764 4- 1.1686 -- 5 6991 — 5 8076 


Work: 0 135 — 0.1535 
—1 1936 =0 8764 
+1 1686 = 1.1686 
—4 3009 — 5 6991 


5 8976 


Multiplication. To multiply an artificia] logarithm by a 
positive number, multiply separately first the mantissa and 
then the characteristic, И the multiplier is a one-digit num- 
ber, then the number of positive units obtained іп multi- 
plying the mantissa 15 immediately added to the negative 
product of the multiplier into the characteristic However, 
if the multiplier 1s multi-digit, carry the multiplication by 
the mantissa to the end and add the product of the multi- 
plier by the characteristic. 


Example 1. 3 264 
x 6 4397 
7 


89 0779 


234 


Example 2 14397 Use the rules of short-cut multi 
"n X 17 plication, see See 55 


10 475 


If i£ 15 necessary to multiply a negative logarithm in 
artificial form by a negative number, if ıs best to convert 
the 'ogarithm to natural form first 

Division. If the divisor 1s a negative or multi-digit po- 
sitive number, it is best to convert to natural form H the 
divisor 1s а single-digit positive number, leave the dividend 
in artificial form lf the characteristic 1s exactly divisible, 
then divide separately the characteristic and then the man- 
tissa If the characteristic 1s not exactly divisible, then add 
to it mentally a least number oi negative umts such that 
the resulting number ts exactly divisible, then add mentally 
to the mantissa the same number of positive units 

Example. 2 5638 6=1 7606 So as to make the characte- 
ristic divisible by 6, add 4 negative umits Dividing the 
result, —6, by 6 yields —1 Now first add 4 positive units 
to the mantissa and then divide 4 5638 by 6 


181. Finding the Logarithm of a Number 


The logarithms of integral powers of 10 are found without 
tables (бес 129) To find the logarithm of any other num- 
ber, do as follows 

(A) Finding the characteristic For number greater than 
unity, the characteristic 15 equal to the number of digits in 
the integral portion minus one 

Examples. log 35 28 = 1 (characteristic), log 9 528 —0 (cha- 
racteristic), log 60,100 =4 (characteristic) The numbers thus 
found in these examples are then followed by a decimal 
point and the digits of the mantissa 

For numbers less than unity, the characteristic of the 
artificial form of the logarithm is equal to the number of 
zeros preceding the significant digits of the number (inclu- 
ding the zero in the шиі place) 

Examples. Jog 0 00635 =8 (characteristic), log 0 1002 ==1 
(characteristic), log 0 06004 =: 3 (characteristic) 
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(B) Finding the mantissa To find the mantissa of a de- 
сипа! fraction (whether pure or mixed), drop the decimal 
point and enter the table to find the mantissa of the resul- 
tant whole number То do this, drop all zeros (11 there are 
any) at the end of the whole number For example, the 
mantissa of the number 20 73 is equalto the mantissa of the 
number 2073, the mantissa of the number 6,004,800 15 equal 
to the mantissa of the number 60,048 

When using four-place tables of logarithms, we leave only 
the first. four digits of any whole number, if the tables are 
five-place we use the first five digits The other digits are 
discarded because they do not affect (for all practical pur- 
poses, at any rate) the digits of the mantissa given in the 
table 

A four-place table gives the mantissa of a three-digit 
number directly, a five-place table gives the mantissa of 
a four-digit number directly The mantissas of four- (five-) 
digit numbers are found by adding so-called mean differences, 
or proportional parts (see examples given below) 

A four-ptace table of logarithms is given on pages 18-22 

Example t. Find the logarithm of the number 458 We 
find the characteristic by inspection (without the use of the 
table) 1 Dropping the decimal point, we get the whole 
number N=458 Taking the first two digits (45), move along 
row 45 to column 8 to find 6609 This is the mantissa We 
thus have log 45 8 == 1 6609 

Example 2. Find log 0 02647 We obtain the characteristic 
by inspection, without the table 2 Dropping the decimal 
point we have the number 2647 Taking its first two digits 
(26) we move along row 26 up to column 4 (4 1$ the third 
digit of the given number) and read 4216 This 15 the man- 
tissa of log 264 In the “proportional parts” of the table we 
find the correction corresponding to the digit 7 (the fourth 
digit of the given number), It is in row 26, column 7 of 
proportional] parts and yields 11 Add this to the earlier 
obtained mantissa to get 4216-- 11 = 4227, This 1s the man- 
tissa of the given number We thus have log 0 02647 = 5 4297, 


Work log 0 0264 --2 4216 
7 +11 
log 0 02647 = 2 4227 
Note The corrections obtained in the proportional parts 


data of the table are computed by means of interpolation 
(see бес 64) The use of interpolation simplifies the work of 
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the computor From the table we can see that the mantissa 
of 2640 15 less than the mantissa of 2650 by 4232—4216 — 16 
(decimal parts) The difference of 10 between the two num. 
bers corresponds to a difference of 16 between the mantissas 
Working the proportion, we get 


x 16=7 1007, х=16 0711 


Five-place table of logarithms 

Example 1. Find log 0 02647 We find the characteristic 
by inspection 105002647 =2 Dropping the decimal point, 
we have the number 2647 Find row 264 and go along it to 
column 7 to find 275 These represent the last three digits 
of the mantissa The first two (42) are found at the beginning 
of the row The entire mantissa 18 42275, log 0 02647 ==2 42975 

In most rows, the first two digits are not indicated They 
are taken from the succeeding row (if there 1$ an asterisk in 
front of the last three digits of the mantissa) or from the 
preceding row (if there 1s no asterisk) 

Example 2. Find log6764 The characteristic 15 3 Take 
row 676 of the table of logarithms and go along it to column 
4 to get the last three digits of the mantissa 020 They have 
an asterisk and so the first two digits (83) are taken from 
the next lower row 677 The entire mantissa 15 83020, 
log 6764 = 3 83020. 

Example 3 Find log 66094 Find the characteristic by 
inspection It is 0 Drop the decimal point to get 66094 
In row 660 (the first three digits of the number) we seek 
column 9 (the fourth digit) and find the number 014 with 
an asterisk These are the last three digits of the mantissa 
ої the number 6609 The first two (82) are found in the next 
row The mantissa of log 6609 1s 82014 Find the correction 
corresponding to the last digit, 4, of the given number In the 
column PP we find a table headed by 6(d=6 1s the diffe- 
rence between the mantissas of the numbers 6609 and 6610). 
We find the number 4 in the left part of this table Oppo- 
site 4 1s 2 4, which we round off to 2 This 15 the correction 
which we add to the earlier found mantissa to get 82014 
4 2= 82016, log 6 6094 == 0 82016 


Work. 
log 6 609 = 0 82014 


MEL M д 
log 6 6094 — 0 82016 
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132. Finding a Number from a Logarithm *, 


Disregard the characteristic and seek, in the table, the 
given mantissa or one close to it This ts used to find a 
certain whole number (tt is found directly in the first case 
and with the aid of a correction, їп the second, see the 
examples) Then examine the characteristic. H И 15 zero or 
positive, then the integral part is formed by taking one unit 
more than the number of umts of the characteristic (zeros 
can be annexed at the end of the number rf necessary) 
If the characteristic 1$ negative, then place before the number 
found as many zeros as there are negative units in the cha- 
racteristic, the zero on the left 13 set off bv a decimal point. 
The number thus found corresponds to the given logarithm 

Four-place table (see pages 18-22) 

Example 1. Find the number whose logarithm 1s equal to 
3 4683 (that 1s, the number 103 4682) First in the table seek 
the mantissa 4683 ог one close to И Run down one of the 
columns, say column 0, and seek a number whose first two 
digits are 46 or a number close to 46 We find such a number 
(4624) іп row 29 Thereabouts look for the mantissa 4683, 
we find it in row 29, column 4 Hence, the number with 
mantissa 4683 13 294 Since the characteristic 3 15 positive, 
we take 3--1=4 digits for the integral part And so we 
annex a zero at the end ої 294 This yields 3 4683 = log 2940. 

Example 2 Find the number whose logarithm 15 3.3916 
Proceeding as in the previous example, we do not find the 
number 3916 among the mantissas, but we find a close number, 
3909, at the intersection of raw 24 and column 6 Thus, the 
number 246 corresponds to the mantissa 3909, which yields 
the first three significant digits of the desired number. The 
fourth digit is found by computing the correction Тһе given 
mantissa 3916 exceeds the tabular value 3909 by 7 We seek 
this digit in the same row 24 in “Proportional Parts". It 1s 
found in column 4 The digit 4 1s thus the fourth significant 
digit of the desired number, the number 2464 corresponds 
fo the mantissa 3916 Now examine the characteristic. Since 
it is negative and contains three units, we put three zeros 
in front of the number we found and set off one decimal 
place We thus have 3 3916 = log 0 002464. 


t When looking up a number on the basis of its four-place logarithm, 
tt is best to use a table of antilogarithms (see See 133) fe is not 
advisable for tiye-place work to double the volume of a logarithmic 
table by adjoining a table of antilogarithms 
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Work. 
log х=3 3916 
3909 log 246 
+7 4, х= 0 002464 


3916 106 2464 


Note 1. Bear in mind firmly that when seeking a number 
on the basis of a logarithm the proportional parts correction 
із аплехей to it and not added to the last фай 

Note 2. Do not forgel that the correction 1s to be sought 
m the same row as the number that 1s our approximation 
to the mantissa If this row does not have the correction of 
the mantissa we need, then take the next closest correction 

Fiwe-place table of logarithms 

Example 1. Find the number whose logarithm 18 2 43377. 
Turn the pages noting the first two digits of the mantissas 
(Ше numbers increase). Find 43 and then in the vicinity 
look for the last three digits, or 377 These digits are located 
at the intersection of row 271 and column 5 The number 
with the mantissa 43377 1s thus 2715 Taking into account 
the characteristic (2), we have 2 43377 = log 0 02715 

Note In most cases, the last three digits of a mantissa 
are found in the same row as the first two digits, or in one 
of the rows below, it 1s, however, possible that the last three 
digits will be the nearest row above, in which case they are 
preceded by an asterisk 

Example 2. Find a number whose logarithm 1$ 0 14185, 
Proceed in the same manner as in the above example, we do 
not find 14185 among the mantissas but we do find 14176, 
which is close The last three digits of the mantissa (176) 
lie above the first two and so we find an asterisk in front 
The mantissa 14176, which stands at the intersection of row 
138 and column 6, is associated with the number 1386, which 
yields the first four digits of the desired number Тһе fifth 
digit 1s computed by interpolation The mantissa at hand 
exceeds the tabular value by 185—176 —9 Now the difference 
between the two closest tabular mantissas 1s 208—176 = 32. 

In the column PP we find a small table headed 32. In it, 
to the right, we look for a number close to 9 and find 96. 
Opposite this number we find З This digit 13 the fifth sig- 
nificant digit of the desired number The number having the 
mantissa 14185 ts 13863 Taking into account the characte- 
ristic, we get 0 14185 == log 1,3863. 
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Work 
log х= 0 14185 
14176 1886 
+9 3, x= | 3863 


14185 13863 


Note When finding a number from a logarithm, the pro- 
portional parts data are annexed to the number and are not 


added to the last digit 


133. Tables of antllogarithms 


The so-called table of antilogarithms (see pages 23-27) is 
the same as a logarithmic table only the data are arranged 
differently so as to simplify finding a number from a given 
logarithm Only mantissas (denoled by m) are given їп the 
table (іп boldface type) If the mantissa has three decimal 

laces, the table gives a whole number directly, if the man- 
issa has four decimal places, the number 13 found with the 
aid of proportional parts data (see examples) The given 
characteristic 1s then inspected Ti it 1s zero or positive, then 
the integral part has one more digit than the number of 
units in the characteristic (any number of required zeros 
may be annexed at the end of the number) If the characte- 
ristic 15 negative, then the number is preceded Бу as many 
zeros as there are units in the characteristic The zero at the 
extreme left is set off by a decimal point The number thus 
found corresponds to the given logarithm 

Example 1 Find a number whose logarithm 15 equal to 
2732 (that is, the number 102732) Disregard ihe characte- 
ristic and take the first two digits of the mantissa (73), 
Go along row 73 up to calumn 2 to find the number 5395 
Since the characteristic 2 is positive, the integral part has 
2--1=3 digits Our answer 15 102 722-539 5 

Example 2. Given logx=32758 Findx Disregard the 
characteristic and find the number in row 27 and column 5 
It is 1884 Find the digit in the proportional parts data 
corresponding to the digit 8 It is 3 Add it to the number 
that was found 1884--3=1887 Inspect the characteristic. 
Since И 18 negative and contains three units, we put three 
zeros in front of the number 1887 and set off one decimal 
place from the left We have 


x==0 001887 ог log 0 001887 = 2758 
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Work. 
log x =3 2758 
275 1884 
84- 3 
2758 1887 
х==0 001887 
Example 3. log х=0 0817 Find x 
081 1205 
T+ 2 
0817 1207 
х=1 207 
Note When finding a number from a logarithm with the 
aid of antilog tables, the proportional parts data are always 
added to the last digit and not annexed 


134. Logarithmic Computatlons (Worked Examples) 


| t Е =. 
Example 1. Compute и T= where a=4 352, 


b= | 800 
(1) Taking logs, 
ab ab 


= xg mmu =| У——— 
log u log Ts ааа 


= log a+ log 6 -— [log (a 4-5) -- log (a—2)] 


(2) We find 24-0 and а—2. 


4274 352 __@==4 382 
b«-1 800 b=1 800 


a+b=6 152 a—b= 2 552 
(3) First compute loga--logb, then + [log (a 4-0) 
+ log (a—6)] 


log a = log 4 352 = 0 6387 

log b= log | 800 =0 2553 

log a+- log b = 0 8940 
log (a+ 6)=log 6 152 =0 7890 
log (a —0) = log 2 552 = 0 4068 
log (a +b) + log (a—— 5) = 1 1958 


- flog (a-+ 6) + log (а—6)} =0 5979 
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(4) Find logu and then ш 


0 8940 
77 0 5979 


logu=0 2961, u=! 977 
Аһ 
Example 2. Evaluate Р==ре P” where р== 10.38, А 


—0 00129, а == 1000, and е 1s the base of natural logarithms 
(e =2 7183) 


(1) log P= log р 5 log e—log р ВМ, 
where М —log e = 0 4343 (the modulus of common logarithms 


with respect to natural logarithms, see Sec 128) 
(2) Find log p 


log p log 10 33— 1 0141 
(3) Take the logarithms of the expresston TAM: 


198-5. AM = log k-+ log h+ log M —log p 
(4) Evaluate this logarithmic expression: 


log Е = log 0 00129 —3 1106 
logh-log1000 =3 0000 


log М =log 0 4343 ==] 6378 
colog р== colog 10 33 =2 9859 


log ВМ =2 7343 
Whence = AM == 0 05424 
(5) Evaluate log P (see Item 1) and then P: 
log p. == 1 0141 
~ ZAM =0 0542 
log Р =0 9599, whence P=9 118 


135. Combinatorics (Permutations and Combinations) 


There are two basic ways of arranging items chosen from 


some set of distinct objects (elements), They are termed per- 
mutations and combinations. 


16-652 
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1. Permutations. Take т distinct objects (elements) a, 
а, › m Rearrange these elements їп all possible ways 
keeping their number constant and only changing their order 
Each such arrangement (including the original one) is called 
a permutation The total number of permutations of m ele. 
ments is denoted by P, This number is equal to the pro. 
duct of all integers from 1 (or, what 13 the same thing, 
from 2) to m inclusive 


P$421:2-3- . (т—1),т=т! (1) 


The symbol m! (read “т factorial") denotes the product 
19.3 “(т--і) т 

Example 1. Find the number of permutations of three 
elements a, b, с We have Рұ--1 2 3—6 Indeed, we have6 
permutations‘ 

(1) abc, (2) acb, (3) бас, (4) bea, (5) cab, (6) cba 

Example 2. In how many ways can five posts be assigned 
to frve persons elected to the administrative board of a sports 
club? Write a list of the posts and opposite each write a 
name This will be one permutation The total number of 
such permutations i$ Py=1-+2 3 4.5 = 120 


Note When m= 1 іп the expression 1.2 3. ст, there 15 
only one number, 1 It ts therefore agreed (by definition) 
that 11=1| For m=O the expression 1.2.3 m becomes 


meaningless, and so it is defined that 01=1 See Нет 2 
below for the justification of this convention 

Let us now take this set of m elements and make up 
groups of n elements in each, arranging the л elements in 
different order The resulting arrangements are termed per- 
mutations of m elements taken n at a time The total num- 
ber of permutations of m elements n at a time is denoted 
by Рт (or ,P,) This number 15 equal to the product of n 
successive integers of which the largest is т 


Py —m(m—l)(m—2) . [m—(n—1)] Q) 


Example 3. Find the number of permutations of four ele- 
ments abcd taken two at a time We have Р? =: 4.3: 12 
These permutations are the following 

ab, ba, ac, ca, ad, da, bc, cb, bd, db, cd, dc 


Example 4 А meeting elects 8 persons to its supreme 
body, which then chooses a chairman, а secretary and a 
treasurer In how many ways can these posts be assigned? 


The desired number is the number of permutations of 8 ele- 


ments taken 3 at a time, ог P$ 28.7.6336 

2. Combinations. Take т distinct. elements and make up 
groups of п elements in each but disregard the order of the 
elements in each group We then have combinations of m 
elements taken n at a time 

The total number of distinct combinations is denoted 


by Ст This number (which is integral of course) can be 
represented by the formula * (see Item 1) 
P > m 
Ст = Ж” al (m-a 9) 


By definition we assume Ci, — 1 [this value 15 obtained 
ігоп (3)]. 


The expression 15 often abbreviated to (7). 


ті 
"1 (n-n) 

И is clear that (7) = (2), that 1s, Cm — Са, 

In computations Ц is often more convenient to make use 
of other expressions for the number of combinations, namely 


ch Ри mim-l)  [m-(-1)] 
P. ji 


T n 
or 
ch Pm om (1-1) (л+ 1) 
Dy m p aa aa iaae 


Р» 12 (т-л) 


Example 5 Find all the combinations а five elements 
43 


abcde taken three at а time We have Сў==т-—у== 10 These 
len combinations are 

abc, abd, abe, acd, ace, ade, bed, bee, bde, cde 

Example 6 There are eight candidates for three counters 
In how many ways can the assignments be made? Since the 
duties of each counter are the same, we have combinations 
and not permutations, asin Example4 of Item 1 Тһе sought- 
for number 1s P. 

76. 
C8 = 2 his 

Combinatorial mathematics deals with many more types 

of arrangements than those described above. One of the most 


* There is only one combination containing all m elements and 
so Col Formula (3) gives this value only if we agree that 0151. 
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important types is permutations with repetitions of the ele. 
ments These are defined as follows Take m elements, of 
which m4 are identical elements of type one, m; are identical 
elements ofasecond kind, ete Permute them in all possible 
ways, We then get permutations with repetitions The number 
of distinct permutations with repetitions 15 
т т 
Pm Рт, Рт, ar т ma! Mya! 
IM, 4 Me +mps=m, and k 1s the number of kinds 
| анде 7. Find the number of distinct а of 
the letters agabbcc with repetitions of the elements Inter- 
changing the first two letters does not result in a new аг- 
rangement The same occurs when we interchange the fourth 
and fifth letters, and їп other cases But the arrangements 
abaabee, caaabeb and certain others are distinctly new ones 
In this example, m4 —3, m, == 2, mg==2, mz m, + mitm 2:7 
The number of distinct permutations ts 
1 2234567 510 
812121 2323 

Example 8. Find the number of distinct permutations made 

up of the signs +++-+——— Неге, и. =4, m,==3, 


m-m,4-m,—7 The desired number 15 ggr From this 


example it 1$ easy to see that the number of permutations 
of m elements, among which ае repeated m, elements of 
the first kind and m elements of the second kind, 15 equal 
to the number of combinations of m elements taken m, ata 
time, or to the number of combinations of m elements taken m, 
at a time Indeed, each permutation 15 associated with one 
and only one selection of positions with the-+sign Thus, in 
the permutation -------------- the +signs occupy the 1, 
2, 5, 7 positions 750 that the corresponding combination ts 
1, 2, 5, 7 Hence, there are as many permutations as there 
are distinct combinations of seven numbers taken four at a 
ume 


136. The Binomial Theorem 


Newton's binonual theorem states a formula expressing 
(а 4-5)? іп the form of a polynomial for positive integral n* 


* The term “Newton's binomial theorem" 15 a misnomer, firstly 
because (a+b)? 15 not a binomial, secondly, the expansion of (a+b)? 
for positive integral я was known before Newton's time But to New- 
ton goes the credit for the bold and extremely fruitful idea of exten- 
ding the expansion to the case of negative and fractional a 
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The binomial formula for positive integral п 15 
(a 4-5)" = a" 4- (0) a7? b -- (2) an7* b24 (3) атава. 
t (ati) abii ph (1) 
or, what is the same thing (see p. 242), 


t 1 
(a+ by" а" ет а гру 07 pR . (2) 


Accordingly, ıt ıs assumed that (5) = (2) —1 and also 01-1 
(see note on page 242) With this convention, the first and last 
terms of the expansion are of the same form as the other terms. 

For computational purposes 11 is more convenient to use 
the formula 


(а-- b)” =a" "pnan-15 4- я-а 2) ап-зуа 


+ + (3) 
Example 1. (2-8) =а5-- 3a% ба? + 8 = 48-30% 
+ 3ab? -- 53 
Example 2 (1--x)5 = 1--6х -- 154-2058 + 15х44-6х5--х6 


The numbers 1, п, D, 2) ete are ter 
med binomial coeffitenis They may be obtained in the fol- 
lowing manner using only addition In the top row (see 
accompanying array) write two units All other rows begin 
and end with unity The intermediate numbers are found by 
adding adjacent numbers of the row above Thus, the num- 
ber 2 in the second row 1s found by adding the two units 
of the first row, the third row 15 obtained from the second 
this way 1--2--9, 24-1 =3, the fourth row from the third 
as follows 1-3=4, 3+3=6, 3+1=4, and so forth The 
numbers in one row are the binomial coefficients of an 
appropriate power This array is called Pascal's triangle (or 
the arithmetic triangle) 


5 10 10 51 
1615 20 1561 
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The Binomial Theorem for Fractional and Negative 

Exponents 

Suppose we have the eapression (@-+-6)" where л isa 
fractional or negative number Let Ia|» 15] Represent 
(a +b)” as a” (1-- x)" The quantity Хк=--, iis absolute value 
15 less than unity The expression (1-- x)" may be computed 
to any desired degree of accuracy by formula (3) 

1 е) = 
Example 1. =» 1 Heren— —1 


n(n—-1) (—1)(—2)__ 1 


Since: peo quo іы 
піп--1) (а--2) (—1) (—2) (—3) Senes 
124 a 123 nz 


and so on, we have (1--x)71-1—x--x—x3--x1— |, 

. The number of terms 1n the right-hand member is infi 
nitely great, bul when |x| <1, the sum of the terms, as 
their number increases without bound, tends to the ити 
ni (the expression in the right member, if |a| <1, is an 
infinitely decreasing geometric series) 


Example 2 Compute V 1.06 t five decimal places 


Represent ИТ 06 аз (1--006) and apply formula (3): 


1 1 
Ее 
=1+4 И. 062 


1 

(1 4-008)? 

3 71) G-2) 

0068 --..=1-0.03—0 00045 
+ 0,0000135—... 


Subsequent terms do not affect the first five decimal 
places and sc, summing the four terms written out, we have 


V 1.06 = 1.02956 


Example.3. Find five significant figures of the number 


2/18). 
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The cube nearest to 130 is 125 = 58 Represent УЖЕ 

1 1 1 1 
as (125--5)3 = 125 3 (1-0 04) 3 --5(1-Һ0 04)? Carry Ше 
answer to seven places (taking note of the fact that the error 
1$ accumulative in addition and is then increased fivefold): 


L 3 (3-1) 
(14-0 04/3 —14-3--0 044-2. — 0 042 


а уа 
+3999) pony... 


= 14-0 0133333 — 0 0001778 -1- 0 0000040--... = 1 0131595 

The discarded terms do not affect the seventh digit and we 
find 5 1 0131595 =5 0657975 Accurate to the fifth decimal 
place, we have 2//130—85 06580 A more precise computation 
(with regard for the next term) yields 5 0657970, all decimals 


correct 
Using this device we can extract the root of any degree 


of any number rapidly and to any desired degree of accuracy. 


Generalized Binomial Formula 


(ar tart ast. . Hag)” =}, xum patet ‚ сара 
where п is а posttive integer 

The symbol > signifies that we must take the sum of 
all terms of the form 


ді 


n n 
ГИРИ ты 01714,7... Apk 


where п is the given exponent and m, n, .. ‚ль are arbit- 
тагу integers or zeros whose sum 15 equal to n. The number 0! 
15 taken equal to 1 


Example 
3 
(a-Fb- Ee dy = У ЛИГ ат b'a оз d's 
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the number л=3 may be given as the sum of k=4 integral 


sumands thus 
3=3--0--0--0, 
ee eae, 
Accordingly, we have 
ое = туготот (бе + arbedo 
«раёна + абс) атты (abcd аси 
База + абс = ) 
+ теу (aded abctd + ab ed + a°bed) 
== d! + 8-8 H- d 4-3 (ab + ab? + а%-|- ас? -- а? + аа? 
+ bfc -- bet- bd 4- bd -L- etd -+ od?) --6 (abe+-abd + acd + bed) 


Properties of Binomial Coefficients 


1 The coefficients of terms the same distance from the 
ends of the expansion are the same 
For example, in the expansion 


(4-5) =at + 6256 -+ 152452 + 202363 + 15204 -4 Babs 1 5 


the coefficients of the second and second to the last terms 
are the same, 6, the coefficients of the third. term from the 
beginning and the third from the end are the same, 15. 

2. The sum of the coefficients of the expansion of (a+) 
ıs equal to 2" For example, in the expansion above we have 


164+ 15-4+20-+15-+6-++ | =64=28 


3. The sum of the coefficients of terms in odd positions 
18 equal to the sum of the coefficients of terms in even posi- 
tions Each one is 2771, for example, in the expansion {a-+6)¢ 
the sum of the coefficients of the 1st, 3rd, 5th and 7th terms 
ts equal to the sum of the coefficients of the 2nd, 4th and 
6th terms 


1461545 154 | = 6+ 20+ 6 = 32 ==28 


GEOMETRY 
А. PLANE GEOMETRY 


137. Geometric Constructions 


1 fo draw, through a gwen роті C, а straight line pa- 
rallel fo a gwen straight lune AB 

Open a pair of compasses and draw an arbitrary circle 
(Fig 22), centre C, such that it intersects АВ Using the 


akimnb 
B 
Ü 
Fig. 22 Fig 24. 


same opening of the compasses lay ой on АВ from one of 
the points of intersection, say M, a iine-segment MN (in 
either direction) and then describe the arc ab from № Joint C 
to the point P of intersection of the arcab with the circle 
PC 15 the desired straight line. 

2 To bisect a given Lline-segment AB 

Using a ра of compasses with an arbitrary opening (but 
greater than 1/, AB) describe two arcs from the endpoints 
of the line AB Join their points of intersection (С and D) 
with a straight line The intersection point О of the straight 
lines AB and CD is the midpoint of the line AB 

3 To dide a gwen line AB into a gwen number of equal 


parts 

In Fig. 24 draw a straight line ab parallel to АВ, on it 
lay off as many equal segments of arbitrary length as needed, 
say ak=Al=Im=mna=nb Draw the straight hnes Аа, Bb 
to intersect in the point О Draw straight lines OR, Ol, Om, 
On These lines will intersect AB at the points K, L, М, М, 
which divide АВ into the required number (in our case, 5) 
of equal parts 
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4 То dunde a given line-segment into paris proportional 
to given quantities 

This problem is solved in the same way as Problem 3, 
but on ab we lay off segments proportional to given quanti- 
ties 

5 To draw a straight line perpendicular to a вел 
straight line MN from a gwen pont А, 

From an arbitrary point О without the given straight 
line (Fig 25) draw a circle of radius OA Draw a diameter 


Cur 
` 

/ x Ü \ NO 

i X р 1 

X ы / M ` N / N 
M — N sape 

8 В ATTEB 

Fig 25 Fig 26 


BC through the second point B of intersection of the circle 
with the line MN Join A and the endpoint of the diame- 
ter, C, CA 1$ the desired perpendicular 

This mode of construction ts particularly useful when 
the point A hes close to the edge of the paper The method 
И solving the next problem (first case) has the same advan- 
age 

6 To drop a perpendicular from а gwen point С to a 
straight line MN 

From point C draw an arbitrary inclined line СВ (Fig 26) 
Find its midpoint О (see Problem 2) and from it describe 
a circle of radius OB The circle also intersects MN at 
point A Join A апа С to get the desired perpendicular 

When C hes close to MN, this method of construction 
may result in a considerable error The following 1s а pre- 
ferable alternative construction From point C as centre 
(Fig 27), draw an arc DE cutting ММ at points D and Е 
From D and E as centres, draw two arcsed, ab of the same 
radius, they intersect at F Draw FC to obtain the desired 
perpendicular 

7 For а given verter К and ray KM, іо construct an 
angle equal 10 a gwen angle ABC 

From the vertex B (Fig 28) describe an arc PQ of arbi- 
trary radius Using the same opening of the compasses, 
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describe [rom ыл centre К ап arc ра From point p describe 
an агс аф of radius equal to PQ Jom to К the intersection 
point q of arcs pq and aß The angle gKM 18 the required 
angle 


8 To construct angles of 60° and 30° 

From endpoints А and B (Fig 99) of an arbitrary line 
AB describe two ares of radius AB Join their intersection 
points C and D with a straight line which cuts AB at its 
midpoint О Join A and C with astraight hne / CAO — 00, 
Z АСО = 30° 


В 


A А 
Fig. 30 


9 To construct an angle of 45° 
Lay off on the sides of a right angle BAC (Fig 30) equal 
segments AB and АС and join their endpoints with a 
Vu line CB The line BC forms 45? angles with AC and 
B 


10 To bisect а given angle ВАС 

From vertex A (Fig 31) draw an arc DE of arbitrary 
radius From points D and E (where DE cuts arms AB and 
AC) draw the aresab, ed with arbitrary equal radi (it is 
most convenient to use the original opening of the compas- 
ses) Join their point of intersection to A. The resulting 
straight line AF bisects the angle ВАС, 
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П To trisect а given angle ВАС 

It is impossible to make this construction with straigh- 
tedge and compasses alone Using compasses and a graduated 
ruler (say with centimetre divisions) the construction can be 
carried out as follows (Fig 32) from point A describe a 


Aa ph 
В M у 
ELA CN / 
ете A 
DFMA jc a- 
Fig 32 Fig 33. 


circle of arbitrary radius АС Produce AC beyond А Place 
the ruler so that 1t passes through B, then revolve it about B 
until ED (the hne-segment between 
the circle and the straight line АҚ) 
15 equal to the radius AC The angle 
EDF 15 one third of the angle BAC 

12 Through two given ponts A 
and B to draw а crcle of gwen ra- 
dius r 

From points A and B (Fig 33) 
describe arcs ab and ed of radius г 
Their point of intersection is the centre 
of the desired circle 

13 To draw a circle throvgh three gwen points A, B, С not 
lying on a single straight line T 

Referring to Fig 34, draw straight lines ED and KL 
perpendicular to lines АС апа BC at their midpoints (see 
Problem 2) The point O of intersection of these perpendi- 
culars 15 the centre of the desired circle 

14 To find the centre of a gwen arc of a cucle 

Take three points on the arc spaced as far apart as pos- 
sible Then proceed as in Problem 13 

15 То bisect a given arc of a circle 

Join the ends of the arc by a chord Draw а perpendi- 
cular through the midpoint of the chord (see Problem 2) 
It bisects the are (and the chord) 

16 To find the locus from which a given line АВ 15 seen 
аі а given angle a 

The desired locus (Fig 35) 18 in the form of two arcs of 
equal circles with endpoints at A and В (Тһе points A 
and B do not belong to the locus) The centres of these arcs 
are found as follows. draw perpendiculars AD and BK to the 
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endpoints of AB (see Problem 5) Construct an angle KBL=a 
We find point C at the rntersection of BL and AD The 
midpoint О of line BC is the centre of one of the sought-for 
ares The other arc 15 constructed similarly 

17 To draw through a gwen рит А a tangent to a given 
circle 


Fig 38 Fig 36 Fig 87 


If A hes on the circle (Fig 36), construct ВАС perpen- 
dicular to radius OA (see Problem 5), CB 15 the required 
tangent line 


K L D 
CC) 
Ky - 7 
Fig 88 Fig 39 


НА hes without the circle (Fig 37), bisect АО (see 
Problem 2) and from the midpoint B draw are CD of radius 
BO Jom D and C to A with straight lines Тһе straight 
lines AD and AC are the required tangent lines 

18 To construct an exterior common tangent to two given 
circles 

(a) If the radi: of the given circles are equal, the problem 
always has two solutions (Fig 38) Through centres A and B 
draw diameters KK, and LL, perpendicular to the line AB 
of centres Drawing KL and Қыл we get the required so- 
lutions 

(b) Let the radi of the circles be unequal А > г; from 
the centre of the larger circle draw а circle of radius AC =R —r 
(Fig 39) Draw to this circle from the centre B of the smaller 
circle the tangent line BC (Problem 17). Join centre A to 
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the point of contact С, Produce it to meet the larger circle 
at D Draw BE perpendicular to BC to meet the smaller 
circle at E Jom D and E The straight line DE is the 
desired tangent The problem admits two solutions (DE and 
В.Е!) И the smaller circle does not lie wholly within the 


ә (©) 


Fig 40 Fig 41 


larger one If the smaller circle lies wholly within the larger 
one (Fig 40), the problem does not have a solution In the 
intermediate case when the circles are tangent internally 


L 


K 
Fig 42. 


(Fig 41), the problem has one solution through the point M 
of internal contact draw KL | AM. 

19. To construct an interior common tangent to two gwen 
circles 

The problem has no solution if one of the circles lies 
within the other and also И the circles intersect In the case 
of external contact (Fig 42) the problem has one solution: 
draw KL | AB through M. 

In all other cases we have two solutions (DE and D,E), 
Fig 43) From centre A draw a circle of radius equal lo 
the sum of the radii of the given circles From centre B 
draw the tangent BC to the construeted circle (Problem 17). 
Join the point of contact C and the centre A; the straight 
line AC cuts the circle (А) at point D. From B draw a radius 
BE | BC. Join its extremity Е to D, ED is the destred tan- 
gent. The other tangent, E,D,, is constructed analogously. 


255 


20 To circumscribe а circle about а given triangle АВС 

Draw а circle through vertices A, В, С (see Problem 13). 

21. To inscribe a circle т a given triangle АВС. 

In Fig 44 bisect two angles of the triangle, say A and 
C (see Problem 10) From the point О of intersection of the 
bisectors draw ОР | AC (see Problem 6) Using radius OD 
describe the required circle 


2%, 


Fig. 44 Fig 45 


22, To circumscribe a circle about a given rectangle (or 
square) ABCD, 

Draw diagonals BD and AC (Fig 45) From the point O 
of their intersection draw a circle of radius OA 


2 M 
Же УЕ 
26а «Єў 

V W»/ 

C Ма, 
“27 

Fig 48. Fig. 47. Бір, 48. 


It is impossible to circumscribe a circle about ап oblique- 
angled parallelogram 

23 To inscribe а circle т a rhombus (or square) ABCD 

From the point O of intersection of the diagonals draw 
OE | AB (Fig. 46) The circle with centre О and radius OE 
1$ the required circle 

It 15 not possible to inscribe a circle in а nonequilateral 
parallelogram. 

24 To circumscribe а сибе about а given regular polygon 

If the number of sides 15 even (Fig. 47), jotn any two 
pairs of opposite vertices by straight lines AB and CD. From 
the point O of their intersection describe acircle of radius OA. 

If the number of sides 15 odd (Fig. 48), drop perpendi- 
culars KL and MN from vertices K and M onto opposite 
sides From the intersection point О describe a circle of 
radius OK, 
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95 To inscribe а circle in a given regular polygon 

The centre of the circle is found as ш Problem 24 From 
the cenire drop a perpendicular OW on one of the sides 
(see Fig 47) Describe the circle using radius ON (or OL, 
Fig. 48). 

Е hs construct a triangle, given three sides а, b, and c 

Let the longest be а If a « &--c, then the desired tri. 
angle can be constructed as follows: lay off BC =a (Fig 49) 
From tts extremities B and C describe arcs тл and ро of 
radi с and b. Jom the point A of intersection of the arcs 
to B and C 


m PY р 2 
Mm AF у, y/ N 4 AUN B 
i fr SP 
sye AB " 2 
Fig 49. Fig 50 Fig. 51 


If a> b-c, then the problem has no solution In the 
intermediate case а=5--с, only a degenerate triangle meets 
the conditions its three vertices he оп one straight line. 

27 To construct a parallelogram, given sides a and b and 
one angle a 

Construct Z A=a (see Problem 7), on its sides lay off 
AC=a, АВ =b (Fig 50) Draw from B an arc тп of radius a 
and from C an are pq of radius 8 Join the point D of inter- 
section of these arcs to C and B 

98. To construct a rectangle, gwen the base and the ali- 
tude 

Proceed as ın Problem 27, construct the right angle œ as 
in Problem 5 

29. To construct.a square, given a side. 

Proceed as іп Problems 27 and 28 

30 To construct a square, given its diagonal АВ 

Through the midpoint of AB (Fig. 51), draw a perpen- 
dicular MN to AB (see Problem 2), From О, its point of 
intersection with AB, lay off on MN lengths OC and OD 
equal to ОА ACBD 1з the required square 

31 To inscribe а square in а gwen circle 

Draw two mutually perpendicular diameters АВ and CD 
(Fig 52) ACBD is the required square. 
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32 To circumseribe a square about a given circle 

Draw two mutually perpendicular diameters AB and CD 
(Fig 53) From their extremities as centres, describe four 
semicircles of radi OA The points of their intersection, 
Р, G, H, and Е, are the vertices of the required square. 


б Е € а 


Fig. 54. 


33 То inscribe a regular pentagon in а given circle 

Draw two mutually perpendicular diameters AB and CD 
(Fig 54) Bisect the radius AO to get point Е From E draw 
an arc CF of radius EC, cutting the diameter AB at F. 


Fig 55. Fig 56 


From C draw an arc FG of radius CF cutting the given 
circle at G, CG (=CF) is one side of the required figure 
With the same radius, draw arc mn from centre G to get 
one more vertex, H, of the desired figure, etc. 

Ы To inscribe a regular hexagon and a triangle in а 
eircle 

Opening the compasses to the radius of the circle, strike 
arcs on the circumference at points А, B, C, D, E, F 
(Fig 55) Join А, B, C, D, E, Е іп succession to obtain 
a regular hexagon Joining alternate points, we get a regu 
lar (equilateral) triangle 

35 To inscribe a regular octagon їп а given circle 

Draw two mutually perpendicular diameters AB and CD 
(Fig 56) Bisect ares AD, DB, ВС, СА by points E, F, G, Н 
(Problem 15) Join іп succession the eight points thus ob- 
tained 

36 To inscribe a regular decagon in a given circle, 
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Construct a point F (see Fig. 54) as іл Problem 33, oF is 
a side of the required figure Opening the compasses to the 
length OF, strike 10 consecutive arcs on the circumference 
These are the vertices of the desired figure 

Regular polygons mscribed іп а cirele and having 7 and 9 
sides are not constructible exactly by means of straightedge 
and compasses. 


Fig 57. Fig 58, 


37 To crcumscribe about а circle a regular triangle, 
pentagon, hexagon, octagon, and decagon 

Mark on the circumference of a circle (Fig. 57) the ver- 
ties А, В,.., F of a regular inscribed polygon with the 
same number of sides (see Problems 33 to 36) Draw гад 
OA, OB, . , OF and produce them. Bisect the are AB by 
the point E (see Problem 15) Through E draw JP | OE, 
The length JP between the extensions of adjacent radij is 
a side of the required figure On the extensions of the other 
radu lay off lengths OK, OL, ..., ON equal to OP. Join 
the points J, К, L, . ,, №, P in succession The polygon 
JKLM .. NP 15 the required one 

38 To construct a regular n-gon, given a side a 

On a length BK (Fig 58), equal to 2a, as diameter, 
construct a semicircle, Divide the semicircle into п equal 
parts by the points C, D, E, F, G (these are the vertices 
of a regular inscribed m-gon, n=6 in our figure) Connect 
centre A with all the points obtained, except the last two 
(К and б), From B draw an arc ab of radius AB, marking 
point L on the ray АС Using the same radius, from point L 
draw an are cd, marking point M on the ray AD, ete Join 
the points B, L, M, N and so on 1m succession. The polygon 
ABLMNF 18 the required one 

The problem 1s not always solvable by straightedge and 
compasses; for instance, for n=7 and n=9 the figure is 
not constructible since if 1s impossible, using straightedge 
eno compasses, to divide a semicircle into 7 or 9 equal 
parts. 
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138 The Subject of Geometry 


Geometry (see Sec 139 on the origin of the word) studies 
the spatial properties of objects disregarding all other features. 
For instance, a rubber bal] 25 cm im diameter differs from 
a cast-iron ball of the same diameter in weight, colour, 
hardness, etc Geometry disregards all these qualities of the 
balls and states that their spatial properties (shape and di- 
mensions) are the same From the viewpoint of geometry, 
both objects represent a sphere of diameter 25 cm 

An object conceptually stripped of all properties except 
its spatial qualities 1s called a geometric body (solid) A sphere 
15 а geometric solid 

Extending the process of abstraction, we get the concepts 
of a geometric surface, a geometric line and a geometric 
point We mentally separate the surface of a solid from the 
body it belongs to and divest it of thickness We deprive 
a line of thickness and width А point is without any dimen- 
sions whatever We conceive of a point as serving as the 
boundary of a line (or of a part of it), a line, as a boun- 
dary of a surface, and a surface, as a boundary of a solid 
We visualize the point as moving and, in this motion, as 
generating a line, a line m motion generates a surface, 
a moving surface generates a solid 

There are no points in nature devoid of dimensions, but 
there are objects so small that they can conveniently be 
taken for geometric points Neither are there any geometric 
lines or geometric surfaces in nature, but all the properties 
of lines and surfaces revealed іп geometry find multifarious 
applications in science and engineering This is due to the 
fact that geometric concepts are products of the spatial 
properties of the real world about us It 15 the abstract form 
of geometric concepts which serves to strip these properties 
of ali inessentials and exhibit them in pure form, 


139. Historical Survey of the Development 
of Geometry 


The notions of geometry originated in remote antiquity. 
They arose out of the necessity to determine the volumes 
of various objects (vessels, granaries and the hike) The most 
ancient written records which contain rules for determining 
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areas and volumes were compiled іп Egypt and Babylonia 
about 4000 years ago About 2500 years ago the Greeks took 
over Нот the Egyptians and Babylonians their geometric 
findings This knowledge was first used mainly in measuring 
land areas, whence the Greek term "geometry", which means 
“earth measurement” 

The Greek scholars discovered numerous geometric pro- 
erties and set up a harmonious system of geometric know. 
ledge For the basic starting principles they took the most 
elementary geometric properties suggested by experience 
The other properties were derived from these by logical 
reasoning 

About 300 BC this system took on a finished form as 
the “Elements” of Euclid, a work which also includes the 
essentials of theoretical arithmetic [he geometric sections 
of the “Elements” hardly differ either in content or rigour 
from present-day schoo! textbooks of geometry 

But we find nothing there about volume, the surface of 
a sphere, or the ratio of the circumference of a circle to the 
diameter (although there ts a theorem stating that the areas 
of circles are in the ratio of the squares of the diameters) 
The approximate value of this ratio was known from expe- 
rience long before Euclid’s time, but it was only in the 
middle of the third century BC that Archimedes (287—919) 
gave a rigorous praof that the ratio of the circumference of 
a circle to the diameter (our number x) les between 


34. апа 327 Archimedes also proved that the volume оѓ a 
sphere 15 less than the volume of a circumscribed cylinder 
by exactly 14. times and that the surface ой а sphere 15 


E times less than the total surface of a circumscribed 


cylinder 

The methods used by Archimedes in the solution of the 
problems mentioned above contain the embryo of the meth- 
ods of higher mathematics Archimedes applied these meth- 
ods to the solution of many difficult problems in geometry 
and mechanics that were very important to construction 
work and navigation. For instance, he determined the volu- 
mes and the centres of gravity of many solids and studied 
m question of the equilibrium of floating bodies of diverse 
shapes 

The Greek geometers investigated the properties of many 
curves that have theoretical and practical importance. They 
made a particularly deep study of conic sections (see Sec. 167) 
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in the second century ВС, Apollonius enriched the theory 
of conic sections with many important discoveries that have 
remained unsurpassed for eighteen centurtes 

In his study of coui sections Apollonius made use of the 
method of coordinates (see Sec 211) This method was applied 
to curves 1n the plane only in the 1630's by the French mathe- 
maticians Fermat (1601—1655) and Descartes (1596—1650) 
The engineering work of that day did not demand anything 
beyond plane curves It was only one hundred years later, 
when the demands of developing astronomy, geodesy and 
mechanics became urgent, that the coordinate method was 
applied to the study of curved surfaces and lines drawn on 
curved surfaces 

А systematic development of the coordinate method in 
space was given tn 1748 by the great Euler 

For over two thousand years the system of Euclidean 
geometry was regarded as immutable But in 1826 the celeb- 
rated Russian mathematician М 1 Lobachevsky created a 
new geometric system The starting propositions of this system 
differ from. those of Euclid in one point only, yet this dif- 
ference leads to а multitude of very essential peculjarities 
(In Euclidean geometry, through a point A there can pass 
only one straight line in the same plane as a given straight 
line BC without intersecting ıt In the geometry of Loba- 
chevsky there are infinitely many such straight lines) 

Thus, in Lobachevskian geometry the sum of the angles 
of a triangle 1s always less than 180° (іп Euclidean geometry 
it 1s equal to 180°), and the defect (the amount less than 180°) 
15 the greater, the larger the area of the triangle It might 
appear that practical experience refutes this and other con- 
clusions made by Lobachevsky But this ıs not so Measur- 
ing the angles of a triangle directly, we find their sum to 
be approximately 180° The exact value eludes us because 
of the imperfections of our measuring instruments. On the 
other hand, all the triangles that we can measure are too 
smal! for us to notice the defect im the sum of the angles 
via direct measurements, 

Subsequent development of Lobachevsky’s ideas showed 
that the Euclidean system 15 insufficient for a study of many 
problems of astronomy and physics where we have to do 
with bodies of immense proportions However, it suffices 
fully to handle all practical problems of our mundane life 
And since, besides, it has the advantage of simplicity, it 
will continue to be used in engineering calculations and it 
will continue to be studied at school. 
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140. Theorems, Axioms, Definitions 


An argument that establishes some property is called a 
proof or demonstration The property demonstrated 15 called 
а theorem In the proof of geometric theorems we proceed 
from earlier established properties, some of which in turn 
are theorems, however some are considered in geometry to be 
basic and are assumed to be true without proof Such pro. 
perties, or self-evident truths, are called axioms 

Axioms originated from experience, and it 15 experience 
again that verifies the truth of axioms as a system This 
verification consists in the fact that ali the theorems of 
geometry are in agreement with experiment, which would not 
be the case if the system of axioms were false 

Not a single geometric property taken separately 15 an 
axiom, since И can always be demonstrated on the basis of 
other properties For instance, the geometric axiom on the pro- 
perty of parallel lines reads “only one line can be drawn paral- 
lel іо a given line through a given point not on this line” 
(the axiom of parallels) Proof 15 given, on the basts of this 
axiom (and a number of others), that the "sum of angles of 
a triangle 1s 180°" Yet we could take this latter property 
for the axiom in place of the axiom of parallels (leaving 
the other axioms unchanged) Then the property of parallel 
straight lines may be demonstrated thus becoming a theorem 

Thus, a system of axioms can be chosen in a variety of 
ways The sole requirement is that the set of axtoms be suf- 
ficient to derive ail the other geometric properties In geo- 
metry, the attempt 1$ made to reduce the number of axioms 
as far as pease This is done in order to elucidate the 
logical relationships between the separate properties 

Axioms are preferably chosen from among the most ele- 
mentary geometric properties True, opinions may differ as 
to the simplicity of a property 

Some of the concepts of geometry are taken to be initial 
and their content is extracted from experience alone (such, 
for instance, is the notion of a point) All other concepts 
are derived from these initial ones They are defined and 
such explanations are called definitions Every geometric 
definition either stems directly from the initial concepts or 
15 based on earlier defined concepts 

One and the same geometric concept may be defined dif- 
ferently For example, the diameter of a circle may be defined 
as a chord that passes through the centre, or as the chord 
of greatest length. We can take one of these properties as 
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the definition and then prove the other property Preference 
15 given to the most elementary property, here too, inci- 
dentally, it 1s impossible to ensure complete and general 
agreement 


141. Straight Line, Ray, Line-Segment 


А straight line сап be mentally extended іп either direc- 
tion inde ately. A straight line that 1s bounded on one side 
is called а фа “Иле, or a ray А straight line bounded on 
both sides is called а line-segment 


142. Angles 


An angle (symbol £) 1s a figure (Fig 59) formed by two 
rays, OA and OB (the arms or sides of the angle), emanating 
from a single point О (vertex of the angle) 8 

Ап angle 15 measured hy the amount of 
rotation about the vertex О which carries 
ray OA to OB Wide use 15 made of two 0 A 
systems of measuring angles in terms of Fig 58. 
radians and degrees They differ іп the 
choice of the unit of measurement Radian measure is dis- 
cussed in Sec 180 

Measurement of angles in degrees * The umt here ts one 
degree = 1/360 of one complete rotation (symbol. °} Thus, 
one complete rotation (exemplified by the hand of a clock 
moving from 0 hrs to 12 hrs) constitutes 360°. A degree 
consists of 60 minutes (denoted'); a minute consists of 60 
seconds (" For example, 42?33/21" 1s read as “42 degrees, 
33 minutes, 21 seconds”. 

An angle of 90° (1 e, one fourth of a complete revolu- 
uem 18 called a right angle (Fig 60) and 1s denoted by the 
letter d 


* The degree ип of angular measure goes back to remote antl- 
quity (see бес 21, Пет 4) During the first French bourgeois revo- 
lution of 1793, а centesima! system of angular measurement was 
introduced in keeping with the decimal (metric) system of measures 
which was introduced at that time In that system a right angle was 
divided [nto !00 degrees (called grades), one degree into 100 minutes, 
and one minute into 100 seconds This system is still used today but 
not widely, mostly in geodetic measurements 
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An angle less than 90° 15 called acute (АОВ in Fig 59), 
an angle greater than 90° 15 called obtuse (Fig 61) The 
straight lines that form a right angle are called perpendicu- 
lar [ines 


NR „е р 


Fig 80 Fig 81 Fig 62 


Signs of angles It ıs often important to know in what 
diction a ray 1s being rotated In angular measurement, 
4 1s orc narily taken that counterclockwise rotation of a ray 
corresponds to positive values, while clockwise rotation indi- 
cates negative values For example, if the ray OA moves to 


Fig 63 Fig 64 Fig 65 
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coincidence with OB, as indicated in Fig 62, then / AOB 
a= 90° In Fig 63, / AOB=—90° In Fig 64, Z АОВ 
= —270° One and the same arrangement of rays may cor- 
respond to different angular measures depending on the type 
of rotation Thus, / АОВ in Fig 65 may be taken equal 
to +450° In elementary geometry, angular measurements 
are always taken to be positive and are considered to mea- 
sure the smallest rotation so that one does not measure 
angles greater than 180°, 

Adjacent angles In Fig 66 the pair of angles АОВ and 
COB with common vertex О and common side ОВ are adja- 
cent angles The two otuer sides, OA and OC are extensions 
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of one another Тһе sum of these two adjacent angles 15 
180° (2d) In Fig 70 we have adjacent angles АОМ and NOB 
which are less than 180° Angles which have a common ver- 
tex, опе common arm and are on opposite sides of the com- 
mon arm, are called adjacent angles 


[4 
N M ; 
8-70-74 N 
м”; " Ме; 
Fig 69. Fig 70 


Vertically opposite angles (or simply, vertical angles) are 
those which have a common vertex and the sides of one are 
the extended sides of the other In Fig 67, Z AOC and 
£ DOB (also / СОВ and / AOD) are vertical angles Verti- 
cal angles are equal (4 AOC = / BOD) 

When speaking of "an angle between iwo siraighi lines”, 
we mean any one of the four angles produced (usually the 
acute angle) 

The bisector of an angle ts the line that divides the Bree 
into two equal parts (Fig 68) The bisectors of vertical angles 
(OM and ON in Fig 69) form a single straight line The 
bisectors of adjacent supplementary angles are perpendicular 
to each other (Fig 70) 


143. Polygons 


A plane figure formed by а closed series of rectilinear 
segments is called a polygon Figure 71 depicts a hexagon 
ABCDEF The points А, B, C, D, E, Е, are the vertices of 
the polygon, the angles at these points (the angles of the 
polygon) are denoted by / A, Z B, / C, .., £ F. The lines 
АС, AD, BE, еіс are diagonals, АВ, BC, CD, elc. are the sides 
of the polygon. The sum of the lengths of the sides, 48-} BC 
+CE+ БЕА, ıs termed the perimeter and is denoted 
“by p, sometimes 2p (then р is the semiperimeter). 

Only simple polygons (that is, such that the contour has 
no self-intersections) are studied in elementary geometry. 
Polygons whose contours have self-intersections are called 
star polygons. A star polygon ABCDE ıs shown in Fig. 72. 
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If all the diagonals of a polygon lie inside the figure, the 
polygon is termed convex Тһе hexagon shown in Fig 71 15 
convex, the pentagon in Fig 73 15 nonconvex, or concave 
(the diagonal EC lies without the polygon) 

The sum of the interior angles in any convex polygon is 
equal to 180° (n— 2), where n is the number of sides of the 


polygon * 
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144. Triangles 


A triangle (symbols A, plural As) is a polygon having 
three sides The sides of a triangle are frequently denoted 
by lower-case letters corresponding to the labels of the op- 


B A 5 А 
Fig. 74 Fig 75 Fig 76. 


posite vertices If all three angles of a triangle are acute, the 
figure 1s called an acute-angle triangle (Fig 74), И one of the 
angles 16 а right angle, it ıs called a right triangle (Fig 75); 
the sides forming the right angle are called legs (а, 5), the 
side ре the right angle is called the Aypotenuse (с) If 
one of the angles 1s obtuse (say, / B in Fig 76), then we 
have an obtuse-angle triangle 


. 
н. 


* In geometry textbooks this property Is ordinarily stated only 
for convex polygons, yet it is valid for all “simple” polygons Note 
that in а concave polygon, one or several interior angles exceed 
180° Thus, in the concave pentagon shown in Fig 73, two angles 
are right angles, two are 45° angles, and one contains 270°, The sum 
of the angles 15 180? (5-2) =540°, 
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Triangle АВС (Fig 77) 18 an isosceles triangle two of its 
sides are equal (bc) When three sides are equal (а === с), 
as in Fig 78, we have an equilateral triangle 

In any triangle, the greater angle ts opposite the greater 
side, И the sides are equal, the opposite angles are equal, 


A B B 
C d 5 а ТТ? 
Fig 77 Fig 78 Fig 79 


and conversely, 11 the angles are equal, the opposite sides 
are equal In particular, equilateral triangles are also equl- 
angular, and conversely 

The sum of the angles of any triangle 15 180° Each angle 
іп an equilateral triangle 1s equal to 60° 

Producing one of the sides of a triangle (AC in Fig 79), 
we get an exterior angle, / BCD An extertor angle 1s equal 
to VU n g the nonadjacent interior angles / BCD 

Any side of a triangle 1s less than the sum and more than 
the difference of the other two sides (a < b+c, a > 8—6) 

The area of а angle is egual to one-half the product of 
the base and the altitude (see ес 146 on the altitude of a 
triangle)’ 5 = 1/2 ай, 


145, Congruence of Triangles 


Two triangles are congruent if the following elements are 
respectively equal 
(1) two sides and the included angle for example, 
AB=A'B', АС-АС, ДА 
=ДА’ (Fig 80), с c! 
(2) two angles and the 
adjacent side, for example, 
ДАДА, LC=LC, АС 


(да) two angles and the 
side opposite one of them, for A B 
example, /4=/А', ZB 4 8 
= £ В’, АС=А’С", Fig 80, 
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(3) three sides AB-- A'B’, ВС-ҺВС, AC=A'C', 
(4) two sides and the angle opposite the greater side; 
for example, AB = A'B', BC - B'C', L A= Z A in Fig 80, 
where ВС is greater than AB If equal angles lie opposite 


М” 
N 
L Nu м 
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Fig 81. 


smaller sides, then the triangles may not be congruent For 
example, the triangles LMN and L'M'N' in Fig 81 are not 
congruent although LM —L'M and LN—L'N' and Z M 

ДМ’ Here, the angles M, М’ lie opposite the smaller 
sides LN, L'N’ 


146. Remarkable Lines and Points 
of the Triangle 


The altitude (or height) of a triangle is the perpendicular 
drawn from any vertex of the triangle to the opposite side 
or its extension (the side to which the perpendicular 13 drawn 
is then called the base of the triangle) In an obtuse-angle 


B 
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tri ngle (ABC, п Fig 82), two altitudes (AD, BE) fall on 
the extensions of the sides, outside the triangle, and the third 
altitude (CF) falls inside the triangle In an acute-angle tri- 
angle (Fig 83), all three altitudes Пе within the triangle. 
In a right triangle, the legs serve as altitudes The three 
altitudes of a triangle always meet in one point called the 
orthocentre ln an obtuse-angle triangle the orthocentre lies 
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col es with the 


+ 


outside the triangle, in a right triangle 
vertex of the right angle 
The altitude of a triangle dropped onto side a is denoted 
by hg It 15 expressed in terms of the three sides by the 
following formula 
h — 2 УР =a) (0-6) 0—0) 
ас“ а 
where 
__at+b+e 
тв 
Median A straight line which joins a vertex of a triangle 
to the midpoint of the opposite side ts called a median The 
three medians of a triangle (AD, BE, CF in Fig 84) are 


ГА 8 
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concurrent (that is, intersect їп one рошё the point 1s al- 
ways inside the triangle) This point is the centroid (the 
centre of gravity of the triangle) It divides each median in 
the ratio 2:1 (reckoning from the vertex) The median which 
joins the vertex A of a triangle to the midpoint of side a 1s 
denoted by т, It is given, in terms of the sides of the 
triangle, by the formula 


та VERI 


An angle bisector of а triangle (see Sec 142) 1s the line 
segment from the given vertex to its intersection with the 
opposite side The three angle bisectors of a triangle (AD, 
BE, CF, 1n Fig 85) intersect ın one point (always inside 
the triangle) which 1$ the centre of the inscribed circle (see 
Sec 156) The bisector of angle A 1s denoted by В, Its 
length 15 given, in terms of the sides of the triangle, by the 
following formula 


Ba pr; V bcp (p—a) 


where p is the semiperimeter, A bisector divides the opposite 


270 


side into parts proportional to the sides adjacent to it 
In Fig 85, AE EC=AB BC 

Example. AB = 30 ст, 8C — 40 cm, AC=49 ст Find АЕ 
and EC The two parts (AE and EC) into which AC = 49 om 
is to be divided are in the ratio 30 40 or 3 4 Taking x 
as the scale unit. (х--1/; AE, ха«1),ЕС), we have AC 
== дх-„А4х=17х‚ x- АС 7=49 7-7, whence AE =3x=2], 
EC = 4x = 28 


The three perpendicular lines drawn to the sides of a 
triangle through their midpotnts (D, E, P, in Figs 86, 87, 88) 
meet at one point which is the circumcentre (see Sec 156) 
In an obtuse-angle triangle (Fig 86) this point hes outside 
the triangle, in an acute-angle triangle (Fig 87) it Нез inside 
the triangle, in a right triangle it lies at the midpoint of 
the hypotenuse (Fig 88) 

In an isosceles triangle, the altitude, the median, the 
angle bisector and the perpendicular drawn to the midpoint 
of the base (which in an isosceles triangle is always the side 
different from the other two) all coincide The same situation 
holds true for all three sides of an equilateral triangle In all 
other cases none of these lines coincides with any other one 
The orthocentre, the centroid, the centre of the inscribed 
circle and the circumcentre coincide only іп an equilateral 
triangle 


147. Orthogonal Projections. Relationships Between 
the Sides of a Triangle 


The orthogonal projection (or, briefly, projection) of a point 
on a straight line 1$ the foot of the perpendicular from the 
point to the line. In Fig 89, the points а, b, c, d are pro- 
jections of the points A, B, C, D on the straight line MN 
The projection of AB on ММ is the line segment ab of the 
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straight line MN bounded by the projections а and 6 of the 
endpoints of AB The line segment be 1s the projection of BC, 
eic This is denoted as ab — pra AB or, briefly, ab— pr АВ. 

The sum of the projections of the segments of a polygonal 
line 1$ equal to the projection of the closing segment 
In Fig 89, pr AD pr AB-- pr BC--prCD For complete 
generality, we must regard the projection of a line as an 
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algebraic quantity, the projection ab of segment АВ 15 taken 
to be positive if b is to the right of а, and ледайше if b 15 
to the left ора Thus, т Fig 90, pr АВ ар 18 negative, 
pr ВС —bc, рг CD —cd, pr DE =de are positive, рг EF =ef 
18 negative Therefore, the (algebraic) sum of the projections 
of the segments of the polygonal line ABCDEF 13 obtained 
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by adding the lengths of the segments 5c, cd, de and subtrac- 
ting the sum of the lengths of the segments ab and ef The 
result 15 equal to af, which 15 the projection of the closing 
segment AF 

The square of a side of a triangle is equal to the sum of 
the squares of the other two sides minus twice the product 
of one of the two sides by the projection, on it, of the other. 
Using the notations of Figs 91 and 92, we have 


a? = b*-- c? —2b prac AB (1) 


If х denotes the length of a projection (a positive number), 
then, when angle А 15 acute (pracAB =x m Fig 91), 


a? = 62+ c? — 20x (2) 
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and when angle А 18 obtuse (pracAB — — x in Fig 92), 


аё = b? c*?-- 2bx (3) 

If angle А 15 a right angle (Fig. 90, then pracAB=0 
and we have 

a? zz р®-|-с% (4) 


ihe square of the hypotenuse 18 equal to the sum of the 
squares of the legs (this 15 known as the Pythagorean theorem * 
The theorem of Pythagoras finds extensive applications in 
both practical and theoretical situations 

Formula (1} can also be written as 


а? == 12-с — 2bc cos А 
(see Sec. 199). 


148, Parallel Straight Lines 


Two straight lines AB and CD (Fig 94) are called parallel 
lines if they һе in one plane and do not meet however far 
produced. Symbol: AB | CD The distance between the lines 
is everywhere the same 
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A B aye 
e 2 M Я СЕ N 8/7 
Fig. 94 Fig 95 Fig. 96 


AM straight lines parallel to the straight line АВ are 
parallel among themselves 

It is considered that two parallel straight lines form an 
angle equal to zero (there is no angle at all in the direct 
sense of the woyd). 

If two rays belong to parallel straight lines, then the 
angle between the rays is taken lo be zero when the direc- 
tion of the rays 15 the same, and 180° when the directions 
of the rays are opposite. 

Straight lines (AB, CD, EF, Fig 95) perpendicular to a 
single straight line М.У are themselves parallel Conversely, 


* The theorem is credited to Pythagoras, a Greek philosopher who 
lived in 6th and 5th centuries В С Actually this theorem was known 
in the Ancient East 20 centuries before the Christian Era. 
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the straight lne ММ perpendicular to one of the parallel 
lines 15 perpendicular to al! others. All lines perpendicular 
to one of two parallel straight [ines are perpendicular to the 
other The lengths of these perpendiculars between the two 
parallel lines are equal Their common length ts the distance 
between the paraliel straight lines 

A straight line (called a transversal) that cuts two parallel 
straight lines forms eight angles (Fig. 96), pairs of which 
have the following names (1) corresponding angles (/ and 5, 
2 and 6, 3 and 7, 4 and 8), these angles are pairwise equal : 
44/25, L2=L£6, 28-27, 24-«/ 8, 

(2) alternate interior angles (4 and 5; 3 and 6), they are 
pairwise equal, 

(3) alternate exterior angles (/ and 8; 2 and 7), they are 
also pairwise equal, 

(4) interior angles on the same side of the transversa' 
(3 and 5, 4 and 6), ihe sum of these angles is equal іс 
1809 (Z 3+ Z 5— 180°, Z 44 7 6 = 180°), 
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Fig. 97. Fig 98. Fig. 99. 


(5) exterior angles on the same side of the transversal 
(7 and 7, 2 and 8), the sum of these angles 13 equal to 
180* (Z 123-7 7 = 180°, Z 2-- Z 8 = 1809), * 

Angles with corresponding sides parallel are either equal 
(if both are acute or both are obtuse) or their sum is equal 
to 180°, in Fig 97 Z 1= 72; in Fig 98, Z 3+ Z 4— 180° 
Angles with corresponding sides perpendicular are likewise 
either equal or constitute a total of 180° 

Parallel straight lines that intersect the sides of an angle, 
as shown in Fig. 99, intercept proportional lengths on the 
sides of the angle. 


04. 0B 0C. АВ BC АС ete, 


* When two nonparallel straight Hines are cut by a transversal 
the angles formed bear the same names as those given above, but the 
relationships between the angles no longer hold true. 
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149. The Parallelogram and the Trapezoid 


A parallelogram (ABCD in Fig 100) ts a quadrilateral 
in which both pairs of opposite sides are parallel The oppo. 
site sides of a parallelogram аге equal AB=CD, AD=BC 
Any two opposite sides may be taken as bases The perpen. 

dicular distance between them is called 
the altitude (BF) The diagonals of а ра- 


ET rallelogram bisect each other (4006, 
BO-—OD) The opposite angles of а 


AF D parallelogram аге equal (7 A— C, 
28-20) The sum of the squares 
rig 100 of the diagonals ts equal to the sum of 


the squares of the four sides AC?+ Bpà 
=ABt+ BC?+CD2+ AD? —2 (АВ? ВС?) The area S of a 
parallelogram 15 equal io the product of the base (a) by the 
altitude (йа) 


S=ah, 


Distinguishing features of parallelograms А quadrilateral 
ABCD 15 а parallelogram provided that 

(1) the opposite sides are equal (AB=CD, BC=DA), 

(2) two opposite sides are equal and parallel 


(AB=CD, AB | CD), 
(3) the diagonals bisect each other, 
(4) opposite angles are equal (< A— ИС, £ B= Z р) 
If one of the angles of a parallelogram is a right angle, 
then all angles are right angles Such a parallelogram is 


м, rs 
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called a rectangle (Fig 101) The sides of a rectangle (a, b) 
serve as its altitudes The area of a rectangle 15 equal to the 
product of is sides 5 =ар 

The diagonals of a rectangle are equal AC BD 

In a rectangle, the square of a diagonal is equal to the 
sum of the squares of the sides АС?ъ= Ар?-- DC? 
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If а parallelogram has all sides equal, it ts called 
a rhombus (Fig 102) 

In a rhombus, the diagonals are mutually perpendicular 
(AC | BD) and bisect the angles (Z РСА = / BCA, еіс). 

The area of a rhombus is egual fo half the product of 
the diagonals 


S=+ did, 


where 4 = АС, d, = BD 

А square 15 а parallelogram with right angles and equal 
sides (Fig. 103) А square is a particular type of rectangle 
and also a particular type of rhombus It therefore has all 
their properties, as given above 
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А trapezoid 1s а quadrilateral having one pair of opposite 
sides parallel (BC || AD. Fig 104) A parallelogram may be 
considered as a particular type of trapezoid 

The parallel sides are called the bases of the trapezoid, 
the other two sides (AB, CD) are called its nonparallel sides 
The perpendicular distance (ВК) between the bases 1s called 
the altitude of the trapezoid The line EF Joining the 
midpoints of the nonparallel sides is called the median (or 
midline) of the trapezoid 

The median of a trapezoid is equal to one-half the sum 


of the bases EF = (AD+ BC) апа is parallel to them: 
EF || AD 


The area of a trapezoid 1$ equal to the product of the 
median by the altitude 


S=+(atoyh 


where а= AD, b= ВС, h= BK 

A triangle is the limiting (degenerate) case of a trapezoid 
when one of the bases shrinks to a point (Fig 105). А dege- 
nerate trapezoid preserves its properties, for example, the 
line Joining the midpoints E and F of the sides of triangle ABD 
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(the median of the triangle) ts parallel to side AD and is 
equal to one-half of it 

А trapezoid with equal nonparallel sides 19 called an 
isosceles trapezad (AB=CD т Fig 106) The base angles 
of an isosceles trapezoid аге equal (4 — ZD, /В= 7C) 


150. Similarity of Plane Figures, 
Similar Triangles 


Пай the dimensions of a plane figure are changed (1ncrea- 
sed or decreased) in the same ratio (the ratte of stmulttude), 
then the old and new figures аге called similar figures For 
instance, a picture and a photograph of the picture 

In two sumar. figures, any corresponding angles are equal, 
that is, Ш points A, B, C, D in one figure correspond 


B to points a, 6, c, d of another, then 
ДАВС = Гав,  BCD— (4, etc 

4 с Two polygons (ABCDEF апа abcdef т 

Е Fig 107) are similar И they have equal 

a angles (LA = Za, ZB—Zb, , ZF = Z}) 

0 and their corresponding sides аге propor 
ЖС tonal (48-86 £2 FA 

Ли pna (re == =), 

: Thus ensures the proportionaltty of all other 

Fig. 107, corresponding elements oi the {шуп {ог 

example, the diagonals АЁ and ae have the 

same ralio asthe sides (42-4 However, the proportio- 


nality of the sides of polygons does not suffice to make them 
similar, for example, in Fig 108 the sides of the quadrilateral 
ABCD (square) are proportional to the sides of the quadrila- 
teral абса (rhombus), each-side of the square is twice that of 
the rhombus But the diagonals of the square did not di. 
minish in the same proportion (one diminished more than 
twice, the other, less than twice) because the angles of the 
rhombus abed are not equal to the angles of the square ABCD 
In the similarity of triangles, on the other hand, the 
proportionality of the sides is sufficient: two triangles are 
similar if their sides are proportional Thus, if the sides of 
a triangle ABC (Fig 109) are twice the length of the sides 
of triangle abc, then the angle bisector BD is twice the 
bisector bd, the altitude BE is twice the altitude be, etc, 
ane the ы. angles are equal (ДА = Za, ДВ= £6, 
= Ze), 
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If the corresponding angles of ішо triangles are equal, 
the triangles are similar (И 1s sufficient to detect the equality 
of two pairs of angles because the sum of the angles of a 
triangle 15 always 180°) This criterion is not sufficient for 
arbitrary polygons For example, the square ABCD and the 
rectangle abcd (Fig 110) have equal corresponding angles, 
but the figures are not similar 
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Triangles are also sumar when ішо sides of one are pro- 
portional io two sides of the other and the included angles 
are equal (that 1s, if AB 3с and Z B= Zb) 

Right triangles are similar if the hypotenuse and а leg 
of one are proportional to the hypotenvse and а leg of 
the other 

Any two circles are simtlar, one being an increased or 
decreased version of the other 

The areas of similar figures (say, polygons) are proportio- 
nal to the squares of their corresponding lines (sides, for 
example) In particular, the areas of circles stand m the same 
proportion to one another as the squares of the radi or the 
diameters It would therefore be a serious mistake to consider 
that the ratio of the areas of two circles 15 equal to the ratio 
of their diameters This mistake 15 often made, however 

Example 1 А circular metal disk of diameter 20 cm 
weighs 24 kg How much does a disk (of the same material 
and thickness) 10 ст in diameter weigh? 

To reason that the diameter of the small disk 1s one-half 
that of the [arge disk and on that basis to say that the small 
disk weighs one-half the large disk, or 12 kg, would be 
a grave mistake 

Here 1s the correct solution Since the materia! and 
thickness of the disk remain the same, the weights are pro- 


portional to the areas, and the ratio of the area of the small 
10 


disk to the area of the large disk is (ав). =+ Hence, the 


weight of the small disk 13 2.4 1-0 6 kg. 
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Example 2. The population of a country, call it А, is 
given as 82 mullion, that of some country B, 4 1 million 
If the population of B 1s shown diagrammatically as a square 
with side 10 cm, what will the side of the square depicting 
the population of А be? 

Denoting the required side by a, we have 


а M 82 a T a 
(5) =4Г=2, чу = Viel, алы 14 cm 


161, Loci and Circtes 


The focus (plural, loci) of points having a given property 
is the totality of the points satisfying the given conditions, 

The circle 15 a locus of points in the plane that аге 
equidistant from one point, the centre 

Equal line-segments joing the centre to points of 
the circumference are called radu, (singular, radius, denoted 
by r or А) Part of the circumference (say Атр in Fig 111) 


N 


Fig, 111 Fig 112 


is called an arc The straight line MN passing through two 
points of the circumference 18 called a secant, the portion 
of it, KL, lying inside the circle 1s а chord A chord increases 
as it approaches the centre of the circle The chord BD 
assing through the centre (0) 1s called the diameter, denoted 
y d or D The diameter 15 equal to two тайи (4==9г) 

A circle 1s a plane curve consisting of all points at a given 
distance (called the radius) from a fixed point in the plane, 
called the centre. A circle also denotes the region of a plane 
all points of whose boundary are at a given distance (called 
the radius) from a fixed point in the plane (called the centre) 

Tangent line Let the secant PQ (Fig 112) pass through 
the points A and В of the circle Let the рош} В move 
along the circumference approaching A The secant line PQ 
will change 145 position as it rotates about A. As B appro- 
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aches A, the secant PQ will tend to a certain limiting posi- 
tion MN The straight line MN 1$ called the fangen! to the 
circle at the point A. The tangent and the circle have only 
one point in common. * We may consider a tangent to be a. 
degenerate secant. 

A tangent to a circle is perpendicular to the radius OA 
drawn to the point A of contact. 


Е с 
A 
Т 7и C LN 
2 A Dp 8 
Fig. 113 Fig 114, 


From a point without a circle we can draw two tangents 
to the circle; the tangents will be of equal length (see Fig. 120). 

А segment of a circle 1s the area between a chord and the 
arc subtended by the chord (in Fig 114 the are ACB sub- 
tended by the chord AB) 


GS | 
VAY 4 D, 
Fig 115 Fig 116. Fig. 117. 


The perpendicular drawn from the midpoint of the chord 
AB to intersection with the arc АВ 1$ called the зади а of 
the аге АВ The length of the sagitta DC (Fig. 114) is the 
altitude of the segment. 

А sector of а tircle is that portion of the circle bounded 
by two radii of the circle and one of the arcs which they 
intercept (Figs. 115 and 116). A sector with radu that form 
an angle of 90° 1s called a quadrant (Fig 117) 


* This property is ordinarily taken as a definition of a tangent 
to a circle For other lines, however, this definition may prove Inva- 
lid For example, MN in Fig 113 is tangent to the line CADE at 
point A, but ММ has, besides A, a point N that belongs to CADE 
as well The definition we give of a tangent as the limiting position 
of a secant 15 applicable to all lines, 
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152. Angles in a Circle, The Length 
of the Circumference and of an Are 


A central angle ts formed by two тайи (Z АОВ in 

‚ M8 

Ап йы angle 15 formed by two chords (CA and CB 

Fig 119) issuing from a common point of the circle 
(Z ACB in Fig 119) 

A circumscribed angle ts one formed by two tangents 
issuing from one point (CA and CB which form Z ACB in 


Fig 120) 
с ОА 
А в (У, 
aig 118, Fig. 119 Fig 120 


The length о} an arc described by the endpoint of a ra. 
dius ts proportional to the magnitude of the corresponding 
central angle, for this reason, the arcs of one and the same 


circle may be measured like angles, by degrees (see Sec 142) 


Namely, 1° of аге 18 taken to be aa; of the circle (that is, 
an arc whose central angle 15 equal to 1°) 
с The entire circle contains 360°, one half is 

5 180°. 
0 8 ^D To avotd errors that occur frequently, 
note that the value of the central angle is 
Fig 121 quite independent of the length of the rad- 


tus whereas the magnitude of the corresponding 
arc is proportional to the radius Thus, Іп Fig 121, the 
central angle preserves the same value irrespective of whether 
we form il with the гади OC and OD or OA and OB, which 
are half that length Now the arcs AB and CD are of une- 
qual length although they have the same number of degrees: 
arc AB is shorter than are CD 
Generally, the length of an are ts proportional to (1) the 
0018 and (2) the magnitude of the corresponding central 
angle 


The length of the circumference p constitutes about 3 
the length of the diameter px i d. In other words, the 
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ratio of the lengths of circumference and diameter 15 аррго- 
ximately 3+ 
P al 
eer 
The exact ratio + is denoted by the Greek letter pi (л) 
Т зеді (1) 
34 15 an approximate (too high) value of the number л 


The number л is irrational (see Sec 91), which means it 
cannot be written exactly as a fraction. To five decimal pla- 
ces, р! is given as 3 14159 For practical purposes it suffices 
to take the value л = 3 14, which is slightly less (the dif- 
ference 15 inessential) than лош 3+ 


Formula (1) yields 


or 
p= Хлг (3) 
The length of 1° of are 1s 
2nr лг 
Pio = тє = 180 (4) 
An arc length of n° 1s 
Pre =i (5) 


Formulas (2) to (5)—all of them are readily derived from 
(1) — are of great theoretical and practical value 

Example 1. А 2 4-metre strip of steel 15 used to make a 
hoop, 02 metre 1s taken up at the ends for riveting What 
15 the radius of the hoop? 

The length of the circumference р= 2 4—0 2=2 2 metres 
By formula.(3) 

Bul. 

Example 2. The diameter of the driving wheel of a lo- 
comotive 15 1.5 metres How many rotations per minute does 
the wheel make when the train's speed 1s 80 km/hr? 


The wheel covers per minute a distance of 30 60=4 (km), 
or 500 metres In one rotation, it covers a distance equal to 
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the length of the circumference р, р--Л4 = 3 14 1,5 а 471 
metres The desired number of rotations is 500 4 71 zx 106, 
Example 3. А railway line has a track curvature of 800 me. 
tres radius The track length on this curvature 1s 60 metres 
How many degrees are there in the arc of the curvature? 
Ву formula (5), 
..180p _ 180 60 
"mr C O8 104 800 
The area of a circle 15 equal to the product of half the 
circumference by the radius 


1 
m = г 
(42; 2 2 E Б Р | 


The area of a sector of a circle (S 15 
Pu, AE: equal to the product of half the ac 
(Psect) by the radius (ғ): 


n ж 4?20' (rounded) 


1 
Ssect= Y Psect” 


The area of a sector with an arc of n? is 


nôn 
Sae = 36 


The area of a segment of a circle 15 found as the diffe- 
rence between the area of the sector АОВт (Fig 129) and 
the trangle АОВ 


152a, Huygens’ Formula for Arc Length 


In practical situations, one often has to find the length 
of an are given in а drawing (or full-size) when it 15 not 
known what рагі of the circle the arc constitutes and what 


M 


A с В 
Fig 122a 


the radius of the circle 15. Їп such cases, use can be made of 
the following device. 


Mark the mfápoint M (Fig. 122a) of a given are AB (this 
point lies on the perpendicular CM drawn to the midpoint C 
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of chord АВ) Then measure the chord АВ and the chord 
AM which intercepts half the arc. The length p of arc AB в 
given (approximately) by the following formula of Huygens: * 
p s +4 UL) 
where {=АМ and L=AB 
This formula admits of a relative error of about 0.5%, 


when ДВ subtends 60° The percent of error falls off sharply 
as the angular measure of the arc decreases Thus, for an arc 
of 45? the relative error constitutes approximately 002% 


Example Figure 122a depicts ап are AB for which 
1=АМ = 34 0mm, L=AB=67 1mm 
Huygens’ formula yields 
р= 2.84 0+- (2 34 0—67 1) = 68 3 (mm) 


Here, all figures are correct since the arc AB subtends 
about 45° (this can be gauged by eye) and, hence, the error 
ote formula comes to roughly 0 02%, which 15 less than 
005 mm 


153. Measuring Angles in a Circte 


An inscribed angle constitutes one-half the central angle 
of the intercepted arc In Fig 123, 2 АСВ--- £ АОВ. 


с 


// n 
AD 00, 
8 8 
Fig 123 Fig 124 Fig 125. 


Therefore all inscribed angles intercepting the same arc are 
equal In Fig 124, / АСВ--/ ADB=Z AEB Ш other 
words, the chord АВ is seen from the same angle from all 
points of the intercepted arc We say that arc ACDEB sub- 
tends an angle of a definite magnitude For example, a semi- 
circle subtends an angle of 90° (Fig 125). 


* Christian Huygens (1629-1695), Dutch sclentist noted for 
works in the fields of optics and mechanics 
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Since the central angle contains as many angle degrees 
as are degrees, Ц follows that an inscribed angle (/ ACB in 
Fig 123) 1s measured by one half the intercepted arc AB 

An angle formed by two chords (say, 4 АОВ in Fig 1%) 
15 measured by half the sum of the arcs, -> (CD -- 48), con 
tamed between its two sides (produced іп both directions) 
An inscribed angle 15 а spectal case of the one under consi 
deration (опе of the arcs 1s equal to zero) 


б) СЕ Y 


Fig. 126 Fig 127 Fig 138 Fig. 129 


An angle formed by two secant lines (Z АОВ, Fig 197) is 
measured by one-half the difference of the arcs lying between 


its two sides + (AB—CD) An inscribed angle ts a particu- 
lar case of the angle between two secant lines (CD =0) 

Regarding a tangent line as a degenerate secant line 
(Sec 151), we find that the angle formed by a tangent line 
and a chord (say, ABC ш Fig 128), is measured by one-half 
the intercepted arc т AnB , an angle formed by a tangent 
dine anda secant line (say, Z BOA in Fig 129) 1s measured 
by one-half the difference of the arcs between its sides, 
+ (BA—DÀ), a circumscribed angle (/ COA in Fig, 129) is 
measured by one-half the difference of the arcs between its 
sides 3 (СБА СОА) 


154, Power of a Point 


The power of а pant О with reference to a given circle 
of radius г 1s the quantity d*—;?, where dis the distance 
OC {гот the point Lo the centre of the circle The power of 
a point external to the circle is positive, that of a point 
internal to the circle, negative For points on the circumfe- 
тепсе, the power 15 zero. 
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The absolute value of the power of ^ = ' d*— r8 |, is 
denoted by p? so that for an exterior ре i, р*= 027%, and 
for an interior point, p*— ri— d? The quantities р? and p 
(the latter 1s assumed to be positive) play an important role 

Let there be drawn through O (Figs 130 and 131) all 
kinds of secant lines (АВ, DE, FG, гіс) The product of the 
length of a secant from O to its point of intersection with 
the circle (ОА.ОВ or 00: OE or OF-OG, еіс) 13 a constant 
equal to p? Of particular importance ts the case when the 
secant line passes through the centre C (see examples below) 


If point О is external (Fig 130), then, regarding the tan- 
gent line as a degenerate secant line, we һауе ОТ?==р®, or 
the absolute value of the power of a point 15 the square of 
the length of the tangent line Thus, the quantity p 15 equal 
to the length of the tangent line OT. 

If point O is internal (Fig 131), then, drawing through 0 
the chord L,L, perpendicular to the diameter DE, we have 
OL, = 01, so that OL? — p*, or the power of a point 13 equal 
to the square of the least semichord passing through the 
point Thus, the quantity p is equal to the length of the 
semichord OL, 

Example 1. What 1$ the range of sight from an aircraft 
flying over the sea at an altitude of 2 km? Take the dia 
meter of the earth at 12,700 km 

Figure 132 gives a schematic vertical cross section of the 
earth with О as the location of the aircraft, OF =? km, 
EDz12,700 km The point farthest away on the earth’s sur- 
face as seen from the airplane 15 T, ОТ 15 the tangent line 
tp the circle ETD; ОГ=р. On the other hand, р? 
= ОЕ:0р = 2-12,700 (we take OD ғ 12,700 km, dropping 
2 km as a quantity definitely less than the limiting error 
of the approximate value of 12,700 km) We thus get 


p= V 25,400 ~ 160 (km) 
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Example 2 The span of a masonry vault ts 6 metres, it 
has an altitude of 04 metre Determine the radius of the 
are of the vault 


0 
Е Е 
Г L L 
7 0 C \ 2 
\ d 
D UY 
Fig 132, Fig 133 


See Fig 133 (schematic) LL, 6m, EO=04m The 
power of the point O is pi Oti = (=)= On the 


other hand, p?= EO-OD, since EO 15 small compared with OD, 
‚ we can take OD —2r and we get 9 = 04 2r, whence 


rae xl (m) 


155, Radical Axis. Radical Centre 


The locus of points M (Figs 134, 135, 136, 137, 138) 
having equal powers with reference to two given circles Оу, 
0, (МК, =МК,) ts a straight line АВ perpendicular to the 
line of the centres 


Fig 184 Fig 135, 


This straight line ts called the radical axis of the circles 
О, and O, The distances d,, dy of the radical axis from the 
centres O,, O, of the given circles may be computed by the 
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formulas 


2 2 
_ 4 seat! 
= ON ay 


rt. г? 
dy = NO, = T4. 2 


where d is the distance 0,0, between the centres of the 
circles, and гу and ғұ are the radi: of the circles. It is much 


Fig 138. Fig 137 


easler to find the radical axis by means of a construction. 
If the circles О, and 0, intersect at points C and D, then 
each of these points has power zero with respect to both 
circles and, hence, the radical axis passes through C and D 
(Fig. 186) If the circles touch at point C (Fig. 137, 138), 
then the common tangent serves as their radical axis. For 


se 


Fig 138 Fig 139. 


nonintersecting circles, the radical axis may be found thus 
Construct (Fig. 139) an auxiliary circle O, to intersect circle 
Оу їп points C and D and circle O, in points E and F The 
straight lines CD, EF are the radical axes of the two pairs 
of circles O;, O4 and O,, Оз. For this reason, thelr point P 
of intersection has the same power with respect to 0,, Оз 
as it has with respect to 0,,0,. Hence, it has the same powers 


288 


with respect to О, and О», that ts to say,,1t lies on the ra 
dical axis of the (зо given circles Finding another point 
in the same manner or dropping a perpendicular PN from 
P to 0,02, we find the required radical axis, 


Fig 140 Fig 141 


The foregoing reasoning shows that the three radical axes 
of any three circles Оз, Оз, Оз (taken in pairs) intersect in 
one point This point 1s termed the radical centre of the 
circles O4, Оз, Оз In particular, the three common chords 
of the three pairwise intersecting circles in Fig. 140 intersect 
in а single point The three common tangent lines of three 
pairwise tangent circles (Fig 141) also intersect in a single 
point 


156. Inscribed and Cireumseribed Polygons 


A polygon inscribed їп а сибе is one in which all the 
vertices Не on the circumference (Fig 142), a polygon cir- 
cumseribed about a circle is one in which the sides are 
tangent to the circle (Fig. 143). 


Бі, 142 Fig 143 


A circle circumscribed about a polygon is one that passes 
through the vertices (Fig 142), a circle inscribed in a polygon 
is one which touches the sides of the polygon (Fig. 143). ЇЇ 
we take an arbitrary polygon, a circle can neither.be inscribed 
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in И nor cireumseribed about it In the case of а triangle, 
it is always possible to inscribe a circle їп 1t and circum- 
scribe a circle about it (see Sec 137 Problems 20, 21 and 
Sec 146) 

The radius ғ of an inscribed circle ts given in terms of 
the sides а, В, с of a triangle by the formula 


rey Hae ad 
р 


where А 
а+б+с 
p = 


The radius R of a circumscribed circle is given Бу the 


formula 
abt 


R = — 
4 Ир (р-а) (p-b) (р-с) 


А circle can be inscribed in a quadrilateral only when 
the sums of the opposite sides are equal, of all parallelog- 
rams, only the rhombus (or square, as a special case) admits 
inseribing a cirele Its centre lies at the intersection of the 
diagonals 

A circle can be cireumsertbed about a quadrilateral only 
when the sum of the opposite angles 1s equal to 180° (tf 
this 1s true for one pair of opposite angles, then the sum of the 
other pair of angles will definitely come to 180°) Of all paralle- 
lograms only the rectangle (square, as a special case) admits 
circumscribing a circle, its centre lies at the intersection of 
the diagonals 

A circle can be circumscribed about a trapezoid only 
when 1t 1s.an isosceles trapezoid 

In a convex quadrilateral inscribed in a circle, the pro- 
duct of the diagonals 15 equal to the sum of the products 
of the opposite sides (Ptolemy's theorem) In Fig. 142 


AC-BD— AB DC-- AD. BC 


157. Regular Polygons 


À regular polygon is a polygon with equal sides and 
angles Figure 144 shows a regular hexagon and Fig 145 
а regular octagon A regular quadrilateral is a square, and 
a regular triangle is an equilateral triangle Each angle of a 


regular n-gon 15 equal to 1007022). 


19-652 
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Referring to Fig 144 we see that a regular polygon | 
a point O Paide it that 13 equidistant from all the Sedis 
(ОА =0В = OC, еіс). This 15 the centre of the regular po! 
gon The centre is also equidistant from all the sides of а 
regular polygon (OP — OQ =9К, еіс) 

The lines OP, OQ, etc are called apofhems (or short 
radi), and the lines OA, OB, etc, are called the radu of 
a regular polygon 


Fig 144 Fig 145, 


The area of a regular polygon is equal to the product of 
the semiperimeter by an apothem 


$ == ph 
where 


p=>(AB+BC+CD+ .), h=OP 


A circle may be inscribed in a regular polygon or circum 
scribed about it. The centres of the inscribed and circum. 
scribed circles Ме at the centre of the regular polygon. The 
radius of a circumeircle 1s the radius of the regular polygon, 
the radius of the inscribed circle 1s the apothem (For the 
construction of inscribed and circumscribed circles of 
olygons see Sec 137, Problems 30-38) A side b, of a regu 
ar circumscribed polygon can be expressed in terms of the 
side a, of a regular inscribed polygon with the same number 
of sides by the formula 


b, Ба, үй - 4-а, 


where R 15 the radius of the circle 
The side a, of a regular inscribed polygon with double 
the number of sides 13 expressed in terms of c, by the for- 


mula 
an= у im y RL 4 
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The following iormulas express relationships between the 
sides of certain regular inscribed polygons and the radius of 
the circle, " 

a, —R Y 3 x 1 7321R, 


a,— R V 2 s 1 4M2R, 


ү =1 17558, 


а= В 
0 == R 
a, -RV2—V T= 0 76548, 


aio R 5—1 = 061804, 


а= RV 2—У 3 x 0 51762, 


ав RV 1012 Y 8— Y 3 (V 5—1) = 0.41588 


The expressions for аҙ, a, and а, are еен used in 
practical computations, it 18 best to remember them The 
most convenient method for computing the sides of the other 
polygons is by means of the formulas of 


trigonometry (see Sec 190) using tables For 8 
most polygons, the relations a, R cannot be и ғ 
expressed as algebraic formulas even if we А 

use nested radical signs (radicals within ra- м Ж, 


dicals) 

Example. Is it possible to obtain a square 
beam (36 ст on a side) from а log 40 cm in 
diameter? 

We can take the cross section of the log as a circle of 
radius 


Fig 146 


R = $> = 20 (cm) 


The largest square in this circle в the square that is 
inscribed п it Hs side AB (Fig 146) 15 equal to 20} 2 
zz 20-1 41 => 28 (cm) Hence, we cannot obtain а 36x36 ст 
beam from this log 


158, Areas of Plane Figures 


In this section we give the most important formulas for 
finding the areas S of plane figures (some of them have 
already been given їп appropriate sections) 
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Square (Fig 103, page 274) a 1s a side, d, a diagonal: 


$ == a? == 5. 
Rectangle (see Fig 101, page 274) а and b are sides 


б-ша) 


Rhombus (see Fig 102, page 274) а is а side, d, and d, 
are diagonals, and а 15 one of the angles (acute or obtuse) 


S = “ШЕ = а? та 


Parallelogram (see Fig 100 page 274) a and 6 are sides, 
а 15 one of the angles (acute or obtuse) and A 15 
the altitude 


$ =ай == 26 sina 


Trapezoid (see Figs 104, 106, page 275) 
а and b are bases, A, altitude, and c, the median 


S= thach 


Any quadrilateral dj, d} diagonals, о, the angle between 
them (Fig 147) 


$ = 3 dd. sina 


А ctreumseribable quadrilateral (Sec 137, Problem 22) 
а, b, c, d are the sides. 


p=tt Prete 
5= y (p—a) (8—0) (p—o) (p— 


Right triangle (see Fig. 75, page 266): а and b are the 
legs. 


1 
S —- ab 


An tsosceles triangle (see Fig 77, page 267). a, the base, 
b, a side 


An equilateral triangle (see Fig 78, page 267) a, a side. 
= [a УЗ 
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An arbitrary triangle with a, b, с the sides, а the base, 
h the altitude, and A, БЕ the angles opposite the sides а, 
_ 04b4c 
b, c, respectively, pec (Fig 148) 
asn BsnC ht sin A 
2:04 ~ 2an Bint 
= y p(p—a)(p—5)(p—c) 


S —- p ah ab sinc 


Fig 148 Fig 148, 


А polygon whose area is sought is partitioned into trian- 
gles in any manner (say by diagonals) It is convenient to 
ponte a polygon, circumscribed about a circle, by straight 
ines from the centre of the circle to the vertices of the 
polygon (Fig 149) We then get 


S=rp 


where 715 the radius of the circle and p 15 the semiperi- 
meter. 
In particular, this formula 1s valid for any regular polygon. 
А regular hexagon т which a ва side: 


5-4 У За 


A circle in which d is the diameter, г the radius, С the 
length of the circumference 


=i- Cr= nr? (my 3 14272) == л S. (e 0 78549) 
A sector of radius г, п is the degree measure of the cen- 
tral angle and р, 18 the arc length (Fig 150) 
тгл 


1 
Say "Ри = 350. 


An annulus (Fig 151) where Ю and г are the outer and 
inner radit, respectively, D and d, the outer and inner dia- 


meters, respectively, 7 the mean radius; and k the width of 
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the annulus 
S =n (R1— 15) = F (D3 — d?) = Олға 
Segment The area of a segment (Fig 152) 1s found as the 


difference between the area of the sector OAmB and the 
iriangle A0B 


РА i 
i 
SN 
2 PON Aem 
Sn N (NNN V 
2 Хо | AN 
А ke 0 8 


Fig 150 Fig 151 Fig 152, 


158a. Approximate Formula for the Area of a Segment 


In practical situations, one often has to find the area of 
a segment given natural-size ог in a drawing when it 18 not 
known what part of the circle the arc of the segment con- 
stitutes and what Из radius 1s In such cases the following 
approximate formula may be used 


See ah 


where а= АВ (Fig 1524) 1s the base of the segment, A=CM 
із its altitude In other words, it 1s taken that the area of 


a segment 1s equal to + the rectangle ADEB Actually, the 


Fig 152a. 


area of the segment 15 somewhat greater For AB=60° the 
relative error of the formula comes to 1 596, for АВ =45°, 


it is half as much, for АВ =30° it is 0.3% and continues to 
fall off even more rapidly. 


295 


Example. Find the area of the segment AMB (Fig 152a) 
whose base а= 60 0 mm and altitude Л=8 04 mm 


Solution, 5 ғу -2-.60 0.8 04 яз 321 (mm*). However, the 


third digit is definitely incorrect since the arc AB contains 
60° (this 1s visibly so) and, hence, the error of the formula 
comes to 1.595, which 1s roughly 5 square millimetres Making 
the appropriate correction, we find Say 326 mm?, all digits 
are true. 


В, SOLID GEOMETRY 
169. General 


Solid geometry studies the geometric properties of objects 
and figures in space. When solving problems in solid geometry, 
an important technique is the consideration of plane lines 
and figures (both those in the solids under study and also 
lines and figures constructed as auxiliary elements), It ts 
therefore very important to learn to recognize and isolate 
diverse plane figures in spatial images 


160. Basle Concepts 


As in plane geometry the most elementary line is the 
straight line, so in solid geometry the most elementary sur- 
face is the plane surface— the plane. Planes and straight lines 
are the basic elements of solid geometry 

One and only one plane can be drawn through any three 
points of space not all on one straight line. Through three 
points of one straight line, ıt is possible to pass an infimi- 
tude of planes, called a pencil of planes, the hne through 
which all the planes pass is called the axis of the pencil 

One and only one plane can be drawn through any straight 
line and a point external to the line. It 1s not always pos- 
sible to draw a plane through two straight lines Two straight 
lines through which it 15 impossible to draw a plane are 
termed skew lines 

Example. A horizontal line drawn on one wall of a room 
and a vertical line drawn on the opposite wall are skew lines. 

Skew lines are nonintersecting lines no matter how far 
produced, but they are not parallel 

Parallel lines are nonintersecting lines such that a plane 
can be passed through them (cf. Sec, 148). 
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The difference between parallel lines and skew lines 15 
that two parallel straight lines have the same direction, 
while skew lines have different directions 

All the points of one of two parallel lines are equidistant 
rom the corresponding points of the other (the perpendicular 

distance 15 taken), whereas the points of 

Е one of two skew lines are at different dis. 

tances from the corresponding points of the 
other skew line 


Raab Ж One and only one plane can be drawn 
EE through two intersecting straight lines 
Fig. 153, The distance between two skew lines 15 given 


by the length of the line segment MN 
(Fig 153) joining the nearest points М and № of the skew 
vs The straight line ММ 15 perpendicular to both skew lines 
The distance between parallel straight lines ts defined as 
'n plane geometry The distance between intersecting straight 
lines 15 taken to be zero. 
“wo planes may intersect (along a straight line) or may 
not intersect Nonintersecting planes are termed parallel 
Lanes 
2 A straight line and a plane also either intersect (in а point) 
or do not intersect, in which case we say that the straight 
line 15 parallel to the plane (or that the plane is parallel to 
the straight line) 


161, Angles 


The angle between ішо intersecting straight lines is measu- 
red in the same way as in plane geometry (because a plane 
can be drawn through two such straight lines) The angle 
between parallel lines 1s taken to be zero (ог 180°, see Sec 
148) The angle between skew lines AB and CD (Fig 154) * 
1s defined thus through any point O draw rays OM || AB and 
ON | CD. The angle between AB and CD is taken to be equal 
to the angle NOM In other words, the straight lines AB 
and CD are translated parallel to themselves to new positions 
until they intersect For instance, we can take O on one of 
the lines AB, or CD, which will then remain fixed, 


* On the straight Jine АВ (and on CD) we ean establish а direc- 
tion at pleasure from A to В or from B to A (from C to D or from 
Dis C) in the former case, the line is denoted АВ, іп the latter, 
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The straight line AB that intersects plane P at point 0 
forms, generally speaking, distinct angles with distinct lines 
OC, OD, OE drawn in the plane P through О (angles AOC, 
AOD, AOE, Fig 155) Н AB is perpendicular to two such 
straight lines (say ОЕ, OD), then it is perpendicular to all 


t 
<4 
0 L е 
M 
Fig. 154. Fig. 155, Fig 158 


the other lines passing through О (say, OC) In this case we 
say that the straight line OA (Fig 156) 15 perpendicular to 
the plane P, and the plane P 1s perpendicular to the straight 
ипе OA 

The orthogonal projection (or simply, projection) of a poni 
А on a plane P is the foot C of the perpendicular drawn 


8 7 MN 

An 1 Г} 
2, 

Fig 157 Fig 158 Fig 159. 


from the point A to the plane P The projection of а hne- 
segment АВ on a plane P 18 the line segment CD whose 
endpoints are projections of the extremities of АВ (Fig. 157). 
Operations involving projections constitute one of the basic 
techniques of geometric investigation (see Sec. 162) The angle 
between a straight line and a plane is determined by means 
of a projection operation 

In Fig. 158, іле angle between the straight ине OA and 
plane P 1s the angle formed by OA and its projection OB in 
the P ше If the straight line ММ is parallel to the P 
plane (Fig 159), then it 1s parallel to its projection and the 
(acute) angle between ММ and the P plane 15 taken to be 
Zero 

The figure (see Fig 160) formed by two half-planes P 
and Q emanating from one straight line CD is called а dihed- 
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ral angle. The line CD 1s the edge of the dihedral angle, the 
planes P and Q are called the faces of the angle 

Plane R, which ts perpendicular to the edge of the dihed- 
ral angle, forms ап angle АОВ at the intersection with the 
faces P and Q. This ts called the plane angle of the dihedral 
angle 


Flg 160 Fig 161 


A dthedral angle 1s measured by its plane angle Instead 
of saying that the “measure of a dihedral angle 15 30°" we 
say that the “dihedral angle 15 equal to 30°”, and the like 

One often also speaks of “an angle between two planes” 
(cf with plane geometry where one speaks of “an angle bet- 
ween two lines") This angle 15 then one of the four angles 
formed by the planes (ordinarily, the acute angle) * 

The angle (acute) between two parallel planes is said to 
be zero (Actually there is no angle at all) 

jive planes that form a right angle are termed perpendi- 
cular 

In Fig 161, the angles formed by the two straight lines 
AB and CD, which are respectively perpendicular to the 
planes P and Q, are equal to the angles between P and Q 
(acute angles being equal to acute angles, and obtuse angles 
to obtuse angles) For this reason, the measure of an angle 
between two planes, P and Q, may also be defined as the 
value of the angle formed by the straight lines AB and CD 


162. Projections 


Any line (and not only а straight line), whether 14 lies 
in a plane or does not, can be projected onto a plane In 
Fig 162, let ABCDE be a ппе (curved or polygonal) Let 


* Vertical and adjacent dihedral angles are defined in the same 
way as vertical and adjacent angles between straight lines Vertical 
dihedral angles are equal 
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us move a point along this line, as the point takes ир posi- 
tions А, B, C, D, etc, its projection (Sec 161) will take up 
the positions а, 6, с, d, etc The line abcde described by the 
projection of the point moving along ABCDE 13 called the 
projection of the ипе ABCDE Though the 
shape of the projection depends upon the с 
shape of the line being projected, it does ABA. Г 
not determine the shape of the line being 
projected However, И we know the pro- 
jections of a line ABCDE on two planes, 
then the shape of the line ABCDE itself is дей- Fig 162 
ned (there are some special line arrangements 
that constitute exceptions) This fact underlies the method 
of descriptive geometry in which a geometric figure is studied 
a the basis of its projections on two mutually perpendicular 
planes 

The shape of a line proyected onto a plane changes Thus, 
for instance, 1f we project (see Fig 163) a circle on plane P 
from plane 0, which 18 not parallel to P, the projection 
will be an oval curve called an ellipse 


М. 


CD FT 


Fig 163, Fig 184 


If a closed curve lying їп the Q plane is projected on 
the P plane, then the area S, bounded by the projection 15 
connected with the area S bounded by the figure being pro- 
jected via the relation 


SiS cosa 


where а i$ the angle between the planes P and 0 
A similar formula relates the length а of AB (see Fig 157 
on page 297) to the length a, of its projection. CD on the 
plane P 
a, =a COS a 


where œ is the angle between the straight line AB and the 
plane P 

Points and lines are often projected onto a straigh! tine 
(the axis of projections) 
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Suppose we һауе a straight line AB and a point M 
(Fig 164) Draw through M a plane perpendicular to AB 
It intersects AB in a point m, the point m 1s called the 
projectton of pont М on the line AB 

Projecting the extremities М and N of line ММ on the 
line AB, we obtain the points m and n, the segment they 
bound is called the projection of the line-segment ММ оп 
the straight line АВ * The length а of MN 1$ connected 
with the length a, of its projection mn by the formula 


а, = 4 C08 а 


where a із the angle between the lines ММ and АВ, The 
projections of line segments on a straight line may be con- 
sidered algebraic quantities in the same way as in making 
projections in a single plane (see Sec 147) Then a theorem 
similar to the theorem of plane geometry holds true the sum 
of the projections of the segments of a polygonal line 13 
equal to the projection of the closing segment 


163, Polyhedral Angles 


If through a given point O (Fig 165) are passed planes 
АОВ, BOC, COD, ete that intérsect one another successively 
along the straight lines OB, OC, OD, etc (the last plane AOE 
intersects the frst along the line OA), then the resulting 


0 , 
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figure 15 called а polyhedral angle The point О 1s the vertex 
of the polyhedral angle. 

The planes which form a polyhedral angle are called faces, 
The straight lines along which the faces intersect in succes- 


* Note that Mm and Nn are perpendicular to AB, but in the general 
case (cf Fig 153 on page 296) they аге not parallel to one another 
they are skew lines if the straight lines AB and MN are skew lines 
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sion are termed the edges of the polyhe - The angles 
АОВ, BOC and so on are called face angles ` 

The smallest number of faces of а polyhedral angle is 
three (the irthedral angle in Fig 166) Each face angle of а 
trihedral angle is less than the Зит and greater than the 
difference of the other two face angles 

The section of a polyhedral angle by a plane (not passing 
through the vertex) is a polygon (ABCDE in Fig 165).* 
If it 15 convex, the polyhedral angle is termed convex In а con- 
vex polyhedral angle the sum of the face angles does not 
exceed 360° 

Parallel [апе intercept, on the edges of a polyhedral 
angle (Fig 167), proportional segments (SA За==58.56, etc.) 
and form similar polygons (ABCD and abcd) 


164. t .iyhedrons* Prism, Parallelepiped, Pyramid 


А polyhedron 18 a solid bounded by plane surfaces called 
laces (polygons) The faces intersect in straight lines called 
edges Their vertices are fhe vertices of the polyhedron Lines 
connecting two vertices not lying in 
one face are called diagonals of the 
polyhedron A convex polyhedron is 
one a which ali diagonals lie with- 
int 

A prism (Fig 168) is a polyhedron 
in which two faces ABCDE and abcde 
{the bases of the prism) are con- 
gruent polygons with corresponding 
sides parallel, and all other faces 
(AabB, BbcC, etc.) are parallelo. ҒЕ 188 Ріс. 169. 
grams whose planes are parallel 
to one straight line (Aa, ог Bb, or Cc, еіс) The parallela- 
grams ABba, BCcb, etc are lateral faces Тһе edges Aa, Bb, 
etc. are called lateral edges The altitude of a prism (Mm in 
Fig 168) 1s the perpendicular distance between the bases 
A prism is triangular, quadrangular, pentagonal, hexagonal, 
octagonal, ete according as the base 1s a triangle, quadrangle 
(quadrilateral), pentagon, hexagon, octagon, ete. 


* Elementary geometry considers only polyhedral angles such that the 
contour ABCDE has no sell-intersections A simple polyhedral angle 
isolates a portion of space which 15 also called a polyhedral angle On 
ihe measurement of polyhedral angles see Sec 172 
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If the lateral edges or the prism are perpendicular to the 
bases, we have a right prism, otherwise it 15 an oblique prism 
If the bases in a right prism are regular polygons, the prism 
18 а regular prism Figure 168 1s an oblique pentagonal prism, 
Fig. 169, а regular hexagonal prism — 

А right section of а prism, a'b'c'd'e', 15 a plane section 
perpendicular to a lateral edge (Fig 168). 

he lateral area of a prism ts equal to the length (I) of 
a lateral edge times the perimeter (p’) of a tight section. 


Stai =p"! 
For a right prism, the bases are right sections and the alti- 
tude A 13 equal to a lateral edge, so that 

Stat = ph 


The volume (V) of a prism is equal to the product of the 
area (S’) of a MA section by the length ( of a lateral 


dge. 

22 х=$'[ 

or the product of the area (S) of the base by the altitude: 
V=SA 


A parallelepiped 13 a prism whose bases are parallelograms 
(Fig. 170). Thus, a parallelepiped has six faces and they are 


Fig 170 Fig 171 


all parallelograms, Opposite faces are equal and parallel. 
А parallelepiped has four diagonals which all intersect in one 
point and are bisected by this point Any face may be taken 
as the base The volume 15 equal to the area of the base 
times the altitude. 

V= Sh 


А right parallelepiped 18 a parallelepiped whose four late- 
ral faces are rectangles 
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А right parallelepiped, all six faces of which are rectang- 
les, 18 cailed а rectangular parallelepiped (Fig 171) The 
volume (V) of a right parallelepiped 1s equal to the area (S) 
of a base times the altitude (8) 


V=SA 
For a rectangular parallelepiped we also have the formula 
V = abe 
where а, b, с are edges 


The diagonal (d) of a rectangular parallelepiped 15 related 
to its edges by 


d? = а? pa. c 
А cube is а rectangular parallelepiped with all the faces 
squares АП the edges of a cube are equal, the volume (V) 
ol a cube is given by the formula 
У = а 
where a 15 an edge of the cube 


A pyramid is a polyhedron with one face (the base) ап 
arbitrary polygon (ABCDE in Fig 172), and the other faces 
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(lateral faces) triangles with a common vertex S, called the 
vertex of the pyramid The perpendicular SO from the vertex 
to the base 1s the altitude of the pyramid A pyramid 15 
triangular, quadrangular, pentagonal, еіс according as the 
base 1s a triangle, quadrangle, pentagon, étc. A triangular 
yramid is a tetrahedron, a quadrangular pyramid 1s a pen- 
fahedron, etc. 

A pyramid is called regular if its base 1s a regular poly- 
gon (Fig 173) and the altitude falls im the centre of the 
base In a regular pyramid, all lateral edges аге equal because 
all lateral faces are congruent isosceles triangles The alti- 
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tude (SF) of a lateral face of a regular pyramid is called the 
slani height 
The lateral area of a regular pyramid 15 equal to the 


semiperimeter of the base e p) times the slant height (a) 
І 
Stat =F pa 


The volume of any pyramid 1s equal to one third the 
product of the area (S) of the base by the altitude (Л) 


1 
V=- Sh 


А section abede drawn parallel to the base ABCDE 
(Fig 174) produces a solid bounded by this section, the 
base, and the lateral surface between them, it 1s called the 
frustum of a pyramid (the term truncated pyramid 15 also 
used, though many authors restrict tt to nonparallel bases) 
The parallel faces of the frustum (ABCDE апа abcde) are 
called the bases, the distance between them (00,) is the 
altitude А frustum 1s regular И the original pyramid was 
regular All lateral faces of a regular frustum are congruent 
isosceles trapezoids The altitude Ff of a lateral face 1s called 
the stant height of the regular truncated pyramid 

The lateral area of a regular truncated pyramid 15 equal 
to the half-sum of the perimeters of the bases times the 
slant height 


Stat => (р d- pa 


where ру, p, are the perimeters of the bases and a is the 
slant height 

The volume V of any truncated pyramid is equal to one 
third the product of the altitude by the sum of the areas 
of the upper base, the lower base, and the mean proportio- 
nal between them 


Ve hsc VS 5) 


where S, is the area of ABCDE, S, 1s the area of abcde, 
and A ıs the altitude 00, 

As an illustration, the volume V of a regular quad- 
rangular truncated pyramid is given by the formula 


= h(a2+ab+6%) 


where а and b are the sides of the squares in the bases 
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165. Cylinders 


A cylindrical surface 15 а surface generated by a straight 
ипе (AB in Fig 175) moving in the same direction. and 
intersecting a given fine ММ The line ММ 1s called the 
directrix (plural, directrices) Тһе straight 
line AB is termed the generator, or gene- B 
rairix (plural, generatrices), of the cylind- М N 
пса! surface The generator in any one fixed 
position is called an element А solid bo- 
unded by a cylindrical surface (with а closed- А 
curve directrix) and two parallel planes 15 Бір 175 
called a cylinder (Fig 176) The portions of 
the parallel planes bounding the eylinder (ABCDE and abcde) 
are termed the bases of the cylinder The distance between 
the bases is the altitude of the 
cylinder (MN in Fig 176). 

А prism 18 a special type 
of cylinder in which the 
elements of the generator are 
parallel to the lateral edges 
and the directrix 15 a polygon 
forming the bases On the 
other hand, an arbitrary cyli- 

Fig 176, Fig 177 nder may be regarded as a 
degenerate (smoothed) prism 
with a very large number of 

very narrow faces. Practically speaking, a cylinder ts imdi- 
stinguishable from such a prism АП the properties of the 
prism are preserved in the cylinder (see below) 

А cylinder 1s called a right cylinder и the elements 
(rulings) of the generator are perpendicular fo the base, 
otherwise it is an oblique cylinder A circular cylinder 15 
one in which the base is a circle A right. circular cylinder 
(see Fig 177) may be regarded as a degenerate regular prism 
Right circular cylinders are commonplace in everyday life, 
as witness pipes, glasses, cans, etc A right circular cylinder 
can be generated by revolving a rectangle about one of its 
sides, whence the alternative (synonymous) term cylinder 
oj revolution 

Sections of the lateral surface of a circular cylinder (we 
assume the lateral surface to be produced beyond the bases 
of the cylinder) cut parallel to the bases (ABCD їп Fig 177) 
are circles of the same radius The sections parallel to the 
generator form pairs of parallel straight lines (EF and НО), 


20-652 
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Sections which are not parallel either to the bases or to the 
generator (abcd) are ellipses (see Sec 162). 

The lateral area of a cylinder 15 equal to the product of 
ihe generator by the length of the line bounding the section 
perpendicular to the generator. In a right cylinder, this 
пе is the base, and the generator is the altitude, 
Therefore, the lateral area of a right circular cylinder is 
equ io the product of the circumference of a base by the 
altitude: 


8а = 2лгћ 
The volume of M cylinder is equal to the product of 
the area of a base by the altitude: 
У = 81 
For а right circular cylinder, 
Vznrh (r the radius of а base) 


166. The Cone 


A conical surface is a surface generated by the motion 
of a straight line (AB in Fig. 178) which always passes 
through a fixed point (S) and intersects а given line (MN) 

tn elementary geometry we consider only 


« 


Tray, conical surfaces without self-intersections, 
M for В The line ММ ts called the directrix; the 
A ы? straight lines corresponding to various pos- 
itions of AB are the elements of the gene- 
rator of the conical surface Point S is the 
vertex (or apex) of the cone. А conical 
surface has two sheets (nappes) one desc. 
ribed by ray SA, the other, by its extension 5B. 
By conical surface we frequently mean one of its sheets, 
A cone 1s a solid bounded by one sheet of a conical 
surface (with closed directrix) and a plane (ABCDEFGHJ in 
Fig. 179) intersecting И and not passing through the ver- 
tex 5 The portion of this plane lying inside the conical 
Surface is called the base of the cone The perpendicular 
SO from the vertex to the base 1s the altitude of the cone 
A pyramid is a special case of a cone im which the 
directrix 13 a polygon; an arbitrary cone 13 a degenerate 
pyramid 


Fig 178. 
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A cone is circular (Fig. 180) if its base is a circle 

The straight line SO connecting the vertex of Ше cone 
and the centre of the base is the axis of the cone If the 
altitude of a circular cone falls in the centre of the base, 
then the cone is called a righi circular cone, sometimes 
simply a circular cone (Fig. 181). А right circular cone can 
be generated by revolving a right triangle about one of its 
legs (hence the alternative name of cone of revolution). 


Fig 181. 


А section of a circular cone by a plane parallel to the 
base is a circle (Fig 180) See Sec 167 on sections of a cone 
by pos not parallel to the base. 

he lateral area of a right circular cone is equal to the 
product of one half the circumference of the base (С) by the 
generator (/): 


Stat = Сізелгі (ғ the radius of the base) 


The volume of any cone is equal to one third the product 
of the area (S) of the base by the altitude (A): 


1 
V= = Sh 
For a right circular cone, 
1 1 
Vez Shay nih 


167. Conic Sections 


Contes (or conte sections) are lines of intersection of various 
planes with the lateral surface of a circular (but not ne- 
cessarily right circular) cone. A conical surface is imagined 
as extending tn both directions from the vertex without limit. 

И a cutting plane intersects only one nappe of a circular 
cone and is not parallel to any element of the generator 
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(Fig, 182), then the comic section is an ellipse (see Sec 162), 
In exceptional cases the ellipse becomes a circle (for instance, 
in a right circular cone all sections parallel to the base are 
circles). 

If le cutting plane intersects only one nappe of a right 
circular cone and is parallel to one of the elements of ‘he 
generator (Fig. 183), then the section yields an unbounced 
(in one direction) line called a parabola, 


Fig 182. Fig. 188. Fig 184 


If the cutting plane intersects both nappes of the surface 
of a circular cone (Fig 184), then the section yields a line 
consisting of two branches receding without mit (hyperbola), 
In particular, a hyperbola is obtained when the cutting plane 
15 parallel to the axis of the cone 

Conic sections are of both theoretical and practical inte- 
rest, In the practical aspect we have elliptic gear wheels, 
parabolic searchlights, planets and certain comets move in 
elliptical orbits, some comets follow parabolic and hyper- 
bolic paths 

The fundamentals of conic sections are given in all 
manuals devoted to analytic geometry 


468, The Sphere 


A spherical surface (or, simply, sphere) 1s a locus of points 
of space equidistant from one point called the centre of the 
sphere (роті О in Fig 185) The radius OE and the dia- 
meter EG of a spherical surface ate defined in the same way 
as for a circle (бес 151) 

A solid bounded by a spherical surface 18 called a sphere 

A sphere can be generated by revolving a semicircle 
(or a circle) about its diameter, 


309 


АН plane sections of a sphere are circles (ABCD in 
Fig 185). The radius of the circle increases as the cutting 
plane approaches the centre of the sphere The largest circle, 
EFGH, 13 obtained when the sphere 15 cut by a plane 
passing through the centre О, The circle then cuts the sphere 


талар, 


Fig. 185, Fig. 186. 


and its surface into two halves, it is called a great circle. 
The radius of a great circle is equal to the radius of the 
sphere 

Every pr of great circles intersect along the diameter 
of the sphere (AB in Fig 186) which also serves as the 
diameter of each of the intersecting circles 

An infimty of great circles (meridians) can be drawn 
through two points of a spherical surface lying at the 
extremities cf one and the same diameter. 
One and only one great circle can be drawn 
through two points not lying at the ехіге- 
mities of one diameter 

The shortest distance between two points 
on a spherical surface is an arc (smaller than 
a sem'oucle) of the great circle drawn 
through these points. 

The surface area о! a sphere 15 equal Fig. 187 
to four times the area of a great circle of ыш 
the sphere 


S=4nR? 
where R is the radius of the sphere 
The volume of a sphere is equal to the volume of a 
pyramid whose base has the same area as the surface of the 
sphere, and the altitude 1$ the radius of the sphere. 


1 4 
= 85 =. nR? 


The volume of a sphere 1s one and а half times less than 
the volume of a cylinder circumscribed about it (Fig 187), 


while the surface area of a sphere 15 lz tumes less than the 
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total surface area of the cylinder (Archimedes theorem): 
$=-- 5, 
= + V 


where 5, 18 the total area and V, is the volume of the 
cylinder shown in Fig 187 


169. Spherical Polygons 


A spherical polygon 1s a figure consisting of a closed 
series of arcs of great circles, no arc must exceed a half of 
a great circle, Figure 188 shows a spherical pentagon. 

The arcs AB, BC and so on are the sides of a spherical 
polygon, the points A, В, С, ete are the vertices. 


Fig 188 Fig 189 


А spherical polygon is convex И its entire contour lies 
on one of the two hemispheres formed by the great circle 
containing one of the sides The polygon ABCDE of Fig. 188 
is a convex polygon The polygon LM NP of Fig 189 15 not 
convex, since its contour lies in both hemispheres formed 
by the great circle of the side NM (and also of side МР) 

Note. Elementary geometry studies only simple spherical 
polygons, 1e, polygons whose contours have no self-inter- 
sections Every simple polygon partitions a hemisphere into 
two regions, one of which can be taken as the interior region, 
the other as the exterior region If the areas of the regions 
are not equal, the area of the smaller one 1$ usually taken 
as the interior. 

The interior angle of a spherical polygon, say angle ABC 
which in Fig 190 15 denoted by В, is measured by the plane 
angle 4’ВС’ formed by the rays ВА’, ВС’ touching the 
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sides BA, BC in place of the plane angle A'BC' we can 
take the dihedral angle measured by it, the edge of which 
15 the radius OB, and the faces are the 
planes OBA’, ОВС’ of the great crc- 
les BA, BC. 

In tlie same way, the exterior angíe 
of a spherical polygon, say angle D'BA 
denoted in Fig 190 by В' 1s measured 
by the plane angle D’BA‘ or by the 
corresponding dihedral angle The sum 
of an inlerior angle and an exterior 
angle at one vertex 1$ equal to 180°, fig 190. 
or л radians 

А plane polygon has at least three sides А spherical 
polygon сап have two Fig 191 depicts a spherical lune 
(two-sided polygon) The interior angles a, Ü of a lune 
are equal 

The area of a lune, the interior angle of which contains @ 
radians, is given by the formula 

S=2R%q 
where R is the radtus of the sphere 
Example A lune whose interior angle 1s a right angle 


(quarter of a sphere) has area 281.5. = AK*, which ts the 


same as that of a great circle (cf Sec 151) 


Fig 191. 


In a spherical triangle the sum of the interior angles is 
always greater than 180°, the area of the triangle 15 propor- 
tional to the excess of this sum over 180° Namely, if the 
interior angles contain а), g, оз radians (Fig. 192), then 


5 = R? (a, + 09+ — 0) (1) 
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The sum of the exterior angles of a spherical triangle ts 
always less than 360° На, aj, a, are the exterior angles 
of a triangle expressed in radian mea- 
sure, then 


$-R(n—(m-oa)] у 
This formula can be extended to 
any spherical polygon Namely 
S R* [2n — (a + 0, 4- .. T2) 


That is, the ratio of the area of a 
spherical polygon to the square of the 
radius of the sphere is equal to the 
amount by which 2л 1$ greater than 


the sum oi the extertor angles 
Example, Let us consider the spherical triangle formed 
by three mutually perpendicular great circles (Fig 193) The 


sum of the intertor angles is 3. By formula (1) we get 


Fig 193 


1 
= AR? 
The same result 1s obtained И we note that the given trian- 


gle constitutes T of the sphere (cf Sec 168) 


The sum of the exterior angles of the given triangle 15 
also equal to =. Ву formula (2) we again find $—-—aR. 


170. Parts of a Sphere 


The portion of a sphere cut off by a 
plane (ABCD їп Fig 194) 15 called a spherical 
segment of one base 

The base of a spherical segment 1$ the 
circle ABCD Тһе altitude of a spherical 
segment is the ипе NM, or the perpendicular 
distance between the centre N of the base 
and the point of intersection with the surface Fig. 194. 
of the sphere The point M 1$ called the 
vertex of the spherical segment 

The curved surface area of a spherical segment of one 
base 1s equal to the product of the altitude by the perime- 
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ter of a great circle of the sphere 
$=2д Rh 
where R 15 the radius of the sphere and # = ММ, 
The volume of a segment of one base 1$ 
yan (a$4) or V=- ай а) 


where r 15 the radius of the base of the segment 
The portion of а sphere contained between two parallel 


Fig 196 


secant planes (ABC and DEF in Fig 195) ts called а sphe. 
rical segment of two bases The curved surface area of a 
spherical segment of two bases 1s called a zone The circles 
СВ and DFE are the bases of the zone The distance МО 
between the bases is the altttude of the spherical segment of 
two bases (and zone) 
The curved surface area of a spherical segment of two 
bases is equal to the product of the altitude А == NO and the 
perimeter of a great circle of the sphere. 


S=2n RA 


The volume of a spherical segment of two bases is given 
by the formula 


y—qa PIA (724-72) А 


where гу and ғ; are the radii of the bases 

That portion of a sphere bounded by the surface of a 
spherical segment of one base (AC in Fig 196) and а coni- 
cal surface (OABCD), the base of which 15 the base of the 
segment (4BCD) and the vertex of which 1$ the centre of 
the a 1s called a spherical sector 

The surface area of a spherical sector 1$ made up of the 
ш area of а spherical segment of one base and the area 
of а cone 
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The volume of a spherical sector 15 equal to the volume 
of a pyramid, the base of which has the same area as that 
part И the spherical surface cut out Бу the sector, and the 
altitude 15 equal to the radius of the sphere: 


1 2 
Vx RS у mR 


where А 1$ the altitude of the spherical segment of one base 
belonging to the spherical sector. 


171. Tangent Plane to a Sphere, a Cylinder and а Cone 


In practical situations, it 15 often possible to replace a 

smal! arc, АВ, of а curve (say a circle) by a small seg- 

ment АТ of the straight line that is 

4 Т tangent to the arc AB at А (Fig. 197) 

—Ó The error 1$ usually insignificant. 

8 For instance, we say that we go 

from one point (on the earth's surface) 

Fig. 197. to another along a straight line, 

whereas actually we move along the 

arc of а great circle drawn on the surface of the terrestrial 

sphere. 

Р In the same way, а small part of a curved surface (say 

the surface of a sphere) can be replaced approximately by a 

small piece of the fangent plane, which 1s a plane that dif- 

fers but slightly almoni imperceptibly) from a small, portion 

of the curved surface, This was why for millenia people соп- 
sidered the surface of the earth to be flat (plane). 

An exact definition of a tangent plane may be given їп 
full accordance with the earlier piven exact definition of a 
tangent line (see Sec. 151). There we considered two points A 
and B of a curve (say a circle); one of them was made to 
approach the other, and we noted that im the process the 
straight line AB approached a certain limiting position. Now 
let us take three points A, B, C (Fig. 198) on a surface (say 
of a sphere) Pass а cutting plane P through them. Now let 
the two points В and C approach A in two different direc- 
tions. Then the P plane will approach a certain limiting 
position Q irrespective of where the points B and C were 
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taken and what their mode of approach to A was. The 0 
plane 15 called the tangent plane (at point A).* 

The tangent plane to a surface at a punt А 15 the plane 
approached without limit by a secant plane passing through 
three points of the surface, А, B, C, 
when the points В and C approach 
A from different directions It may 
happen that the surface does not 
have any tangent plane at the po- 
int А For example, a conical 
surface does not have a tangent 
plane at the vertex of the cone. 

A plane (Q in Fig 199) that 
‘1s tangent to a sphertcal surface 
is perpendicular to the radius OA terminating at the point 
of tangency A plane that is tangent to a spherical surface 
has only one point in common with the surface. 


Fig 199. Fig. 200 Fig 201. 


This property is ordinarily taken as а definition of а tan- 
gent plane to a sphere However, it is not at all valid in the 
case of other surfaces, say the surfaces of a cylinder and 
cone, but the definition given earlier is applicable to these 
surfaces as well 

The plane Q (Fig 200) 1s a fangent plane to the surface 
of a right circular cylinder at the point A and passes through 
the generator MN which passes through А and through the 


* The requirement that points B and С approach A in different 
directions is essentlal, 1f, for example, two travelers move towards the 
North Pole along one and the same meridian or along two meridians 
that are continuations of one another, then the piane passing through 
the pole, A, and the points B and C st which the travelers are loca- 
ted will always coincide with the plane of the meridian and, hence, 
will not approach the tangent plane, which is to say that it will 
always be the same cutting plane This requirement may be stated in 
strict fashion as follows ines tangent to the arcs AC and AB at 
their point A of intersection must be distinct straight lines 
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tangent line BC to the base circle at point М, which belongs 
to the generator MN The tangent plane to the surface of 
a tight circular eylinder is separated from all points of ihe 
axis of the cylinder by the radius R of the base of the 
cyltnder 

The piane Q (Fig 201), which is the fangen¢ plane to 
the surface of a right circular cone ad the point А (А does 
not coincide with the vertex S) passes through the genera- 
tor SB, which passes through point A, and through the tan- 
gent line MN to the base circle at point В. 

A cylinder 1s said to be an :nscribed cylinder of a prism 
if the lateral faces of the prism are tangent to the cylinder 
and the bases of prism and cylinder are coplanar (in the same 
plane) A cylinder 15 а circumscribed cylinder of a prism Н 
ihe latera] edges of the prism are generating elements of the 
lateral surface of the cylinder and the bases of prism and 
cylinder are coplanar 

The definitions are the same for an inscribed cone of a 
pyramid and a circumscribed cone of a pyramid. 


172. Solid Angles 


А solid angle 15 а portion. of space within one nappe of 
a conical surface (see Sec 166) with closed directrix. Like 
an angle between two straight lines in а plane, a solid angle 
extends without bound (an infinite funnel), 
À polyhedral angle (Sec. 163) is а special 
case of a solid angle (a pyramidal surface is 
a special case of a conical surface). 

Just аз an angle between two straight 
lines 1s Measured ‘by the arc of a circle, a 
solid angle 15 measured by a portion of the 
Fig. 202, surface of a sphere. To see this, from vertex 5 

of a solid angle, draw a spherical surface of 
arbitrary radius. The surface of the solid angle will cut out of 
this surface a portion ABCD їп Fig. 202 The area of this por- 
tion will vary with the radius of the sphere but will always 
constitute one and the same fraction of the surface area of the 
sphere. For this reason, for the measure of a solid angle we 
could take the ratio of the area A BCD to the area of the spherical 
surface, in the same way that the angle between two straight 
lines might be measured by the ratio of the arc subtended 
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by them (with centre at the vertex of the angle) to the ре. 
rimeter of a circle of the same radius (an angle of half 
a rotation, one-fourth rotation, etc.) However, the accepted 
measure for a solid angle 15 the ratio of the area ABCD to 
the area of a square constructed on the radius of the sphere 
(it 18 expressed by the quantity R®, which ts proportional to 
the surface area 4xR? of the sphere) This measure of solid 
angles is similar to the radian measure of angles between 
straight lines (see Sec 180). 

Thus, for the measure a of a solid angle with vertex S 
we take the ratio of the area cut out by a solid angle on the 
surface of a sphere of arbitrary radius with centre S to the 
square of the radius of the sphere 


area ABCD 
ee 


a EL 


Example 1. A solid angle formed by three mutually per- 
pendicular planes (for instance, by two sides and the bottom 


of a rectangular box) 1s equal to + Indeed, if a spherical 


surface 1s described from ver- 
tex S of such a solid angle, 


Y of it will be cut out on 


the suriace of the sphere 
(Fig 203) since three mutu- 
ally perpendicular planes will 
cut it into 8 equal parts 
(imagine а portion of the 
surface of a globe cut out 
by two mutually perpendicular planes passing through mer- 
idians and by a plane passing through the equator), hence, 
the area of this portion of the surface ts equal іо 4n R*8— 
mR? 


=M and its ratio to R? is equal to t 


Example 2. Find the solid angle at the vertex of a cone 
whose altitude 15 equal to the radius of the base 

Draw from the vertex ot the cone a sphere of radius 
equal tothe generator / of thecone (Fig 204) The bic ор 
of the cone тау be expressed из terms of L 0D — һе 

YT 

altitude CD of the spherical segment ABC is then 1-45 ; 
the spherical area cut out by the solid angle is the curved 


Fig 203. Fig 204 
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suríace area of this spherical segment and is equal (see 
70) to 


2uCD = 2 (1-42) 


Hence the solid angle is 


The unit solid angle is a solid angle that cuts out of a 
sphere (with centre at the vertex of the angle) ап area equal 
io that of the square constructed on the radius. The unit 
solid angle is called а steradian. 


17$. Regular Polyhedrons 


А polyhedron is regular 1f all its faces are congruent re- 
gular polygons and the same number of faces meet at each 
vertex. 


98099289 


Pig. 205. Pig. 206. Fig 207. Fig 208. Fig 209 


In contrast to the fact that there are an infinity of 
nonsimilar regular polygons, there is only a limited number 
of regular polyhedrons that are not similar. There can only 
be five regular convex polyhedrons (and another four regular 
concave polyhedrons). These five regular convex polyhedrons 
are; the regular tetrahedron or, simply, tetrahedron 
Fig. 205), the hexahedron (ог cube, Fig. ; the octahedron 
Fig. eit the dodecahedron (Fig. 208); the icosahedron 


The following table gives the number of vertices and 
edges, and also the surface areas and volumes эне їп 
terms of an edge а for the regular convex polyhedrons. 
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Number oí sides of 


each face 

Number of edges at 
each vertex 
Number of vertices 
Number of edges 


Number о! faces 


Tetrahedroon 


Hexahedron at 


Dodecahedron 
Icosahedron 


mo 
—O0 
© ©ъ а 
рр» 


А sphere can be inscribed in, and circumscribed about, every 
regular polyhedron 


174. Symmetry 


The word symmeiry comes from the Greek meaning ba- 
lanced proportions, In the broad sense of the word, symmetry 
із to be understood as any regularity in 
the inner structure of a body or figure 
The study of various kinds of symmetry 
represents an extensive and important 
branch of geometry that 1$ closely bound 
up with many fields of natural science 
and engineering, ranging from textiles to 
intricate problems in the structure of 
matter. 

There are three elementary types of 
symmetry: 

1. Mirror symmetry, which 1$ common- 
place in our everyday lives As the name 
implies, mirror symmetry relates an object 
to its image in a plane mirror. The geo- 
metric definition of mirror symmetry 15 
this: a figure (Fig. 210) is called зутте ме 
with respect to a plane P (mirror plane, 
plane of symmetry) 1! each point E of the figure 15 asso- 
ciated with an identical роті Е” of the same figure such 


Fig 210. 
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that the ипе ЕЕ” is perpendicular to the plane P and is cut 
in half by it 

We say that one figure (or solid) ts mirror-symmetric with 
respect to another if together they form a murror-symmetric 
ы, (or solid, In Fig 210, the line ABC is symmetric 
with respect to the line AB’C, the right hand ts symmetric 
to the left. 

It is important to note that two symmetric bodies cannot, 
generally speaking, be "inserted one into the other", to put 

it differently, one of the bodies cannot take 

D Е the place of the other This is clearly illust- 

rated by the fact that a left-hand glove does 
not fit the right hand. 
A 8 Symmetric figures are essentially different 
despite their many similarities This 15 
Fg 0 cogently demonstrated by putting а written 
message іп front of a mirror and trymg to 
read the text in the mirror. 

Symmetric objects cannot therefore be called equal 1n the 
narrow sense of the word. They are called murror-equivalent 
Generally, mirror-equivalent bodies (or figures) are such that 
when they are displaced (translated) ın some appropriate fa- 
shion they can form two halves of a mirror-symmetric body 
(or figure) 

2. Central тү А figure (or solid) ıs said to be 
symmetric about a centre C ij every point E of the figure 
(solid) 1s associated with a point A of the same figure (solid) 
such that the line EA passes through the point C which 
bisects it (Fig. 211). The figure ABCDE composed of two 
triangles ABC and EDC (Fig 211) whose sides are equal in 
pairs and are extensions of each other has a centre of sym- 
metry (C). Between corresponding pairs of points Це equal 
line-segments, the corresponding angles of the two halves of 
a solid possessing central symmetry are also equal. Generally 
speaking, however, the two halves of a solid having central 
symmetry cannot be interchanged, this ts the same for the 
two halves of a solid possessing mirror symmetry. What is 
more, one of the halves of a solid with central symmetry 
may (via а rotation through 180° about any axis passing 
through the centre of symmetry) be carried to a murror-sym- 
metric position relative to the other (with respect to the plane 
peen wular to the axis of rotation) For this reason, the 
wo halves of a solid havıng central symmetry are mirror- 
equivalent (e above). 

Example. Н edges SA, SB, SC, ... of the pyramid 
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SABCDE (Fig 212) are produced to distances equal to the 
lengths of these edges and in the opposite direction from the 
vertex, then the two pyramids SABCDE and Sabcde jointly 
form a solid symmetric about the centre S. 

If the pyramid SABCLE in Fig. 212 is hollow and with- 
out a "bottom" ABCDE (a pyramidal funnel), then, by turn- 
ing it inside out, we get a solid into which we can insert 


w % 
Fig 212. Fig. 213. 


pyramid Sabcde, in the general case, it 1s not possible to 
ting these two solids to coincidence without turning one 
inside out, so that in the general case SABCDE and Sabede 
are not equal but only muror-equivalent Equality 1s possible 
in exceptional cases (say if SABCDE 15 a regular pyramid) 

3 Rotational symmetry A solid (or figure) has rotational 


symmetry if when rotated through an angle ase (n an inte- 


ger) about a straight hne AB (axis of symmetry) it coincides 
completely with :ts original position If the number л 13 
equal to 2, 3, 4 etc., the axis of symmetry 15 termed а fwo- 
fold, three-fold, four-fold, etc. axis 

Example. Cut a circle into three sectors with central ang- 
les 120° each (Fig 213). Superimpose the sectors without 
turning them over and cut out a figure a of arbitrary shape 
Now if the sectors are spread out in the original position, 
we get a figure (a circle with three odd-shaped holes) which 
possesses a three-fold symmetry axis. This axis is perpendi- 
cular to the plane of the drawing. A rotation through 120° 
ae the figure to full coincidence with its original posi- 
ton 

In a narrower sense, an axis of symmetry 1s a two-fold 
symmetry axis, and gne speaks of s“axial symmetry”, which 
may be defined thus. э figure (ог Бой" \ has axial symmetry 
with respect to some axis ii'en : Е of Ц 15 associated 


322 


with another point, F, of the same figure such that the line. 
segment EF is perpendicular to the axis, intersects И and is 
bisected by the point of intersection The earlier considered 
air of triangles (see Fig 211) has axial symmetry in add). 
топ to central symmetry Its axis of symmetry passes through 
point C perpendicular to the plane of the drawing. 
The following are some instances of the symmetry types 
diseussed above 
A sphere has central, mirror and axial symmetry. The 
centre of symmetry lies at the centre of the sphere, the plane 
of any great circle 1s a plane of symmetry, and any diame- 
ter of the sphere 15 an axis of symmetry. The sphere has 
n-fold symmetry, where n is any integer 
А right circular сопе has n-fold axial symmetry, the axis 
of symmetry 15 {Пе axis of the соле 
regular pentagonal prism has a plane of symmetry 
passing, parallel to the bases at equal distances from them, 
and the axis of symmetry 15 five-fold and coincides with the 
axis of the prism A plane bisecting one of the dihedral ang- 
les formed by the lateral faces can also serve as the plane 
of symmetry. 


176, Symmetry of Plane Figures 


l Muirror-axtal symmetry. If a plane figure (ABCDE in 
Fig. 214) 15 symmetric about a plane P (this 1s possible if 


L 


Bc 


LANZ 
> SEBY 


Fig 214. Fig 215. 


planes ABCDE and P are mutually perpendicular), then the 
straight line KL їп which the planes intersect is the axis of 
symmetry (two-fold) of the figure ABCDE. Conversely, if the 
plane figure ABCDE has KL as the axis of symmetry in that 
plane, then this figure 1s symmetric about the plane P pas. 
Sed through KL perpendicular to the plane of the figure For 
this reason, the axis KL may also be called the mirror. line 
of the plane figure ABCDE. 
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Two mirror-symmetric plane figures can always be supe- 
rimposed on gach other However, to do this, it is necessary 
to take one (or both) outside their common plane. 

2 Central symmetry И а plane figure (ABCD in Fig 215) 
has a two-fold axis of ne perpendicular to the plane 
of the figure (the straight line KL in Fig 215), then point 0 
in which KL .ntersects the plane of the figure 15 the centre 
of symmetry of the figure ABCD. Conversely, Н the plane 
figure ABCD has centre of symmetry О (Ц invariably Hes in 
the plane of the figure), then this figure has a two-fold 
symmetry axis which passes threugh O perpendicular to the 
plane of the figure It is thus alWays possible to superimpose 
two central-symmetric plane figures without taking them out- 
side their common plane. To do this, it suffices to turn one 
of En through an angle of 180° about the centre of sym- 
metry. 

AT in the case of mirror symmetry, a plane figure in the 
case of central symmetry invariably has a two-fold symmetry 
axis, but in the former case the axis lies іп the plane of 
the figure, while in the latter case ıt is perpendicular to this 
plane. 

For this reason, in plane geometry we have axial зут- 
metry only in the former case. 


176, Similarity of Solids 


The similarity of solids may be defined in the same wa 
as the similarity of plane figures (see Sec. 150). Two solids 
are similar if опе of them 1s obtained from the other by in- 
үш or decreasing all (linear) dimensions in the same 
ratio machine and a model of the machine are similar 
bodies. Two solids (or figures) are mirror-similar it one of 
them is similar to the mirror image of the other (see Sec. m 
Thus, for example, the negative of a [ео of а port- 
rait 1$ mirror-similar to the portrait. Two shoes of different 
sizes, but of the same design, one of the left foot, the other 
of the right foot, are mirror-similar. 

In similar and mirror-similar figures all corresponding 
angles (plane and dihedral) are equal. 1n similar solids, po- 
ү and solid ие are equal, in mirror-similar solids 
t ey are mirror-equivalent. 

{ in two tetrahedrons (i. e., two triangular Pyramide) the 
corresponding edges are proportional (or, what is the same, 
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the corresponding faces are similar), then they are similar ог 
mirror-similar, so that, for instance, 1f the edges of one are 
twice the edges of the other, then the altitudes of one are 
twice the altitudes of the other and the radius of a cireums- 
eribed sphere of one is twice the radius of the other, 


etc, 

This theorem no longer holds for polyhedrons with a lar. 
ger number of faces. For instance, suppose 12 equal rods are 
connected so as to form the edges of a cube. If the joints at 
the vertices are of the hinged type, then, without extending 
the rods, we can alter the shape of the cube to obtain a 
parallelepiped Р. А parallelepiped P, which 16 similar to P 
will not be similar or mirror-similar {о the cube, although 
its edges are proportional to the edges of the cube, this does 
not occur in the case of a tetrahedron made of 6 rods since 
it preserves its shape even if we have hinge joints. 

hus, generally speaking, proportionality of all edges is 
not sufficient for bodies to be similar (ог mirror-similar) 

Two prisms or two pyramids are similar or mirror-simi. 
lar 1f the base and one of the lateral faces of one аге simi- 
lar to the Corresponding base and lateral edge of the other 
and, besides, ıf the dihedral angles formed in both prisms 
(pyramids) by the indicated faces are equal: Two regular 

risms or pyramids with the same number of faces аге simi- 
ar if the radii of their bases are proportional to their altitu- 
des. Two right circular cylinders or cones are similar if the 
radi of their bases are proportional to their altitudes. 

In similar bodies, the areas of all corresponding plane 
and curved surfaces are proportional to the squares of arbi- 
trary corresponding Iine-segments (that is, the ratio of the 
areas is equal to the square of the ratio of similitude) 

The volumes of similar bodies and also the volumes of 
arbitrary corresponding parts of them are proportional to the 
cubes of arbitrary corresponding line-segments (that 15, the 
иш ші volumes іѕ equal to the сибе of the ratio of simi- 
itude). 

These last two properties enable us to simplify certain 
computations very substantially. 

Example 1, А total of 6.5 kg of drying oil is required 
in the painting of a hemispherical dome of diameter 5 met- 
res How much drying oil is needed to paint a dome of dia- 
meter 8 metres? 

Any two hemispheres are similar bodies. Hence, their 
surface areas and the amount of drying oil needed to paint 
them are proportional to the squares of the diameters. 
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Denoting by x the desired quantity of drying oil, we have 


4 
“= (=) х=6 5. ($) ~ 16 6 kg 
Example 2. А tin can 11 ст ın height and 8 cm in dia- 
meter contains 05 kg of jam. What size can (same shape) 
will hold 1 kg of jam? 
Denoting the altitude by A and the diameter of the base 


oi the can by d, we have E берке? whence 


h-11,/2sM cm 
In the same way, 4=8 9/2 x 10 cm. 


177. Volumes and Áreas of Solids 


The following symbols are used: V, volume; S, area of 
base, Зи, lateral area, P, total area, A, altitude, a, b, c, 
the dimensions of a rectangular parallelepiped, A, slant height 
of regular pyramid and regular truncated pyramid (parallel 
bases), 1, generator of cone, р, perimeter of base, г, radius 
of base, d, diameter of base, R, radius of sphere, D, diame- 
ter of sphere 

Prism, right or oblique, and parallelepiped 


У= 58 
Right prism 
Stat ph 


Rectangular parallelepiped. 
V abe, P=2(ab-+be+ac) 


Cube 
У=аз, Р==6а? 
Regular or irregular pyramid. 
1 


Regular pyramid 
1 
Sit ў PA 
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Truncated pyramid (parallel bases), regular or irregular. 
V = (Si + YSS Sa) h 
Truncated pyramid (parallel bases), regular: 
Stat =+ (Pit 5) А 
Circular cylinder (right or oblique) 
V=Sh=nrtH = да 
Right circular cylinder: 
Sigt = 2nrh = ndh 
Circular cone (right or oblique) 
У-- Sh ли = y л?й 
Right circular cone 
5ш-ет pl — nri ndi 
Truncated (parallel bases) circular cone (right or oblique); 
Vet nh (ri 4 nn d- = y "^ (di + did; +4) 
Truncated (parallel bases) right pu cone. 
Sito n (rur)! = = 1 (di +d)! 
Sphere: 
= = nD’, P-4nRi—aDi 
Hetnisphere. 
V =F aR DS, S= = -- лр?, 
Stop =20R? =~ nD, P= 3nR? = ара 
Spherical segment of one base 
1 mh 
у= nit (в) =F (4379, 
Sii 21А = п (24 А8), Pon (2r8+h2) 
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Spherical segment of two bases: 


V - aW Pa (i +r dA, 
Sat = 20Rh 
Spherical sector 


=> лю’ 


where А” 18 the altitude of the segment contained іп the sector. 
Hollow sphere 


P = 4 (К R2) = (Di 4- DÀ) 


where А, and R, are the radi of the immer and outer sphe- 
rical surfaces, respectively 


TRIGONOMETRY 


178. The Subject of Trigonometry 


The word “trigonometry” ts derived from two Greek words, 
"trigonon", triangle, and “metria”, measure The basic task 
of trigonometry 15 Ше solution of triangles, finding unknown 
quantities of a triangle from given values of other of iis 
quantities Such, for example, 1s the problem of computing 
the angles of a triangle from given sides, computing the sides 
of a triangle from the area and two angles, etc Since any 
computational problem of geometry may be reduced to the 
solution of triangles, trigonometry finds applications in the 
entire field of plane and solid geometry, and 15 extensively 
used ın many areas of natural science and engineering 

The theory of the solution of spherical triangles (Sec 169) 
is called spherical trigonometry, in contrast to which the solu- 
tion of ordinary triangles 15 termed plane trigonometry. 

The angles of ar, arbitrary triangle cannot be connected 
with its sides by means of algebraic relations For this reason, 
trigonometry introduces new quantities in addition to the 
angles themselves. these are the so-called trigonometric functi- 
ons (defined in Sec. 182), which can be connected with the 
sides of a triangle by simple algebraic relations Оп the 
other hand, the value of a trigonometric function can be 
computed from a given angle, and conversely True, these 
computations are arduous and unwieldy, but the work has 
been done once and for all and recorded in tables 

The value of each trigonometric function varies with the 
angle to which 1t corresponds, in other words, a trigonomet- 
пе quantity 1s a function of the angle (Sec 207), whence the 
name trigonometric functions 

The various trigonometric functions are interrelated 1л a 
variety of important ways These relationships can be used 
to reduce and simplify computations That part of trigono- 
metry which deals with such relations 15 termed analytical 
trigonometry (or goniomeiry, the measurement of angles, from 
the Greek “gonia”, angle, and “metria”, measure) 
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179. Historical Survey of the Development of Trigonometry 


Solving triangles originated tn astronomy and for a long 
time trigonometry developed as a department of astronomy 

As far as we know, methods for solving (spherical) triang- 
les were recorded for the first time by the Greek astronomer 
Hipparchus in the middle of the 2nd century В С (this work 
15 not extant). The highest attainments of BL 
Greek S enemy are due to the astronomer “М 
Ptolemy (2nd century В С), the creator of / 
the geocentric system of the world which "i 
dominated science till the time of Copernicus. 

The Greek astronomers did not deal in 
sines, cosines and tangents, In place of 
tables of these quantities they used tables Fig 216. 
that permitted finding the chord of a circle 
from the subtended are Arcs were measured 
in degrees and minutes, chords too were measured in degrees 
(one degree being one sixtieth of the radius), minutes and 
seconds The Greeks borrowed this sexagesimal scale from 
the Babylonians (see Sec 21) 

The tables compiled by Ptolemy contained the chords of 
all ares for 5 intervals * computed to within a second. 


Using interpolation, the chord of any arc may be found їп 
them to the same degree of accuracy To simplify interpo- 
lations, Ptolemy gave 1’ corrections Ptolemy computed the 
tables on the basis of a theorem he discovered called the 
theorem of the diagonals of an inscribed quadrilateral 
(see Sec 156) | 

Medieval astronomers ой India also made considerable 
advances tn trigonometry Like the Greeks, they borrowed 
the Babylonian degree system of measuring angles But the 
Hindus considered not the chords of arcs but the lines of 
the simes and consines (that is, the lines PM and OP for 
arc AM in Fig 216). They also considered the line PA, 
which later became known in Europe as the versed sine 
(“sinus versus”). 

An arc minute was taken as the unit of measure of 
Ine-segments MP, OP, РА Thus, the line of the sine of 


* if we take the central angle intercepting half the arc at hand, 
then the chord will be twice the line of the sine of this angle 
Ptolemy's table 15 therefore equivalent to a five-place table of sine 


values for T Intervals. 
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are АВ=90° ts OB, the radius of the circle: the are 
AL, equal to the radius, contains 57°18" = 3438’ (rounded) 
Therefore, the sine of an arc of 90° was taken equal 
to 3438' 

The extant Hindu tables of sines (the most ancient of 
them was compiled in the 4th or 5th century) are not as 
exact as the Ptolemaic tables they are compiled for angles 
differing by 3°45’, that is, by 1/24 part of the arc of a 
quadrant 

Trigonometry saw further development in the 9th to 14th 
centuries in the works of Arabic-writing authors Іл the 
10th century, the Bagdad scholar Mohammed of Bujan, 
known generally as Abü'l-Wefà, added to the lines of sines 
and cosines the lines of tangents, colangents, secants and 
cosecants He gave them the same definitions that we find 
today in textbooks He also established the basic relation- 
ships among these lines (see Sec 191 for the appropriate 
formulas) It was in the hands of the famous Moslem scholar 
Nasir Eddin (or Nasr ed-din) of Тиз! (1201—1274) that 
trigonometry became an independent scientific discipline 
Nasir Eddin made a systematic study of all cases of the 
solution of plane and spherical triangles and gave new 
methods of solving them | 

In the 12th century, a series of astronomical works were 
translated from the Arabic language into Latin, and Euro- 
peans thus first learned of trigonometry * However, many of 
the achievements of the Arabic-language science, one of which 
was a work by Nasir Eddin, remained unknown to Euro- 
peans Two hundred years later, the outstanding German 
astronomer of the 15th century Johann Muller (1436— 1476) 
better known under the name Regiomontanus, rediscovered 
his theorems 


“It was at this time that the Latin term “sinus” appeared, 
which meant "bay" ог "inlet" or “bosom of a garment" is 1з a 
translation of the Arabic word “jaib” meaning the same thing It 
is not known how this Arabic term originated Some belleve that 
it came from the Hindu (Sanskrit) Чіуа” (the first meaning of which 
is bowstring, in geometry, 1t meant chord of ап arc) But sine іп 
Hindu terminology is designated by “ardha-jiva" which means 
“half chord" 

The name “cosine” appeared only at the beginning of the 17th 
century as a contraction of the term complement sinus (sine of the 
complement), which indicated that the cosine of an angle A ts the 
sine of the complementary angle The terms “tangent” and “secant” 
(which, translated from the Latin, mean "contacting", and "cutting") 
were Introduced in 1583 by the German scholar Finck 
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Regiomontanus compiled extensive tables of sines (for 
l'intervals accurate to the seventh significant digit) He was 
the first to reject the sexagesimal division of the radius, 
and for the umt of measure of the sine line he took one 
ten-millionth part of the radius Thus, sines were expressed 
as whole numbers (and not sexagesimal fractions) It was 
one step more to the introduction of decimal fractions But 
this step required over 100 years (see Sec 45) 

Regiomontanus’ tables were followed by other, still more 
detailed, tables G  Rheticus (or Rhaeticus, 1514—1576), 
friend and collaborator of Copernicus, spent 30 years with 
hired computors іп compiling tables that were finally comple- 
ted and published in 1896 by his pupil Otho The angles 
were given for every 10" of arc and the radius was divided 
into 1,000,000,000,000,000 parts so that the sines had 15 
correct digits! 

Literal symbolism, which in algebra came in at the end 
of the [6th century, was established іп trigonometry only 
in the middle of the 18th century thanks to the efforts of 
the great Euler (1707—1783), who gave trigonometry its 
modern aspect The quantities sin x, cos x, etc were regarded 
by мт as functions (Sec 179) of a number x, the radian 
measure of the appropriate angle Euler assigned to the 
number x all possible values positive, negative and even 
complex Не also introduced the inverse trigonometric 
functions (Sec 201) 


180. Radian Measure of Angles 


Besides the degree measure of angles (Sec. 142), trigo- 
nometry makes use of the so-called radian measure of angles 


Here, the unit of measure is the acute central 

angle (MON an Fig 217) subtended in a N 
circle by an arc. whose length is equal to the Ар 
radius of the circle (MN = OM) Such ап a y 


angle 1s termed a radian, The value of 

this angle 15 not dependent on the radius of 

the circle and on the position of the arc ММ Fig. 217 
on the circumference Since a semicircle 1s ^ ` 
seen from the centre at an angle of 180°, and 

its length 15 equal to n radi!, the radian is л. times less 
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than a 180° angle, i.e , one radian is equal to = degrees, 


1 radian = 152° ду 57° 2958 ay 57217745" 


n д 
Conversely, one degree is equal to тах radian 


L= radian ды 0 017453 radian, 


1'= 19067 radian ay 0.000291 radian, 


им ды ; 
1 780-00 55 radian яу 0 000005 radian 


The radian measure of an angle (АОВ in Fig 218) 15 the 
ratio of the angle to the radian (МОМ in Fig 218), but 
the ratio / АОВ. Z MON is equal to 

Bad 


N м 
A. the ratio of the arcs AB ММ, that 15, the 
А M таһо of the arc AB to the radius 
{з Thus, the radian measure of any angle 
8 АОВ 1s the ratio of the length of arc AB, 
described by an arbitrary radius from 
centre О and contained between the sides 
Fig. 218. of the angle, to the radius OA of this 


arc 

The introduction of radian measure of angles permits 
casting many formulas їп simpler forms * 

It will Ве useful to remember the following comparative 
table of degree and radian measure of some of the frequently 


* [n many trigonometry texts it is stressed that in the radian 
measure of angles, the value of the angle [5 measured by a pure 
(abstract) number The contrast thus created between the radian 
and degree measure of angles 1s not justifiable in both systems 
radian and degree) the angle is measured by a unit of angle, The 
act that in one case (degree) the name is stated dhd in the other 
(radian) it is assumed, plays no role whatsoever 

The only reasonable meaning of the foregoing assertion 1$ that 
the radian measure, which 15 expressed by the ratio of two lengths, 
is completely independent of any choice of unit of length But 
neither 15 the degree measure dependent on this сһојсе, what is 
more, it too is a ratio of two lengths namely the length of the arc 
described from the vertex of the angle and intercepted by the arms 


of the angle to 368 the part of the аге of a circle of the same 


radius This ratio is іп no way worse than the ratlo of the same 
arc to its radius 


occurring angles: 


Angles in degrees 


Angles in. radians 


181. Changing from Degrees to Radians and from Radlans 
{о Degrees 


1. To find the radian measure of an angle from a given 
degree measure, multiply (see Sec. 180) the number of degrees 


by 15730 017453, the number of minutes by 


180-60 
40.000291, and the number of seconds by 554554 


80 60 
А 0 000005, and add the products thus found 
Example 1. Find the radian measure of the angle 12°30’ 
to within four decimal places 


Solution. Multiply 12 by твт, taking the fifth decimal 


place of the multiplier (because multiplication by 12 will 
increase the absolute error by a factor of about 10, cf Sec. 54), 
12 001745 =0 2094 


Multiply 30 by т taking into account the sixth 


decimal place of the multiplier; 30.0 000291 ды 0.0087. This 
yields 12°30’ — 0 2094 --0 0087 ==0 2181. 

The computations are simplified by using the table of 
Sec 8, page 48 It gives results accurate to four decimal 
places. In the first column (“degrees”) opposite 12 we find 
0 2094, in the second last column (“minutes”) opposite 30 
we find 0.0087. 

Work: 

12? =0 2094 (radian) 
30’ = 0 0087 
0 2181 


Example 2. Find the radian measure of the angle 217°40', 
Using the same table, we have 


200^ --3 4907 
1° =0.2967 
40' 00116 


3.7990 
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2 To find the degree measure of an angle from a given 
тайап measure, multiply (see Sec 180) the number of radians 


by 180° 457° 296, that 18, by 57°17'45" (1f the required 


accuracy 15 0.5’ and the angle contains no more than 9 
radians, the multiplier тау be rounded off to 57° 30 since 
the error of 0 004 degree constitutes about one fourth of à 
minute) 

Example 3. Find the degree measure of an angle con. 
taining 1 360 radians (to within 1’) 

Solution. 1 360-57° 30 = 77° 93 == 77°56" 

The computations can be simplified by using the table 
of Sec. 9, page 49. We find 


1 radian = 57°18’ 
03 тайап--«17%117 
0 060 radian = 3°26’ 


77°55" 


The discrepancy of 1’ 1s due to an accumulation of errors 
of the terms (see Sec 52) 

Example 4. Find the degree measure of an angle con- 
taining 6 485 radians Using the table we find 


6 radians == 343°46' 
04  radian 22°55’ 
0 08 radian 4*35' 
0 005 radian = 0417! 


371*33' (limiting error, 2") 


ІСІН 


182. Trigonometric Functions of an Acute Angle 


B The solution of any triangle ultimately 
reduces to the solution of right triangles In 
aright triangle ABC, the ratio of two sides, 

c/ |< 58У side а to the hypotenuse c, 1s wholly 
dependent on the value of one of the acute 
angles, say A (Fig. 219), The ratios of diff. 

A с eent pairs of sides of а right triangle аге 
called trigonometric functions of its acute 

Fig. 219 angle. With respect to angle A, these func- 
tions have the following names and desig- 
nations: 
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(1) sme sin А==-- (ratio of opposite side to hypote- 
nuse) 


(2 cosine cos А ==-= (ratio of adjacent side to hypote- 
nuse), 


(3) tangent tan 4 = (ratio of opposite side to adjacent 
side), 


(4) cotangent: cot A=} (ratio of adjacent side to opposite 
side), 


(5) secant. бес А --<- (ratio of hypotenuse to adjacent 
side), 


(6) cosecant ese А = = (ratio of hypotenuse to opposite 
side) 


With respect to the angle В (the complementary angle 
with respect to A) the names are appropriately changed as 
follows 


For certain angles we can write the exact expressions of 
their trigonometric functions The most important cases are 
given in the table below * 


* Strictly speaking, angles 0° and 90° cannot appear in a right 
triangle as acute angles, but in an extended view of trigonometric 
functions (see below) we consider the values of the trigonometric 
functions of these angles as well On the other hand, one of the 
acute angles of a triangle can approach 90? as close as desired, in 
which case the other angle will approach zero, then the correspon- 
ain n ОВЕ quantities will approach the values indicated 
n the table 

The symbol о which we find in the tables indicates that the 
absolute value of the given quantity increases without bound when 
the angle approaches the value indicated in the table This is what 
ig meant When we say that a quantity is equal to Infinity, or beco- 
mes infinite (сі Sec 37 and Sec 217) 
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This table 13 of more theoretical than practical value since 
it contains roots that cannot be extracted exactly. For most 
angles, it is impossible to write the exact numerical values 
of the trigonometric functions even with the aid of roots, 
However, approximate values сап be computed to within any 
desired degree of accuracy (see Sec 203) The computations 
are arduous and so have been done once and for all time and 
the results have been tabulated, Four-place tables of sines 
and cosines are given on pages 36-39 (Sec 6), tables of tan- 
gents and cotangents on pages 40-47 (Sec 7) 


183, Finding a Trigonometric Function from an Angle * 


(a) Sine and cosine. In the table of Sec 6 (pages 36-39) 
are given the sines of all angles from 0° to 90° at 1” intervals 
to four decimal places. Since the sine of an angle equals the 
cosine of the complementary angle (Sec 182), the same table 
may be used to find the cosines of all angles from 90° to 0° 
for 1’ intervals. 


* If radian measure of the angle 15 given, convert to de; mea- 
sure (see Sec 181) ы ы ых 
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When looking for the sine, the number of degrees is read 
in the left-hand column "Degrees" and the rounded number 
of minutes (0°, 10’, 20’, 30’, 40’, 50') af the top (this 15 
indicated by the heading “sines” above the table) When 
seeking the cosine, the number of degrees is read in the 
nghi-hand column “Degrees” and the rounded number of 
minutes af the bottom (this 18 indicated by the footing “со- 
sines") We obtain the basic result at the intersection of the 
proper row and column Interpolate for the missing number 
of minutes (from 1 to 9) This 1s done in the section “Рго- 
portional Parts” in the row where the basic result 15 ob- 
tained If the sine 15 being sought, the interpolation 1s added 
to the basic result, 1f the cosine 1s being sought, the inter- 
polation ts subtracted from the basic result (thts 1s because 
the sine increases as the angle increases and the cosine de- 
creases) 

Example t. Find sin 53°40’. 

In the deft-hand column “Degrees” take the number 53 
and 40° ın the ѓор row At their intersection we find 0 8056. 
No proportional parts data are needed 


sin 53°40’ = 0 8056 


Example 2. Find cos 632107. 

Take the number 63 in the right-hand column “Degrees” 
and 10° in the bottom row. Their intersection ytelds 0 4514 
No proportional parts data are needed 


cos 63°10’ = 0 4514 


Example 3. Find sin 62°24’. 

Take 62 ın the left-hand column and 20’ in the ѓор row 
The intersection. yields the basic result of 0 8857. Move along 
the same row to the proportional parts data (column 4’) to 
find 5 (which 1s 0 0005) Adding it to the basic result we 
get 0 8862 

Work: 

sin 62°20’ =0 8857 
+4 +5 
sin 62°24' — 0 8862 


Example 4. Find cos 42*16'. 

Take 42 in the right-hand column and 10' in the bottom 
row The intersection of column and row yielas the basic 
result of 0 7412. In the same row, move to the proportional 
parts data (column 67) to get the number 12 Subtracting 
it from the basic result we obtain 0 7400. 


“. 
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Work. 
cos 42*10' = 0 7412 
--6' —12 
cos 42218” == 0 7400 


(b) Tangent and cotangent. In the table of Sec 7 (pages 
40-47) are given the tangents of all angles from 0° to 90° at 
1^ intervals accurate to the fourth significant digit Between 
0° and 76° the table is constructed like the table of sines 
In the interval between 76° and 90° (where the variation of 
the tangent ıs extremely non-uniform) there 1s по proportio- 
nal data section, but the table 1s given in more detai 

Since the tangent of an angle equals the cotangent of the 
complementary angle (Sec 182), the same table may be used 
to find the cotangents of all angles from 90° to 0° at F in- 
tervals In looking up a tangent, the value of the angle is 
read like that of sines in Sec 6 [see Item (a)], the cotangent 
аз sought in the same way as the cosine. 

Example 1. Find tan 82°18’ 

Read angles ("Degrees") in the feff column, 82°10’, and 8' 
in the ѓор row The intersection yields 


tan 89918” == 7 396 


Example 2. Find cot 12°35’. 
Read up on the right, 12°30’, and take 5’ in the Фо от 
row The intersection of column and row yields 


cot 12°35' = 4 480 


Example 3. Find cot 58°36’ 

Reading up on the right we have 58°, bottom row, 30' 
The intersection yields 06128 In the same row, move to 
the proportional parts data (column 6' at the bottom) to 
find 24 Subtract it from 0 6128 to get 0 6104. 

Work: 

cot 68°30’ = 0 6128 
48 —24 
cot 58°36' == 0,6104 


Example 4. Find tan 48°43’. 
We find 
tan 48°40' == 1 1369 
+3’ +20 
tan 48°43’ = 1 1389 
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184. Finding an Angie from 
а Trigonometric Function 


To find an angle from a given sine ог cosine, use the 
tables of бес 6 (pages 36-39), from a given tangent or cotan- 
gent, the tables of Sec 7 (pages 40-47) Run down one of 
the columns (say the column headed 0” at the top), and find 
the value we desire or the nearest value In the former case, 
we read off the value of the required angle directly (using 
the left column of degrees and the top row of minutes when 
dealing with sine or tangent, and the right column and bot- 
tom row when dealing with cosine or cotangent, cf previous 
section) In the latter case, we check for a closer value in 
the vicinity, 1f there is one, we read off the value of the 
angle as above, if there 1s none, we take the value found 
If necessary we refer to proportional parts data Bear in 
mind that the proportional parts figure is positive for increas- 
ing sine and tangent, and negative for increasing cosine 
and cotangent (if required, degree measure may be changed 
to radian measure, see Sec 181) 

Example 1. What ts the acute angle a whose cos =0 7173? 

In the table of Sec 6, run down the column headed 0’ 
to find the value 0 7193, which 1s close to the given value 
Near 11 we find 07173 which coincides with the given value. 
Read the degrees in the right column and the minutes tn the 
bottom row to find о = 44°10" 

Example 2, Find the acute angle a whose cos=0 2643. 

In the table of Sec 6, the nearest value ts 0 2644 The 
difference 15 0 0001, and the proportional parts section has 
the smallest number 3 (corresponding to 17) Hence we disre- 
gard this correction Using the right column for degrees and 
the bottom row for minutes, we get a == 74°40 

Example 3. Find the acute angle a, И созо —0 7458 

The nearest tabulated value 15 0 7461, corresponding to 
an angle of 41°50’ The given value exceeds the tabulated 
value by 7 units of the fourth decimal place. In the same 
row, moving to the proportional parts data, we find 6 and 8 
Take either one and subtract from the angle 41°50’ the cor- 
rection 3’ or 4’ This yields 41°47’ (too large) «or 41°46’ 
(too small) 

Work: 

0 7451 = cos 41°50" 
+7 —3 
0 7458 = cos 41°47' 
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Example 4 What is the acute angle а whose tangent 
15 4 827? 

In the table of Sec 7, find a nearest value (too small), 
4822 and another nearest value 4 829 (too large) Since the 
latter is closer to the given one than the former, take the 
latter In the left column we read 782107, in the top row, 87, 
This yields @=78°18'. 


188. Solving Right Triangles 


1. By two sides. If two sides of a right triangle are given, 
the third side can be found by the Pythagorean theorem 
(бес. 147). The acute angles are found from one of the first 
three formulas of Sec 182 depending on which sides are given. 
If, say, we are given the legs a, 6, then the acute angle A 
is found from the formula 


tan A == 


= 


and the acute angle В 15 found from the formula B=90°— A 
Case 1. Given leg a=0 528 metre and hypotenuse с== 697 
metre 
(1) Determine leg Ё 


b= Иа = V0 6972—0582 лы 0.455 (m) 
(2) Determine angle-A 


In the table of sines find A ды 49°10’ (limiting error of 5’) 
It 1s meaningless to find A to within one minute since by 
regarding the values of a and c as approximate numbers we 
cannot be sure even of the third digit of the quotient 


= 0757 (Sec. 56). 
(3) Determine angle В" 
В = 90° — А ay 90° — 49°10’ = 40°50! 


Case 2. Given legs a8 3 ст, b—124 ст, 
(I) Determine hypotenuse c 


c= y aid —y83-L-12.41 x 14.9 (cm) 
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(2) Determine angle А 


tan А == м 061, Aw 3d 


(3) Determine angle B: 
B= 90? — A ды 90° — 34° = 56° 


2. By a side and anacuteangle. If we are given an acute 
angle A, then В ıs found by the formula В=90°—А Тһе 
sides may be found from the formulas of Sec 182, which 
may be represented as 


a=csinA, b=ccosA, a-btan A, 
b-—csinB, a-ccos B, b=a tan B 


RIA the formulas that contain the given side or the side 
oun 

Case 3. Given the hypotenuse c=79 79 metres and the 
acute angle A = 66°36’ 

u) Determine angle В В= 90° — А = 90° -— 66°36 
= 23°24' 

(2) Determine leg 4. a=csind =79 79-sin 66°36’ 
= 79 79 09178 лы 73 23 (m) 

(3) Determine leg 6 b=c cos А =79 79 0 3971 == 31 68 (m). 

Case 4. Given leg а=123 metres and acuté angle 
А = 63°00' 

(1) Determine angle В B = 90? —63°00' = 27°00". 

(2) Determine leg 6 b= an B =: 12,3 tan 27°00" 
= 12 3 0 509 & 6 26 (т) 

(3) Determine hypotenuse с, c= ЯГА = р 

123 


186. Table of Logarithms of Trigonometric 
Functions 


Solving right triangles always requires multiplication and 
division. If considerable accuracy is required (say, four-di- 
git numbers are being multiplied), then the operations are 
very time-consuming, arduous and, hence, the possibility of 
errors cropping up increases The use of logarithms saves 
both time and energy In logarithmic computations, we do 
not use tables of trigonometric functions but tables of their 
logarithms. This results in a great saving of time since 
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instead of looking up the sine of an angle in the table of 
trigonometric functions and then finding the logarithm of 
the sine in the table of logarithms, we find the logarithm 
of the sine directly 

In the table of Sec 5 (pages 14-17) are given the values 
of the logarithms of sine, cosine, tangent and cotangent to 
four-decimal-place accuracy for 10’ intervals If the angle 
does not exceed 45°, the name of the required function 13 
read at the top and the angle at the left If the angle 
exceeds 45°, the name of the function ts read at the bottom, 
and the value of the angle on the right. 

The same table permits computing logarithms of trigono- 
metric functions for |’ intervals as well The mode of com- 
putation (see Secs 187 and 188) 15 based on the fact that, 
within the range of 10’, the variation of angle ts proportio- 
nal to the variation of log sin, log tan, log cos, and log 
cot Asa rule, the error due to this assumption does not 
affect the fourth decimal place The only exceptions are log 
sin and log tan for angles close to 0° (from 0? to 4°) and 
log cos and log cot for angles close to 90° (86° to 90°); in 
these cases the error becomes perceptible 

Let us take an illustrative example The increase in an 
angle from 12°20’ to 12°30’ 1s associated with an increase in 
Jog sin from 1 3296 to 1 3353, which 15 0 0057 Ап increase 
twice this,* from 12°20’ to 12°40’ is associated with an 
increase of log sin from 1 3296 to Т 3410, which is 0 0114. 
This increase 1s double the previous increase 

Changes in log sin that correspond to an increase in angle 
of 10° need not be computed since they are given in the 
columns headed d (which stands for difference) Thus, in 
column log sin opposite 12°20 we read 1 3296, opposite 
12930', 13353 The difference 1.3353— 1 3296=0 0057 18 
given in the left column d between 1 3296 and 1 3353 (for 
brevity, only 57 ts given). 

The same differences (with the minus sign this time, how- 
ever) yield variations of log cos corresponding to 10° 
increases in angle Thus, the same 57 gives a decrease in log 
cos as the angle increases from 77°30’ to 77°40’ 

Fot log tan and log cot, the differences are given in the 
middle column headed c d (common difference) They serve 
ihe two adjacent columns on the right and left For example, 
the differences log tan 12"30'—log tan 12°20’ and log 


* We took an Increase in excess of 10^ so as not to h to re- 
sort to а more detailed table. M aye тоге 
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tan 77240/---Іор tan 77°30° have a common value 0 0061, 
which 1s given in the column c d between the appropriate 
rows The number 0 0061 also gives a decrease іп log cot as 
ШЕ angle increases from 12920” to 12°30’ and from 779207 to 
940” 
The numbers given in the columns d and c d are called 
tabular dif, erences 


187. Finding the Logarithm of a Trigonometric 
Function from the Angle* 


For angles with a round number of minutes (0’, 10’, 20’, 
30’, 40’, 50’), the required quantity (to within 0.000!) 1s 
taken directly from the table of Sec 5 described in the pre- 
vious section For the other angles, interpolation 1s required 

Here, remember that for sin and tan the signs of the 
angle corrections and the logarithms of the trigonometric 
function are the same, while for cos and cot they are dif- 
ferent 

Example 1. Find log cos 24°13’ 

The angle is less than 45° and so enter the table at the 
top, "log cos" There** we find log cos 24°10’ —1 9602 The 
tabular difference (the number in the right column d) is 
log cos 24°10'-— 106 cos 24°20’==0 0006 Let us find the cor- 
rection x for 3’ From the proportion 


x= 0 0006 --3 10’ 
Х--0 0006.0 3 = 0 0002 


This correction must he subtracted from 1 9602 We get 
log cos 24°13’ = Ї 9600 


we have 


Work: 


log cos 24°10’= 19602 4-6 
unu Е ВЕН 


log cos 24*13' =f 9600 


* If the angle is given in radian measure, convert to degree 
measure first (Sec 181) 
ж Remember that in the table of Sec 5 the characteristics of all 


iogarithms are Increased by 10, therefore, in place ‘of Y we find 9, 
In place of 2, we find 8, etc 
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Note. When аро дв it is not necessary to write 
out the whole procedure It is enough to multiply (men- 
tally) the number of minutes by the tabular difference and, 
rounding off the product, to drop the zero at the end In 
our case, we have to multiply 3 by 6 and round the pro- 
duct 18 to 20 Dropping the zero, we have the correction 2 

Example 2. Find log tan 57°48’. 

The given angle exceeds 45° and so we enter the table at 
the bottom in the column headed log tan and take log 
tan 57°50’ == 0.2014, с d (=log tan 57?50'— log tan 572407) 
= 28 (1e, 00028) We now need the correction for the lack- 
ing 2’ Multiply (see note of Example 1) 2 by 28 to get 60 
(approximately) pr the zero and get the correction 6 
Subtract it from 0 2014 to get log tan 57*48' = 0 2008 

Work: 

log tan 57*50'—0 2014 d-:28 
—2' —6 


log tan 57*48' =0 2008 


Note. It is also possible to take log tan 57940! --0 1986 
from the table, find the correction 22 (8 28 c 220) for 8, 
and add ıt to 0 1986 The result 1s the same but it is easier 
to multiply 28 by 2 than by 8 so there 15 less chance of 
mistakes when multiplying mentally 

Example 3. Find log cot 65°17’. 

log cot 65°20'=1 6620 4=34 
—3 +10 
log cot 652177 = 1 6630 


Example 4. Find log sin 40°34’ 
log sin 40°30’=1 8125 d=15 
X4 +6 
log sin 40°34’ =] 8131 


188. Finding the Angle from the Logartthm 
of the Trigonometrie Function 


Run down the appropriate columns of the table in 
Sec 5 (the values of each function are given in two co- 
Jumns) and find the required value or the nearest value, in 
the latter case, write out the tabular difference. If the name 
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of the trigonometric function 1$ given at the top, read deg- 
tees and tens of minutes on the left, И the name is given 
at the bottom, read them on the right Finally, interpolate 
if necessary by means of a proportional calculation (the angle 
correction 1s of the same sign for sin and tan, and different 
sign for cos and cot) 

Example 1. Find the acute angle œ if log tan a==0 2541, 
The value 0 2533, which 1s nearest to the given one (tabu- 
lar difference cd--29), lies in the column log tan read- 
ing up We therefore read 60°50’ on the right The correc- 
tion x for the extra 8 units of the last place (0 2541 
—0 2533 = 0 0008) is found from the proportion 


x.10'—8 29 
whence x = Шар Adding this correction, we get 
a = 60°53" 
Work 
log tan a=0 2541 
0 2533 = log tan 60°50’ d=2y 
+8 4-4! 
0.2541 = log tan 60°53’ 
0 == 60953! 


Note The correction may be found mentally іп the fol- 
lowing manner Consider the difference between the given 
value and the tabular value—in our case, 0 0008--а5 a 
whole number 8 (that 1s, disregard decimal point and zeros 
on the left) Increase it tenfold (80) and divide by the tabu- 
lar difference (29) The quotient (rounded to umits)— in our 
case 14 15 3— yields the correction in minutes 

Example 2 Evaluate the acute angle о if log cos œ 
is 1 4361. 

The nearest tabulated value is 1 4359, the tabular diffe 
rence d —44 The heading log cos 1s at the bottom, and so 
we read 74°10’ on the right The tenfold difference between 
the given value and the tabulated value is 20 The quotient 


of E (less than half) 1s rounded off to zero. 


Hence а == 74°10’ 

, Eaample 3. Evaluate the acute angle « for log cot 
&—1 6780 : 

The nearest tabulated value 13 1 6785, the tabular diffe- 
rence 13 32 The heading log cot 13 at the bottom, and so we 
read 64°30’ on the right The given value is less by 5 than 
the tabulated value Divide the tenfold increased number, 
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50, by 32 Тһе rounded off quotient 152 Add 2' to get 
© == 64°32! 
Work. 


log cot a=1 6780 
1 6785-log cot 64°30° 4--32 
—5 n 


І 6780 — ор cot 64°32" 
a = 64°92" 
Example 4. Find the acute angle o if log sin zs 1.7414 
log sina=1 7414 


T 7419 = log sin 399300 d 19 


0” 

as —8' 

Т 7414 = log sin 33°27’ 
a= 33907! 


189 Solving Right Triangles by Logarithms 


Case 1 Given hypotenuse с=9 994, leg 52:5 752 Deter. 
mine а, B, А 


(1) Determine В sin B=, 


‘log b= 0 7598 
—ювс=1 0003 
logsin B=] 7601, B= 35°8' 


(2) Determine А А = 90° — В = 64^52', 
(3) Determine a а= tan A, 
log b = 0 7598 
log tan А >= 0 1526 
loga==09124, а--8 173 
Case 2. Given legs a=0 920 and 6=0 849 Determine the 
hypotenuse and acute angles, 
(1) Determine angle В tan B-, 
log b=1 9289 
— log a=0 0362 
log tan В = 1 9651, B--42*42' 
(2) Determine angle А А —90* — B = 47°18", 


(3) Determine the hypotenuse с c= 
logb--i 9289 
— logsin В =0 1687 

Іор с==0 0976, с==1 252 


sin В’ 
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Case 3 Given hypotenuse c — 798 1, acute angle A = 49°18", 


Determine a, b, B 
(1) Determine В В — 90? — 49*18' = 40°42’ 
(2) Determine а a=csin A, 
logc=2 9021 
log sin A = 1.8797 
loga=2 7818, a=605 1 
(3) Determine b b==csinB, 


log c=2 9021 
log sin B= Í 8143 


7 egb—27i64, b=5205 


Case 4. Given leg а= 324 6, acute angle В = 49°98' De 


termine b, с, А 
(1) Determine А 
А = 90° — В = 90° — 49^28' =40°39' 
(2) Determine b. v—a tan B, 
log a==2 5113 
log tan b== 0 0680 
log 6==2,5793, 6=379 6 
(3) Determine с с=—“ 


sm A’ 
loga=2 5113 
— log sin А =0 1872 


loge =2 6985, c= 499 5 


190. Practical Uses of Right-Trlangle Solutions 


In order to make effective use of the procedures discussed 
above, it 1s necessary to learn to use the relevant tables and 
accurately fird the needed results But this is not all there 
are two other difficulties The first is of a purely geometrical 
nature, to learn to find a simple method of isolating a right- 
angle triangle in any given geometric figure. The following 


illustrative examples will help 
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Example 1. Referring to the isosceles triangle ABC in 
Fig 220, the base AC and side AB are known It 18 required 
to determine angle B at the vertex 

Draw the altitude BD which bisects base AC and angle B 


Knowing AC, we find Ар=55 ‚ In the right triangle АВР, 


we find Z ABD from side AD and hypotenuse AB (Case |, 
Secs 185 and 189) Multiplying by two, we find the desired 
vertex angle 


8 ss 
Л \ 
уе A 


Fig 220 Fig 221 Fig 222 


Example 2. Given the radius R of a circle, to compute 
the side AB of a regular inseribed nonagon 

In Fig 221, draw radu ОА, OB to the extremities of the 
chord AB to get an isosceles triangle in which the side 
ОА == Р 15 known It is also easy to find the vertex angle 


АОВ = 29 = 40° Dividing Z АОВ into two right triangles 


by drawing the altitade as we did 1л the preceding problem, 
reduce the problem to Case 3 of Secs 185 and 189 

Another difficulty—the most essential one-—is to trans- 
late a spectfically stated problem into mathematical language 

Example 3 Compute the inner and outer radu of a ball 
bearing so that it can accommodate twenty steel balls of 
diameter 16 mm each 

(To simplify the problem we assume that the balls are 
packed tightly} 

The matn difficulty here is to isolate the mathematical 
content Constructing Fig 222, we note that we know the 
diameter of a ball, BC=16 mm, and hence its radius 
AB=AC=8 mm Besides, the angle between the radi OA 


and OD from the centres of adjacent balls must be BeO” = 18°, 


Furthermore, the line AD which connects the centres of adja 
cent balls must be equal to the dtameter of each of them, 
which is AD=16 mm. Now we have ап isosceles triangle, 
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AOD, in which we know the base 40 = 16 mm and the 
vertex angle AOD =18° Dividing ıt into two right triangles, 
we reduce the problem to Case 4, Sec. 189, and obtain 
0р= ОА =51.1 mm Whence we find the outer radius. 


ОВ= ОА + АВ 51 14-8--59 1 mm 
and the inner radius: 
0C =0A ~AC = 43 1 mm 


191. Fundamental Relations of Trigonometry 


Knowing one of the trigonometric functions of an acute 
angle, it is possible, by applying the relations (identities) 
given below, to detemine the others However, their main 
value lies in the possipility of substantially simplifying the 
aspect of many general formulas and thus reducing the com- 
putational process 

512 0 == С0520==1, tana-cota=1, 


sin o cos 
= cot а 


cosa! sina? 
sing csca=I, cosa sec a = 1, 
sec?o = 1 --іап2 о, сәс? == 1 4- col? o, 
1 обо 
Фу шз ————:— oo 
COS GTI G Тена: 
3 
Эта 1 tan? а 


ева ittama 


These formulas hold true for the trigonometric functions 
of any angle (see next section). They are called trigonometric 
identities 


192. Trigonometrie Functions 
of an Arbitrary Angle 


It is possible to construct the whole of trigonometry using 
only the trigonometric functions of acute angles But then 
in the solution of oblique triangles and in many other prob- 
lems requiring trigonometry we would have to distinguish 
a multitude of separate cases of one and the same problem, 
depending on the magnitude of the given angle In contrast, 
the solution of all problems becomes unified 1 we extend, 
as follows, the concept of sine, cosine, etc to angles of 
arbitrary size, that 15, not only between 0° and 180° but 
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exceeding 180°, not only positive angles, but negative angles 
as well (sce Sec 142) 

: To кра angles, we take а сие ABA'B' (Fig 223) 
with two mutually perpendicular diameters AA’ (first) and 
ВВ’ (second) Arcs will be reckoned from point A Counter- 
clockwise rotation will he taken as the positive direction 


В 
ese ЖО 
"i А 
ye WD 
Fig 223 Fig 224 


Ап angle a 15 formed between the moving radius OM and 
the fixed radius OA This angle сап һе in the first quadrant 
(МОА), the second (М,0А), the third (M,0A) or the fourth 
(М:ОА) Taking as positive the directions ОА, OB and as 
negative the directions OA‘, OB’, we define the trigonometric 
functions of the angles as follows 


Fig 245 Fig 228 


The fine of sine of angle a. (Fig 224) is the projection 00 
of the moving radius on the second diameter (taken with 
appropriate sign) 

The tine of ihe cosine ОР 1s the projection of the moving 
radius on the first diameter 

The sine of angle a (Fig 224) ts the ratio of the line of 
the sine OQ (taken with appropriate sign) to the radius R of 
the circle. 

The cosine 15 the ratio of the line of the cosine OP (taken 
with appropriate sign) to the radius 

Figure 225 gives the signs of Ме sine of angle а 
(Fig 226, the signs of the cosine) in different quadrants. 
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The fine of the tangent (AD,, АБ, eic, Fig 227) is a 
segment of the tangent line drawn through the extremity A 
of the first diameter from the point of tangency to intersec- 
tion with the moving radius (0Мі, ОМ», еіс) produced 

The line of ihe cotangent (BE,, БЕ, etc, Fig 228) ва 
segment of the tangent line drawn through the extremity B 
of the second diameter from the point B of tangency to 
ret pis with the moving radius (OM,, ОМ», etc.) pro- 

сей. 

The £angen! of an angle 15 the ratio of the line of the 
tangent (taken with appropriate sign) to the radius, 

М2, 


& B Е, 
"ALA (ДЮ? ЖӘ 
WS У 

Dy М, ID 


Fig 227 Fig 228. Fig 929 


The cotangent is the ratio of the line of the cotangent 
(taken with рш sign) to the radius 

The signs of tangent and cotangent for the various quad- 
rants are indicated in Fig 229 

It is simplest to define the secant and cosecant as recipro- 
cals of the cosine and sine 

The table on page 351 gives the expressions of each tri- 
gonometric function of any angle in terms of the other func- 
tions In the expressions with two signs, the choice of sign 
depends on the quadrant in which the angle lies (see 
Figs 295, 226, 229) Я 

The graphs of trigonometric functions are given in Sec, 213. 


193. Reduction Forinulas 


These are formulas which make :t possible (1) to find 
numerical values of trigonometric functions of angles exceed- 
ing 90°, ard (2) to make transformations which simplify 
the aspect of formulas, 

All formulas hold true for arbitrary angles œ, although 
they are mainly used when @ is an acute angle. 
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First Group: 
эп (—@) = —sina, tan(—a)- — по, 
cot (—a)=—cata, cos(—a)---cosa 


These formulas permit dispensing with negative angles 
Second Group: 


sin sin 
E (360°k +a) = а {k positive integer) 
cot cot 


These formulas enable us to avoid considering angles 
greater than 360°. 
Third Group: 


sin + sin 
cos 5 — COS 
tan | (180 + 9)= tan е 
cot + cot 


The names of the functions are preserved, the sign on the 
right is that which the left-hand side has for a an acute 
angle 

For example, sin (180°—a)= -- зіп а, since for a acute, 
180°—a les in the second quadrant where the sine 15 po- 


sitive, sin (180° 1-а) = —sina, since for с acute, the angle 
180^-L-« lies in the third quadrant where the sine is nega- 
tive; cos (180? — о) = — cos a, since the cosine in the second 


quadrant is negative, etc. 
Fourth Group: 
sin + cos sin — COS 
us (90° + a= sin a, m (270° + а= smi. 
cot T tan cot Æ tan 


The name of the function varies. the cofunction 18 taken 
instead of the function The rule of signs 18 the same as in 
the preceding group. For instance, cos (270° — о) = —sina 
since the angle 270%--о for c acute belongs to the third 
quadrant where the cosine 15 negative, cos (270° 4-0) = 
zs--sina since the cosine 15 positive in the fourth quadrant 

All these formulas may be obtained by applying the fol- 
lowing rule 

Any trigonometric function of an angle 90°n+-@ 18 equal 
an absolute value to the same function of the angle 1f n is 
even and to the cofunction if m is odd И the function of 
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D+ 45096 | 9- 5098 


səjJuy 
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the angle 90*n--« 1s positive when œ is an acute angle, 
then the signs of both functions are the same; if it is ne 
gative, they are different. 

The results of the foregoing reduction formulas are sum- 
marized іп the Table on page 354 where rows for secant and 
cosecant have been added 


194. Addition and Subtraction Formulas 


sın (a+ В) = sin а cos В -- cos æ sin В, 
sin (а— В) = sin о cos B — cos с sin В, 
cos (%--В) == cos a cos В — sin о sin В, 
cos (a —p) = cos о cos B J- sin a sin В, 


_ tana+tanf 
tan (0:4- В) == T-tana tanp ' 


tan a—tanp 


tan (a —B) == Тапа ten B 


195. Double-Angle, Triple-Angle 
and Half-Angla Formulas 
sin 2a =? sin a cos a, 
cos 2a = cos? a — sin? w= 1 — 2 sin? a =? cost a — 1, 


2tana , 0120-1 
T-tan? a’ cot 24 = Qeota ' 


tan 2a = 


sin 30 = 3sin о —4 5113 a, cos 3a = 4 cos? a — 3 cos б, 
cot? 0-3 cota 


3 tangetan? a, 
tan 8¢ = "tanta EIL 


1-3 tana ' 


42% 1--с08 a @ 1--сов œ 
sinz = ИЕ, 608 p= t y=, 


cot 3% = 


a 1 соза sin о 1-coso 
tan a yf LENS. ae, tina’ 

a 1+cos 0; sin à l+cosa 
cot eg ДЕ: а I-cosa па 


The signs in front of the radicals are taken in accord 
with the quadrant ın which the angle + lies (Sees. 192, 193). 
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196. Reducing Trigonometrie Expressions 
to Forme Convenient 
for Taking Logarithms 


яша sin B == 2 sin SP cos 255 2-6 А 


sin a—sin В = 2 cos жей sin t 


Q+ о- 
cos а -+ cos В = 2с05 23 соз HE 


a+b a 


a в-а 
cos @—сов f = —2 81025 sin 52 28.22 si mt ы, sin 8=% 


8 
соз а SIN @== p cos (45° — a), 


cos @—sina= ИЯ sin (45° —a), 


in ( in (Ria) 
tan a tan И, cota + cot B= тє Ei В’ 


T cos (a+ 
tana- сої p= oF , tana—cot Bes — ix ries i 


tan a+ cot e .— 2 сөс 20; tan a— cot a= —2 cot 29, 


% 
1-Есо$ == 2 cost ; соз а==2 8102 >, 


14 sina=2 cos? (49 — $), 
|] --sin a — 2simi( 45° -i) 


в YT о 
1-- tan gi (45* a) sin (45° x mo 


“cos 45608 — cosa 
_ cos(a + D) __ ces (@ В) 
1i tena tan фе д ‚ cotacoth + l= па зар 
a cos 20. cos 20. 
1 бал? а= ега, lecot e= - Т» 


{алш tantp = 68) ШЕШЕ 8 


cot? a. — cot? == mg n: ae 2, 


tant a—sin*a--tan?asinig, cot?a —cos? a — cott a cosia 
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197. Reducing Expressions involving 
the Angles of a Triangle 
to Logarithmic Form 


НА, В, С are the angles of a triangle or, generally, if 
A+ 8+C= 180°, then certain expressions which do not 
have logarithmic form may be reduced to logarithmic form 
by means of the following formulas, which are useful in the 
solution of oblique triangles. 


sin A + sin B2 cos 428 соз C. 


2 2. 
sin А— чп B-2sin 45 sin S $ 
cos A-+ cos В==2сов ^2 sin 2 ; 
cos A—cos B==2 sin 8-4 соз ©, 
tan A+ tan B — E, 
cot 4 со В Ер ; 
sin A -- sin B+ sin С-«4сов-4- соз Б. cos © , 


tan А -- tan B -- tan C «tan А -tan B-tan C, 


А В CM НІ ЖЕТІ 
cot + cot -7- -+ cot > = cot - cot 2 cot $ 


198. Some Important Relations 


sin о sin f= [eos (a — В) — cos (&- В), 
cos a cos в=1 (cos (а — f) -+ cos (a+ В), 


sina cos p=4 [sin (x+ B) + sin (a — В) 
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These formulas may be used to avoid multiplications 
(they are frequently used in nonlogarithmic computations in 
higher mathematics, for instance, in the integration of trigo- 
nometric functions) 


2 tan 1- tan? — 

sin a= = cos Q = 
1+ tant —— 1+ tan! =- 

2 tan -5- 

tan a = Е 

1- tan? т 


These formulas are useful m the solution of trigonomet- 
ric equations (and in the integration of trigonometric func- 
tions in higher mathematics). 


cos -cos 
sing-+sin2a+sin3e+ .--+-sinna= ———À——- 
2 sin = 


(2л +1) а 
2 


sin onm. 


a 
2 sin -2- 


a 
sin — 

2 
cos a-+ cos 2€ -- cos За--...--с08 na = 


, 


cos na = 608" a— Сл соѕп-? а sin? а Cl, cos^-* a sint g—.. " 
sin na=ncos"~1asina—Cicos"~ a sin? а 


+ Cbeost- 5a sin a —. . 


In the last two formulas, СЁ are binomial coefficients 
(see Sec. 136), The signs of the terms alternate, the right 
members break off by themselves in that they terminate 
in the zeroth or first power of the cosine. 

Examples. 


cos 3a = cos? a—3 cos a sin a, 
sin Зо: = 3 cos? @ sina—sin? a, 
сов da — cos! а —6 cos? a smia- sin a, 
sin 4a = 4 cos? a sina —4 cos a sin? q 
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199. Basic Relations Between Elements 
of a Triangle * 


Notation a, 6, c denote the sides of a triangle, А, B, C 
the angles; patter: is the semiperimeter, Л 1s the alti- 


tude; S stands for area, R denotes the radius of a circum- 
scribed circle; г, the radius of an inscribed circle, го, the 
radius of a circle tangent to side а and to sides 6 and с 
roduced (escribed circle); Ag is the altitude drawn to side a; 
9 1$ the bisector of angle А. 
(1) Law of cosines: 


gizb3--cà— 2bccos А ог cos А= ста 
(cf. Sec. 147). 
(2) From ıt are derived the half-angle formulas 
A | Q/ {p-b (0-09 A af P (Pa) 
Sin = ber ee cos an 2228, 
An овоа ү/ 290-0 P-a or 
tan 5 =y pip-a) р-а p “рта 
from which we obtain 
anA 
A B р-с 2  p-b 
tan + tan = ЖЕЗ? ра 
an-g- 


(3) Law of sines 
S. esc uui шор 


From this law we can derive the following two formulas. 
(4) Law of tangents (formula of Regiomontanus). 


nát8 с 


a+b Nia 2 _ cot EN 
a-b , A-B . А-В 
tan 3 {ап —— 


* All formulas are given in one version only, two similar formu- 
las may be obtained trom each one by a corresponding change of 
letters For example, from the formula 


баъса? atet-b* | 
соз А EU We get cos Buc i 
аз +01 ct 
соз Cz 
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(5) Mollweide's equations 


(6) Formulas of area 
Sg. 565m А S aln A sin С 


с 7“ 25 B г 


ain с чле ht 
S=V p(p—a) (p—b) (р 0), S= ra usc , 


A B C "UD B C 

S = ri cot = cot + cot >, $=р tan = tan > tan =, 
hi ып 4 

9 = р(р—а)іап 2, S= nT” NES K Trara role 


(7) Вади of circumscribed, inscribed and escribed circles 


be 
и пуття лт Be 


4 соз — COS Se С05-2- 


2 
T қын 
r= =(p—a) tan == 
asn B mE 
29 А В C 
=A 40 sn sin > sins 
COS — 
3 
1 1 1 i 
кт ee 
8 
Га = 5g P tan = 
(8) Bisector. 
h 
gn ЕЕ 
2 


200. Solving Oblique Triangles 


Case 1. Given three sides a, b, c 

(a) When using tables of natural functions, first find one 
of the angles by the law of cosines 
61401 а? 


cos А ==. ste 
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The second angle (say B) is found by the law of sines: 


Г 
sin = 2554 


The third angle 1s found by the formula 
C — 180? — (A -+ B) 


If considerable accuracy is required (even up to 10’), the 
pe aber (particularly of the first result) 15 exceedingly 
arduous. 

(b) When using tables of logarithms, the angles A, В, С 
(it ts sufficient to compute two of them) are found from one 
of the ү formulas (Sec. 199, Item 2) 

Work: 


Given a 74, b= 130, c= 186 
2p-a-54-c—390, p= 195, log p =2 2900, 


р--а:«121 | log(p—a) =2 0828 
p—6= 65 | log(p—5) —1 8199 
p—c- 9 | log(p—c)=0 9542 


(1) Compute A: 
A + (0-0 (p-o) 
tan i-y p(p-aj ' 
log (p —5) —1 8129 
log (p —c) =0 9542 
colog p ==3 7100 
colog (p — a) -- 3.9172 


5 3943 
log tan ^ = 2. 2.3943 — 1.1971 


AES, A= 17°54’ 


(2) Compute B 


в ауру 
tan 3 -y ES 0-8” 


A similar computation yields 
В = 32°40' 


362 
(3) Compute C as a check 


c / pap) 
tan y= р(0-2) 


The result 1$ С == 129°26’ 
Check А == 17°54’ 


B= 32°40’ 
С = 129°26" 
ABC = 180° 


Case 2, Given two sides a, b and the angle between 
them, C 

(а) When using tables of natural functions, first find side 
€ by the law of cosines 


c? = a? 4 b3 — 2ab cos C 
and then angle A by the law of sines 


| 
sin A = S206 


Here, angle A, which corresponds to the sine just found, is 
acute И 2. cos C and obtuse И 2 < cos С 


The third angle 1$ determined either. by the formula 
С = 180°—(A-+B) or in the same way as А (for a check) 
Finding side с to a high degree of accuracy involves arduous 
computations 

(b) When using tables of logarithms, side с is found b 
the law of sines after angles A and B have been determined. 
А and B are found by the law of tangents 


c 
a+b cot 
а= ARB 

2 


from which, using given a, b, С we find 2-8 and, since 
SP кш! is also Ки т, we readily get А and B 
Work. 

Given, a — 29 г 59". 
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(1) Compute =5 
tan 2-4 = cot S. à 
log (b —a) —2 4942 
log cot fai 9214 
colog (b + a) =3 0506 
log tan 24 =T 4662, 24 = 16°18" 


(2) Compute B and A: 

ВХА рр». С 39°50’, 2223 = 16°18" 
Adding we get В = 56°%'. Subtracting we get A = 23°32’, 
(3) Compute side с. 


. a sin cC 
— "sin A? 


log a= 2 4609 
log sin C — 1 9929 
colog sin А ==0 3987 


logczz28525, c=7120 


Case 3. Given any two angles (say А and B) and side с. 
We carry out the computations in the following manner 
whether using logarithms or not. first determine the third 
angle of the triangle by the-formula 180*— (4 +8), then 
the sides a and В by the lawof sines Using logarithms, write 
out the work as follows. 


Given A=55°20', B= 44°41", c— 795 
(1) Compute angle С С = 180° —(A + B) = 79°59’, 
(2) Compute side a: 
схіл A 
ас’ 
log c = 2 9004 
log sin А = 1 9151 
colog sin С = 0.0067 
loga =? 8222, а= 664 0 
(3) Compute side 5. 


Using the formula ban? in the same way as above, 
we obtain 6= 567.7, 
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Case 4, Given two sides a and b and angle B opposite 
one of them 

Carry oul the computations as follows whether using loga- 
rithms or not first find angle A opposite the other given side 
by the law of snes sin A = 2572 В We then get the follo- 
wing posstbilities 

(a a> 6, asinB > В and the problem has no solution; 

(b) a > b, asın B=6 and there is one solution angle A 
is a right angle, 

(c) a> b, asm B < b « a, the problem has two solutions: 
angle А that corresponds to the computed sine may be taken 
acute or obtuse, 

(d) asb, the problem has one solukon angle A 15 taken 
acute 

Having determined angle A, we find C by the formula 
C —180* —(A 4- B). И A can have two values, then two va- 
lues are obtained for C as well Finally, the third side c is 


found by tbe law of sines, сейіс If two values of C are 


found, then с has two values as well and thus the conditions 
are satisfied by two distinct triangles 
Work: 


Given: a=3600, 623090, В=21°14’ 


We һауе а >b and asinB < Б (this is revealed in the 
first few steps of the computation) Hence we have Case 4r, 
(1) Compute angle A. 


asin’ 
b % 
log a = 2 5563 
log sin B == 1.5589 
colog b = 3 5100 
log sin А = 1.5252 


sin А = 


If we had asin8 > b, the characteristic of the logarithm 
would be positive and the problem would have no solution, 
Fust solution A,=24°S7'; second solution A,= 180° 
— 24°57! = 15573", 

(2) Compute angle C = 180°— (A+ B). 
first solution C, = 1992497, second solution С, = 394, 

(3) Compute side c: 
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first solution second solution 

log b==2 4900 log 5 == 2.4900 

log sin С, = 1 8583 log sit Cy == 2 8117 
colog sin В; == 0 4411 colog sin B, = 0.4411 


loge, =2 7894, 01-615 7, 1og c= 1 7428, сас 55.31 


201. Inverse Trigonometric Functions 
(Circular Functions) 


The relation x=siny makes it posstble, with the aid of 
tables, to find x if y 15 known, and y if x 1s known (and 
does not exceed | in absolute value). Thus, we can consider 
the sine as a function of an angle, and also the angle as a 
function of the sine. This fact 15 apparent in the notation 
y==afesin x (arcsin is pronounced “ark-stne”) For example, 


in place of > sin 30° we can write 30° — arcsin 7. In the 
latter case, the angle is usually expressed in radians and 
not degrees so thal one writes $ —arcsin 4. Although this 


notation is simply a variation of the notation ул”, 
the student is often confused at first. Yet the student finds 


nothing out of the ordinary when writing 23==8 and 2 = Уз 
This is because the rules for taking roots differ from those 
for raising to а power, and the student is accustomed to 
viewing them as two distinct operations, whereas finding the 
sine from an angle and an angle from the sine is done in 
the same tables, in which only the term "sine" is used and 
"aresine" 18 not even mentioned. For this reason, the student 
does not perceive of any specific operation whose result is an 
агсѕіпе. To put it generally, there is really no reason for 
introducing this concept in elementary mathematies. In higher 
mathematics the arcsine occurs offen enough as a result of 
а certain operation called integration, tt is precisely here 
that the concept arcsine originated. 

Definition. arcsin x means the angle whose sine is x, 
Similar definitions pertain to агссоѕх, .arctan x, arccot x, 
arcsec x, arccsc х The functions arcsinx, arccosx, etc. are 
inverse to the functions sin x, соз х, еіс (see Sec 208) (just 
as the function Ух в the inverse of х?) Hence their name: 
inverse trigonometric functions (or circular functions). All 
inverse trigonometric functions are multiple valued, which 
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means that the following holds true for all of them опе 
value of x is associated with an infinity of values of the 
function (since an infinite number of angles, saya, 180? — a, 
360°--a, have the same sine) 

The principal value oi arcsin x is the value which lies 


between — 2-(-90% and --5-(4-909). Thus, the principal 


value of arcsin 2. 15 =, the principal value of 
( HS) n 
arcsin 797 18 d 


The principal value of arccos х is the value which hes 
between 0 and л(--1809, Thus, the principal value of 
arccos 2 15 i the principal value of arccos (-*=) 
18 pen, 

The principal values of arccot x and arcsec x (like that of 
агссов x) Пе between 0 and m The principal values of arctan x 


and агссѕс x (like that of arcsin x) lie between —+ and 4- 5 Е 


Examples. The principal values of arctan (-Ә---5, 
arccot V 3— 4-2, arcsec (—2) = Tia. 


Н we use the designations Arcsinx, Агссоѕ x and so on 
to denote arbitrary values of the corresponding inverse tri- 
gonometric functions, and И we retain the designations 
aresin x, arccosx, etc., for the principal values, then the 
relationship between the values of an inverse function and 
its principal value is given by the following formulas: 


Arcsin x ==Ёл-{- (—1)Ё arcsin x, (1) 
Arccos x == 24r + arccos x, (2) 
Arctan x =Ёл-| arctan x, (3) 
Arccol x — kn -[- arccot x (4) 


where & 1s any integer, positive, negative or zero. 

The graphs of inverse trigonometric functions are given 
in Sec 213 

Example 1 Arcsin 4--іл--(-1) arcsin -y 


2 
—m 2. 
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For k=0 we have O-z4-(— 0 $ = (© 30°, the princ 


pal value), 
for k=1 wehavel-nd-(—1) $t —1—-4 = пог 150°); 


for k=2 we have 2-n+-(—1)? 2 = 2n 4- 2 = 24-2 (or 390°); 


for k = — 1 we have —п-+(—1-15 =r — Ф --1- л 
(ог —210°); 

for Ё == — 2 we have —2-F(—1)-*6 =n +E -—1 л 
(or — 330°), and so forth. 


у = 2 2л $ arccos- —2in A. 


Example 2. Агссо$ 


ҒЗ 
Рог k=0 we һауе = 


(or 60°, the principal value) and 
— 5 (or — 60°), for k=! we have 2л: -+ = 21 л (or 420°) 


and 2a — Я = 1 $-a (or 300°), and so forth 


202. Basic Relations for Inverse 
Trigonometrie Functions* 


sin Arcsin asma Агсвіп (sin а) = х ( — Аа, 
cos Arccos а--а, Arccos (cos a) = 22л -+ a, 

tan Arctan aa, Агсіап (tan a) =kn a, 

сої Arccot азса, Arccot (cot a) =#л--а, 


9: а 
їп а = arccos И 1 — a? = arcta 
arcs и пу, 
2 
arccos а==агсып У 1— a? = arccot mr , for a» 0 
1 
arctan а = arccot — == arcsin S = arecos.-——— 
а ЖҰТЫ ұтғаз 
arcsin a+- arccos а == =, 


л 
arctan а-- arccot а == тг. arcsec а+- arccsc a = Y В 


«Тһе roots in all formulas of this section are positive numbers. 


368 


Aresin a+ Arcsin b = Aresin (aV. 1—5 + bY 1— a3), 
Arcsin a— Arcsin b = Arcsin (aV 1—53—bY TI, 
Атссов a + Атссоз b = Агссов (ah— У i—a*y 1— 55), 
Атссоѕ a—Arecos b = Arccos (ab-- УТ V 1— B5, 


a+b 
Arctan а + Arctan b = Arctan Tah? 
Arctan a~-Arctan b == Arctan 4 , 


arcsin (aV 1—B®+6V а (if 

а? b? < |, also 17 a+b? > 1, but 
aresin a+ arcsinb — } ар < 0), 

+ [—arcsin (aV 1—83 4-5 V 1—2?) 

(if a*-- 5b? > 1 and ab > 0), 


arcsin (aV 1— 2—6 1—a?) (if a*-- b 
<1, also if a+b? > 1, but ab > 0), 
+ [n—aresin (aV 1— 5 — Үт ай 
(if a?-- 06? > 1, but ab < 0) 


arcsin @—arcsin b == 


In the last two formulas take the + sign in front of 
the square brackets sf a is positive and the — sign if a is 
negative 


203. On the Construction of Tables 
of Trigonometric Functlons 


The arc of a circle (MAM, in Fig 230) 15 always longer 


than the subtending chord (MPM,) so that MAM. | 
However, the smaller the central angle ! 


ЖАМ, 
МОМ the less the ratio MPM, differs M 
from unity, and hence the smaller the error 
if we consider the are and tts chord to be a 
equal Thus, for a central angle of 10°, М 9%, 
the arc MM, amounts to 0 174533 г (г the 
tadius of the circle) and its chord is 0 174312 r; Fig. 239. 


0 174583 
91744127 rel 001 


By taking the chord equal to the are, we have an error of 
00002 г, which 1s only about one tenth of one percent. 
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For an angle of 2° the relative error 15 about ten times 
less, namely, the arc is equal to 0034907 г, the chord 15 


equal to 0 034904 г Their ratio 5 ын za 1 0001 Assu- 


ming the arc equal to the chord, we have an error of about 
one hundredth of one percent жел 
On the other hand, the ratio of the arc MAM, to the 


chord MPM, is exactly equal to the ratio of the radian 
measure of angle MOA (which constitutes one half of the 


angle MOM,) to its sine Indeed, МАМ, MPM, — 2MA 2MP 


= MA: MP = м4 X but ма is the radian measure of 
the angle MOA (Sec 180) and > 1$ the sine of the same 
angle 

This means that by taking for sina the value of the 
angle a itself (in radian measure) we have a small error if 
the angle а is эта! By-taking a small enough angle we 
can find the sine of the angle to the desired degree of accu- 
racy Then we can construct the entire table of trigonomet- 
ric functions Suppose we have found, say, sin30’ Then by 


the formula cos30'— V 1—sint30 we also find the cosine 
of this angle, then tan 30’, cot 30’, etc are found from the 
formulas on page 351 Continuing, formulas sin 2a = 2 sin acosa 
and cos 24==cos*a—sin?a, will permit finding sin (2x 30") sim 1° 
and cos 1° Then, using the addition formulas (Sec 194), we 
can compute sin (1*--30) —sin1^30" and cos (1°-++30’)=cos 1°30’, 
Now, knowing the sine and cosine of the angles 1°30’ and 
30’, we can find sin 2°, cos 2°, ete 

In this way we can construct tables of the trigonometric 
functions (using this procedure, we first have to find the 
number x to a sufficient degree of accuracy, otherwise we 
will not obtain the radian measure of the angle) However, 
the computations are шет involved, Prior to the 18th 
century, table makers (Sec 179) employed computations 
that were almost as unwieldy as those. Today, mathematicians 
have much faster methods based on higher mathematics. 
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204. Trigonometric Equations 


An equation involving an unknown quantity under the 
sign of a trigonometric function 1$ called а trigonometrie 
equation * 


Example 1. The equation sin y= 18 trigonometric 


[ts roots are y= 30°, y= 180° — 80° = 150°, y= 2 180° 4. 30° 
== 390°, y — 3 180° — 30° = 5109, еіс and also y = — 180°—30° 
= — 210°, y= — 2-180°-+ 30° = — 330°, etc 

The general solution (that 1s, the totality of all roots) 
may be written thus [cf Sec 201, formula (1)] 


y=k 180°-L(—1)*-30° 


where & 1$ any integer, positive, negative or zero 
Consider оле of the solutions, say y= 30° 
It may also be written as y= 1800’ or y= 108,000" or 


u=% = 05236 (we assume the name "radians") Thus, in 
the equation sin y the unknown у 1$ the size of the 
angle and not of its numerical measure The numerical mea- 
sure depends on the choice of units of angular measurement 
(degrees, minutes, radians, elc ) 

If we take the numerical measure of the angle for the 
unknown quantity, we have to indicate їп what units the ang- 
les are measured (see Example 2) 

Example 2. In Fig. 231, the chord AK is equal to the 
radius of the circle, R=OA. How many degrees are therein 
the central angle АОҚ? 

Неге the desired quantity is a number, denote it by x, 
then the size of the angle АОК is x° (Z АОК — x^) Constru- 


eting the bisector OD of angle АОК, we have / AOD = ele 
Since AK =2AD=20A sin Z AOD =2R:sin 52! and 
AK=R (by hypothesis), we get the equation 2R -sın (X) =, 


* Some writers take the term “trigonometric equation" іп its narrow 
sense and demand that the unknown only be under the sign of a 
trigonometric function In that sense, the equation of Example 3 is 
nota trigonometric equation However, no matter how we regard 
the term “trigonometric equation", whether involving equations in 
which the unknown occurs only under the sign of a trigonometric 
function or in other combinations as well, a consideration of such 
equations is useful in many respects 
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or 


One of the solutions of this equation 15 x —60 
In school, problems like these are solved where both pro- 
cedures for setting up the trigonometric equation are equally 
suitable, and preference 1$ usually given to 
the first method However, problems often 
A crop up that cannot be handled by the first 

р method (see Example 3). 

| Example 3. Іп Fig 231, arc АК exceeds 


^ {пе chord subtending t by  ~ 10472 ti- 


mes. Find the central angle AOK 
Fig, 231 Apply the second method  Denote by x 
the degree measure of the desired angle 
(б е, x 1s a number) 


As in Example 2, find AK =2R sin (=) The degree 
measure of the arc AK в 15 also equal to x, that 15, the length 
of arc АК constitutes ус; of the length of the circumference 
2nR Hence 


it IRI 
АК = =з 2л = TaT 


AK AK— by hypothesis, and we get the equation 


ARX ? a 
Tao 2R зп (+ ) =з 


That 1s, 
x sin (=) = 120 б) 


This equation has a unique solution, x «60, which means 
the desired angle AOK is equal to 60° 

If for the unknown x we took the measure of the angle 
АОК m minutes, we would get the equation 


x sin (= ) «20 (2) 
(its root 15 x 3600, ог / АОК = 3600) 


Thus, by taking a different unit of angle measure, we get 
a substantially different equation In other words, in this 
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specific problem ıt ts not possible to set up an equation in 
which x denotes the magnitude of the angle and not that of 
its numerical measure 

Note Denote by х the radian measure of angle AOK and 
we get the equation 


x 2 
х sin A (3) 


(its root 18 ==) 


In outward appearance, this equation would seem to sug. 
gest that x denotes the desired angle АОК rather than its 
numerical measure Actually, x here is a number, the radian 
measure of angle AOK, because equation (3) 1s a contracted 
х 


2 
й radians =- n In the same 


form of the equation л sin ( 
way, we could write 

x sin = 120 
instead of equation (1) 


205. Techniques for Solving 
Trigonometrie Equations 


When solving кшш equations, an attempt 15 made 
to find the values of some trigonometric function of the un 
known Then, using tables, tt is possible to find the values 
of the unknown itself (which, in the general case, are appro- 
ximate) The formulas of Sec 201 serve for working out ge 
neral solutions 

An equation may be solved in different ways The formu 
las given in Sec 196 and, particularly, in Secs 194 and 195 
may prove useful 

When manipulating trigonometric equations, it 1s ипрог- 
tant to take care that the transformed equation is equivalent 
to the original one Incidentally, И 1s sometimes advisable to 
perform transformations in which equivalence cannot be gua 
ranteed beforehand But then, in the case of possible extra- 
neous roots appearing (say when squaring both members of 
the equation, see Examples 5 and 6), it 1s necessary to check 
all the solutions found, In the case of a loss of roots, estab- 
lish which specific roots could be lost and whether they have 
actually been lost 

Incidentally, it ts easy to avoid the danger of losing roots 
An example will suffice ‘to illustrate this Suppose we have 
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sin x 


the equation tan x=2sinx Write it as шіт? sin x. Divi- 
ding both members by sin x, we get the equation € 2, 


which is not equivalent to the original one. the lost roots of 
the equation are sinx-0 But we can proceed differently. 
Transpose 2sinx to the left and factor out sinx to get 


sin x ( Ea an equivalent equation It is satisfied in 


only two cases (1) if sin x —0, (2) if a2 that is, cos x 


E i In the former case, х==Ал, in the latter, х=. 


We have all the roots 
Note, When equating one of the factors to zero, take care 
that the other factor does nof become infinite In our example, 


for sin х=0, we have cos х=-- 1 so that а--? is equal 


to -- or —3 When сов «= we have sx 4 ^ But 


if the second factor becomes infinite, the result will, as a rule, 
be incorrect Suppose we have the equation sin х==0, Wecan 
write, equivalently, cos x-tan x «0, but we cannat put cos x —0 
(for cos x — 0, the equation sin x= 015 definitely not satisfied). 
The source of the error lies in the fact that for cos x—0 the 
function tan x becomes infinite (tan EAE E 

The simplest ш conception. but not always the shortest 
procedure for solving a trigonometric equation ts this, alltri- 
gonometric functions involved in the equation are expressed 
in terms of one and the same function of one and the same 


quantity, say in terms of sin x or tan x or tan, ete. (the 


table on page 351 and the formulas for sina, cos а, tan a in 
Sec, 201) An apt choice of this function often reduces com- 
putational work 

Example 1, 3+2cosa=4 3120 

It is convenient here to express sin?a in terms of cos б. 
We have sint?a=1—cos?a, and we get an equivalent equa- 
tion: 


34-2cos a =4 (1 —cos? a) ог 4cos*a --2cos a—1=0 


This is а quadratic equation in cosa We find two values 
of сова 


-1+И 5 -1-И 5 
8 = 0.3090, (соза), = 257—8. — 0 8090 


(cos à) == 
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whence @ == 360° # + 79500” and о == 360° k + 144°00' 
Example 2. =2—=8 tan x—2 
Here, 14 15 convenient to express соѕ x in terms of tan x 


We have cos! x= түрү and obtain the equivalent equation 
3tan? x —8 tan x --5—0 


Whence (tan х); = 1, (tan 3), =$ The equation has the so. 


lutions: х = 180° 4-45? and х = 180? #-|- 59902" (the first for- 
mula 1s exact, the second, approximate) 

Example З. sin? x— 5 sin x cos x —6 cos? x =0 

The simplest procedure here 15 to divide by cos?x We 
et 
P tan? x—5 tan x —6—0 


We do not lose roots in dividing by cosx Indeed, put- 
ting cos х=0 in the given equation, we find sin x 0, and 
the equations соз х=0 and sin x =O are inconsistent 

From the equation tan? x —5 tan x—6 we find (tan x), 6 
and (tanx) =— 1 The roots ate x= 80°32- 180° 2 and 
xz — 45°-- 180° & 

Example 4. 2 sin? x 4-14 sin x cos х-- 50 cos? x = 26 

Here it 15 not advisable to express cos x in terms of sin x 
ог Vice versa since an irrational expression appears in ihe se 
cond term Rationalization ts possible by isolating the term 
and squaring, but that 1$ complicated and, what is more, 
extraneous solutions may appear It will be better to express 
зіп х and cos x in terms of tanx We have 
tan x 1 
со шш 

Ы ж Vi+tan? x 
In these formulas, take both upper signs or both lower signs 
(since sin x:cos x must be equal to tan x and not to — tan x) 
We get the equivalent equation 
2 tan* х+ 14 tan £450 o6 
]-tantx p 


Clear fractions There will be no extraneous roots since 
l-Ftan?x cannot be equal to zero Collecting like terms, we 
get the equivalent equation * 


24 tan? x— 14 tan x —24 =0 


* This equation can be obtained faster by using the following 
artificial device since sin? x4 cos? xz1, the right member of the gi 
ven equation may be written as 26 (sin? x--cos? x) Then transpose all 
terms to the left and divide by cos? x, 


sin x= -r 
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Whence (tan х); = + and (tan x), =— i А 


The solutions аге x = 53*07' 4- 180° А, 
х=— 36°52’ -+ 180° & 


Example 5. 
sin x -7 cos x == 5 (1) 
Express sin x m terms of cos x. 
+ V 1— созї 4-7 cos x —5 (2) 
or 


+ УГ cos? x —-5—7 cos x 


If the values of cos x were known, we would know what 
sign to put in front of the radical (plus if the right member 
18 positive, minus if И 1s negative) We have to keep both 
signs since we do not know the roots of (1) Therefore, egua- 
tion (2) is not equivalent to (1) We have introduced extra- 
neous roots Squaring both members of (2) and collecting 
terms, we get the equation 


50 cos? x—70 cos x+ 24 =0 (3) 


which 15 equivalent to (2) but not to (1) 

We find (cos x), =0 8, (cos x), 0 6 

Whence x= + 36°52'+360°R and x= + 53°07' -- 360° 

Check the roots obtained Substituting cosx=08 into 
(1), we get sin x== 5—7 cos x=5—5 6 =— 0,6. Hence the 
roots x==-} 36°52 -4-360°% are extraneous since the sines of 
these angles (they lie ın the first quadrant) are equal to 
+06 Now the roots —36°52’-- 360° are also those of 
equation (1) since the sines of these angles equal —0.6 

Now put cosx—0 6 into (1) We get sin x—0.8, whence 
we conclude that the roots x= -+ 53°07’ 4-360°R are those of 
(1) as well (the sines of these angles are 0 8), while the roots 
x= — 59907 + 360° are extraneous (the sines of these angles 
are —0 8), 

The solutions of equation (1) are * 


x = — 36°52’ + 360°% and x —53*07' +360°% 


Example 6. The equation considered in Example 5 is a 
special case of the equation азтх-- 660$ x=c All equations 


“Ба (1) may be written equivalently as sin х=Б—7 cos x, Squa- 
ring, we get sin? x=(5~7 ds n but this equation is not equlvalent 
to (1) since И is also obtainable from —sin хш5-7 cosx Replacing 
sin? x by 1-cos?x, we again get (3), and the rest of the solution 
coincides with that given in the text. 
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of this general type may be solved by the indicated proce- 
dure We now give two other methods using the same 
example 
sın x 4- 7 cos x=5 (1) 
First method. Square (this introduces extraneous roots, 
see footnote on page 374) to get 


$11? x- 14 sin x cos x-+ 49 cos? х= 25 


Employing one of the devices indicated in Example 4, 
we get 24 tan? x— 14 tan x—24 —0, which is the same equa- 


tion obtained in Example 4 We again find (tan Же, 


(tan х), = — T But this time we have to eliminate the ext- 
raneous roots from x = 53*07' -- 180°% and х= — 36*52' -- 180% 
If tan s=% we either have sinx-08, cosr=06 or 


snx=— 08, cosx=— 06 Substituting mto (1) we see 
that only the first pair of values fit, 1 е, angle x lies in 
the first quadrant Hence, of the roots += 53°07’-+ 180°% 
only those obtained for even values of k are suitable Put. 
ting k—2k' we gel х= 53°07' -- 360° In the same way we 
find that of the roots х=— 36°52 -+ 180°% only those are 
suitable for which & 1s even, that is, 


x= — 36°52' + 360%' 
Second method. Express sim x and cos x in terms of tan T 
(formulas of Sec 198) Simplifying we obtain an equivalent 
equation. I2tan! 2 —2 tan 2---2--0, whence 


x 1 x H 

(md) nb (mio 
We find $ a 26°34’ + 180% and + av—18°26'+ 180° The 
roots are x Ay 53°08 -- 360% and xAy—36°52’+360% The 
advantage of this method 1s that it does not introduce ext- 

raneous roots 

Note. The second method has greater generality. When a 
trigonometric equation is reduced to a form which involves 
only trigonometric functions of the same angle, then all these 
functions may, with the aid of the formulas of Sec. 198, be 
expressed in terms of the tangent of half an angle In this 
method, the computations are often more complicated but 


we dispense with seeking artificial devices and in many cases 
avoid extraneous roots. 


FUNCTIONS AND GRAPHS 


206. Constants and Varlables 


The application. of mathematics to the study of natural 
laws and to their use in technology and engineering made 
it necessary to introduce the concept of a variable quantity 
and, by contrast, that of a constant quantity, A variable 1s 
a quantity which, within the framework of a given problem, 
takes on various values А constant is a quantity which, 
within the framework of a given problem, remains unchan- 
ged The same quantity may be a constant in one problem 
and a vartable in another 

Example The boiling temperature T of water 1s а cons 
tant (T =100°C) їп most physical problems However T is a 
variable whenever we have to corisider variations 1n atmosph- 
eric pressure 

This distinction between constant and variable quantities 
ıs a frequent feature of higher mathematics, in elementary 
mathematics the chief distinction 1s between knowns and 
unknowns The unknown quantity 15 retained in higher mat- 
hematics but 1t does not play the chief role there. 

Variables are mostly denoted by the last letters of the 
alphabet x, y, 2, constants, by the first letters, a,6,c,.... 


207, The Functional Relation Batween 
Two Variables 


We say that two variable quantities x and y are connec- 
ted by a functional relation if with each value that one 
quantity can take 15 associated one or several definite values 
of the other. 

Example 1. The boiling point of water (temperature T) 
and the atmospheric pressure p are connected by a functio- 
nal relation because every value Т is associated with one 
definite value of p, and conversely. Thus, if T= 100°C, 
then p is ШШЕ, au to 760 mm of mercury; if T = 70°C 
then р = 234 mm, ete By contrast, the atmospheric pressure р 
and the relative humidity of the air x (if regarded as vari. 


378 


ables) are not connected by a functional relation И it 15 
known that x 9096, nothing definite can Бе said about p 

Example 2. The area 5 and the perimeter p of an equi- 
lateral triangle are connected by a functional relation The 


formula S=( 3 36) p? expresses that relationship 

If it 1s desirable to emphasize that in a given problem 
the values of the variable y are to be sought when the values 
of the variable л are known, then x 1 called the independent 
variable (or the argument) and y 18 termed the dependent va- 
riable (or the function) 

Example 3 If, knowing the perimeter p of an equilateral 
triangle, we wish to make statements concerning the area $ 
(see Example 2), then р 15 the argument (independent varı- 
able) and $ 18 the function (dependent variable) 

More often than not x represents the independent variable 

If every value of the argument x 1s associated with only 
one value of the function и, then the function 15 called a 
one-valued (single-valued) function, 1f the association 1s with 
two or more values of y, then И is a multiple-valued (two- 
valued, thice-valued, etc ) function 

Example 4 An object 1s thrown upwards, s 1s the height 
it reaches above the earth and £ 18 the time that elapses irom 
the initial instant of flight The quantity $ is а one-valued 
function of £ since at each instant the altitude of the body 
is a definite quantity The quantity Z 1s a two-valued func- 
tion of s since the body 15 twice at any given altitude once 
in the upward flight and once again ап the downward fall 


The formula =! — gi? which relates the variables s 


and і (the initial velocity vy and the acceleration of the 
earth's gravitation g are constant values here) shows that for 
a given 1 we have one value of s and for a given s we have 
two values of £ as defined by the quadratic equation 


+ glt—ut +5=0 


208. The Inverse Function 


In describing a function if is quie Inessential what letter 
is used to denote the function and the argument, say, 1f we 
have y=? and w=v?, then y is the same function of x as 
u 1s of о, 1n other words, x? and v? represent the very same 
function, although the arguments differ. 
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If we interchange the argument and the function in a 
given functional relation, we obtain a new function, the n- 
verse of the original function 

Example 1. Suppose we have a function и of an argu- 
ment о 


If we interchange argument and function, the quantity о will 
be a function of u and will be given by the formula v= Vu. 
If the argument 1$ denoted in both cases by the same letter x, 
then the original function 18 x* and the inverse function 
isYx 

Example 2. The inverse function of sinx 1$ aresinx 
Indeed, И y =sın x, then х= aresiny (Sec 201) 
А The graph of an inverse function is given in Sec 213, 
tem 7 


209. Representation of a Function 
by Formula and Table 


Many functional relations may be represented (exactly or 
approximately) by simple formulas For example, the rela- 
tion between the area S of a circle and the radius r is given 
by the formula S=nr?, the relation between the altitude s 
of a body thrown upward and the time ¢ that elapses from 


the initial instant 1$ given by the formula soy ВН; 


actually, the latter formula is an approximate one since it 
disregards both air resistance and the diminution of ter- 
restrial gravitation with increasing altitude 

It often happens that a functional relation cannot be 
represented as a formula or, (f a formula exists, computa- 
tions prove to be too complicated. In such cases, other mo- 
des of representing functions can be used Such frequently 
used modes are tables and graphs (see Sec. 212) 

Example. The functional relation between pressure p and 
the boiling temperature T of water (cf Sec 207, Example 1) 
cannot be expressed as a single formula capable of giving 
sufficient accuracy for all cases of practical importance The 
relationship can however be given in tabular form (a portion 
of such a table is illustrated below) 


For convenience of computation, the values of one vari 
able are mostly taken at regular intervals, this variable is 
then called the argument of the table 

No table of course can contain all values of the argu 
ment, but a table of practical utility must contain sufficient 
values of the argument so that any other value of the fun- 
ction may be obtained to the required degree of accuracy 
by means of interpolation (see Sec 64) 


210. Functional Notatlon 


Suppose thal a variable у 1s some function of a variable x 
Ц is immaterial how the function has been specified, whether 
by formula, table or in some other fashion The function 
may not even be known at all, all that ts necessary is to 
establish the very fact of a functional relationship (Sec 207) 
This bare fact is denoted as у= / (x) 

The letter f (from the Latin functio) does not represent 
any quantity as such, just as the letters in log, tan, etc in 
the notations logx, tanx, еіс Notations like у= обл, 
y=tanx, etc are very definite functional relations between 
у and x, the notation у--//%) represents any functional 
relation 

If we wish to stress the fact that the functional relation 
between z and і differs from that between y and x, then we 
take a different letter, say F, and write z==F (2), y=f (x) 

Now if we wish to state that the functional relation bet- 
ween 2 and / 1s the same as that between y and x, then we 
use the same letter f, and we write 2= (f), ys f (x) 

If an expression 15 given (or has been found) of y in terms of 
x, then we connect the expression with f (х) by an equals sign 
т a (1) Tf it is known that y= х, then we write 

х)= x? 

(2) If it is known that y=sinx, then we can write 
f(x) пх 

(3) If (o log x, then the symbol f (y) means log y 

(4) If. f£ (x) =ИГЕЯ and F(x) =3x, then we can write 
Fix) о) =з. y Taxi, £005 39 

fa ума 
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211. Coordinates 


Two mutually rectangular straight lines ХХ’ and YY’ 
(Fig. 232) form a rectangular coordinate system. The straight 
lines ХХ’ and YY’ are called the coordinate axes, one of 
which (usually XX‘) is given horizontally and is called the 
axis of abscissas (x-axis), the other, YY’, ts the axis of ordi- 
nates (y-axis), the point О at their intersection 15 the origin 

of coordinates А scale unit is chosen 
ү arbitrarily for each axis. 
Terr Taking an arbitrary point М 


СЦ in a plane with axes, we find its 
| projections P and Q on the axes. 
x The line-segment OP оп the axis of 


abscissas, and also the number x 
which measures it by the chosen 
unit of length, or scale unit, 15 
termed the abscissa of the point M 

Y^ The segment OQ on the axis of 

ordinates, and also the number y 
Fig. 232 that measures it, 1s the ordinate of 
the point M The quantities x — ОР 
and у--О0 аге called the rec/angular coordinates (or, simply, 
the coordinates) of the point M They are considered positive 
or negative by convention (ordinarily, positive segments are 
laid off to the right on the axis of abscissas and upwards 
on the axis of ordinates). 

In Fig 232, where the scales on both axes are the same, 
point М has abscissa x==3 and ordinate у==2, point M, 
has abscissa x,-—2 and ordinate уу = 1. We can shor- 
ten this notation to M(3, 2, М, (2, 1) Similarly, 
M, (—1 5, —3) 

Every point in the plane 15 associated with one number 
paw: x, у. Every рат of real numbers x, y 15 associated 
with one роті M А rectangular coordinate system 15 often 
called a Cartesian system of coordinates affer the French 
philosopher and mathematician Descartes (which in Latin is 

artesius) who made extensive use of coordinates іп the 
investigation of many geometric problems. This is a misno- 
тег however.* 


* Descartes used one axis (not two) on which he laid off abscis- 
sas, ordinates were determined as distances of points In the plane 
from the axis of abscissas, Descartes reckoned these distances in any 
chosen direction, not necessarily perpendicular In the hands of Des- 
cartes, both abscissas and ordinates were positive Irrespective of the 
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212, Graphical Representation 
of Functions 


To depict a given functional relation graphically, mark 
on the axis of abscissas a number of values xj, x3, Аҙ, 
of one of the variables x (ordinarily the argument), and const- 
ruct the ordinates yi, Yo, Ws» which are the corresponding 
values of the other variable y (the function), we thus obtain 
a number of ponts М, (51, уу), . 
Ma (ха, Yo), Мз (хз, Y3), Join Е 
them by а smooth curve drawn free- 
hand to get the graph oi the given 
functional relation The advantage 
of a graphical representation com- 
pared to tables hes in its pictorial- 
ness and surveyability A disadvan- 
tage 15 iis low accuracy A proper 


choice of scales is very important 
here 
Figure 233 gives a graphical rep- 
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resentation of a functional relation 
between the modulus of elasticity 
E of forged steel (in tons per square centimetre) and the 
temperature Z of iron The scales of the abscissas (/) and ordi- 
nates (E) are indicated by numerals (The origin and the 
axis of abscissas are not shown in the drawing so as not 
to enlarge the size of the graph unduly) 

The graph in Fig 233 was constructed on the basis of 
the following table 


Е (Мет?) 


From the graph we can find the approximate values of 
the function for those values of the argument which are not 
indicated іп the table For example, suppose 11 1s required 
to find the value of E for ¢=170°C Lay ой on the axis 
of abscissas (or on the straight line Ad which is parallel 
to it) the abscissa 2 = АР = 170 and, erecting the perpendi- 


direcitons of the line-segments In most textbooks the distinction of 
direction by the signs + and — 1$ erroneously credited to Descartes, 
whereas tliis convention was Introduced by his pupils, 
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cular PM, read off the ordinate E = РМ —20 75, Squared 
aper facilitates reading a graph Finding intermediate ya- 
ues of a function from its graph 1s called graphical 1nterpo- 
lation 

A graph 1s actually constructed (plotted) from points, and 
then a smooth curve 1s drawn free-hand connecting the sepa- 
rale points My, М», Theoretically, 1t 1s always pos- 
sible that the intermediate points not designated in the graph 
lie far away пот the smooth curve One should therefore 
define a graph theoretically as the locus of points М (x, y) 
‚ (бес 151) whose coordinates are connected by a given fun- 
clional relation. 


218. Elementary Functions and Thelr Graphs 


1, Proportional quantities. If variables y and x are directly 
proportional (Sec 63), then the functional relationship bet- 
ween them 1s given by the equation 


y=mx (1) 


where m is a constant (the proportionality factor, or constant 
of proportionality, or consfant of variation), The graph of 
direct proportionality, or direct variation (here and hence- 
forth Ц 1s assumed that the scales on both axes are the 


ТҮ Гү ГУ 
RRENEAN D SYL 
aN L] 


№ TSAA Lh] 
ESAE 
NT iA 


Wa 


HH НЕ 2 5 
ғы 
РАЕН 


] 


Fig. 234. Fig 235. 


same), 15 a straight line that passes through the origin and 
forms with the axis of abscissas an angle а, the tangent of 
which 15 equal to the constant m, ёар (асет Therefore the 
proportionality factor m is also called the slope of the line. 
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Figure 234 shows the graphs of the function у==тх form => 


mol, m= 2, and m=- In determining the angle a 


between the axis of abscissas and the graph, we reckon 
counterclockwise from the positive axis of abscissas The slope 
of the graph is the tangent of the smallest positive angle 
through which the positive axis of abscissas сап Бе revolved 
in order to be parallel to the given line 

2. Linear function. If the variables x and y are соп- 
nected by a first degree equation 


Ах Bg —C (3) 


where at least one of the numbers A, B 13 not zero, then 
the graph of the functional relation is a straight line When 
C=0, it passes through the origin (cf Item 1), otherwise 


it does not 
Suppose that neither A nor B are equal to zero, then the 
graph intersects both coordinate axes intercepting on the 


[^ 
axis of abscissas a segment а=-- and оп the axis of ordi- 


nates a segment 5-<. 

Examples The graph of the equation 2x--5y — 10 is a 
straight line АВ (Ғір 235), 2-8, 2 The graph 
of the equation 2y—3x —9 ıs a straight line, A,8,, here, 


== —8. bu 5. 
Solving (2) for y, we get 
у== тх (8) 
where 
а iat 
"peg: 


The function y=mx-+-b is called a linear function. Its 
graph is a straight line. 
Example. Given the equation жыз. Solving for y, 


3 9 
we have => Ce (n-- ad, 5-5). The graph 
of the function уро is a straight line, 4,8, 
(Fig 235). 
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The straight line which serves as the graph of the fun- 
ction у= тх Ё forms with the (positively directed) axis of 
abscissas an angle whose tangent 15 m and intercepts оп the 
axis of ordinates a segment 2 The constant m 13 called the 
slope of the line 

Example. For the straight hine. A,8,, which 15 the graph 


of the function yii , we have tan < ХАВ, x, 


=> 

The equation у= тх (direct proportionality, see Пет 
1) 1s а special case of the equation у=тх-- b (5 — 0) 

The equation у--0 13 also a special case of the equation 
gzmx4-b (m=0) Іп this case the quantity y is constant 
and hence does not depend on x Still and all, we can con- 
sider it а function of the variable x, since to each value of 
X there corresponds a definite value of y, The only distin- 
ction 1s that new it has the same value for all values of x 


EE EE 


Fig 236 Fig 237 


The peculiarity of the function y =b (y 0x -- б) lies in the 
fact that x 15 not a function of y any longer (because the 
values of y not equal to b are not associated with any value 
of x). The graph of the function y=6 15 a straight line 
pere e T axis of abscissas 

n Fig 236 the lime PQ 15 the graph of the equation 
g=6, and P,Q, is the graph of the equation ela 


The equation y= 1s derived from (2) when А=0 (ез) | 
But if В=0, then (2) may be given as х==п (a7 3). or x 
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is a constant It may be taken аз a function of the variable 
y (but y will not be a function of x, see above) 

The graph of хаса 1s a straight line parallel to the axis 
of ordinates. In Fig 237 the straight line RS is the graph of 
the equation x= +4, while R45, is the graph of the equation 
x= —2 

The axis of abscissas is the graph of the equation y=0, 
the axis of ordinates is the graph of the equation х==0 

3. Inverse proportionality. If the quantities x and y are 
inversely proportional (Sec 63), then the functional relation- 
ship between them 15 expres- МҮ 


See en aman a 
where с is a constant The | 

graph of inverse proportio- ERES IEEE REN 
nality is a curve consisting 
of two branches, for instan- 


ce, the function p isgi ЕЕ 
ven ш Fig 238 as а curve 
whose branches are AB and 
А”, Figure 238 aiso depi- 
cts the graphs of the function 
y=—with c= 1 (dashed line) 


and c= —1 These curves are Fig 238 

called eguifateral а 

(a plane cutting both nappes of a right circular cone parallel 

to the axis produces ап equilateral hyperbola, see Sec. 167) 
4. Quadratic function. The function 


y=ax?-+bx+e 
where а, b, c are constants and a #0 15 called a quadratic 
function In the simplest case, y— ax? (b=c=0), the graph 


is a curve passing through the origin 
In Fig 239 are depicted graphs of the function y ax? 


АОВ (а-т) COD (a1), EOF(a--2), KOL («= -1) 
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THe curve graph) of the function y=ax? is a parabola (Sec 
167) Every parabola has an axis of symmetry (OY in Fig 239) 
called the axis of the parabola, The point O of intersection 
of the parabola with its axis is termed the vertex of the 
parabola, 
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The graph of the function y=-av?--6x-+¢ has the same 
shape as that of the function у= ax? (for the same value of а), 
hence, it is also a parabola Аз before, the axis of this рага- 


bola is vertical, but the vertex lies at the point Є с-ф) 
and not at the origin 


Fig 239. Fig 240 
Example The graph of the function 
yb 4x-4-6 


where а=, b=4, с==6 15 the parabola 47098” (Fig 240) 


having the same shape аз the parabola yy x? (АОВ іп 
Fig 239) The vertex lies in the point O’ (4, —2) 


b 4 b 16 
THT Tah eae T=? 
2 2 


5. Power function. The function y==ax"(a, n constants) 
1з called a power function The functions y=ax, y=ax?, 


gat (see Items 1, 3, 4) are special cases of a power func- 


tion (п=1, п-е2, n= —1) 
Since the zeroth powe: of any nonzero number is unity,* 


* The expression 0° ts indeterminate, in the given case, when the 
function gzax* 1s equal to а for all values of x except zero, we agree 
that y is equal to a for xz. 


25* 
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the power function for п==0 becomes a constant quantity: 
y=a ln this case the graph is a straight line parallel to the 
axis of abscissas (see Item 2). 

The other cases may be split up into two groups. (a) n 15 
a positive number, and (b) п 15 a negative number 

(a) In Fig 241 we have the graphs of the function y= x" 


1 3 ft 2 3 
for п=01, DR EP E E 1, 3 2, 3, 4, 10 They all 
pass through the origin 
and through the point 
(1, 1) For t1 we have 
a straight line, the bise- 
ctor of the angle XOY. 
For n» 1 the graph first 
goes below the straight 
hne (between x=0 and 
Xz1) and then above it 
(for x > 1), fora < 1, vice 
Versa 

We confined ourselves 
to ihe case a=] since 
the other cases are obtai- 
ned by a simple change 
in the scale Negative va- 
lues of x are not taken 
since for x < 0 certain Fig 241 
power functions with fra 1 


cttonal exponents, say у= х? = Vx, become meaningless 
Power functions are meaningful for integral exponents and 
х<0 but the graphs have different shapes depending on 
whether л ts even or odd 

Typical examples are given in Fig 242° graphs of the 
functions y==x? and у= х. For п even, the graph is sym- 
metric (see Sec 175) about the axis of ordinates, for п odd, 
it 13 symmetric about the origin 

By analogy with the graph of the function y= ах?, the 
graphs of all power functions y= ax", for positive п, are called 
parabolas of order п (or degree n) Thus, the graph af the 
function y= ax® (Fig 242) is a parabola of third order, or а 
cubical parabola 


Note. If n 1s a fraction т with even denominator 9 and 
odd numerator p, then the quantity х" — $//xP can have two 
signs (i/xP) and the graph will exhibit another part 
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below the axis of abscissas symmetric to the upper half In 
Fig 243 we have the graph ої a two valued function 


1 
уға 2! ie, xm t (a parabola with horizontal axis), 

3 
Fig. 244 shows the graph of a two-valued function y= + m : 
(semicubtcal parabola, or Neil's parabola) 


Fig. 242. Fig 243 


(b) Fig. 245 gives the graphs of the function y= x" for 
п---., —зр, ol, —2, —3, —10. АП these graphs 
ass through the point (1, 1). For n= — 1 we have a hyper- 
Pola (Пет 3). For n <-—1 the graph of the power function 
at first (between х=0 and х=1) lies above the hyperbola 
and then (for x > 1) below it; for n > — 1, vice versa With 
regard to negative values of x and fractional values of и we 
can repeat what was said іп Subitem (a) 

Alb the graphs of Fig 245 approach without bound the 
axis of abscissas and the axis of ordinates without actually 
reaching either. Because they resemble hyperbolas, these 
graphs are termed Ayperbolas of order п 

6. The exponential and logarithmic functions. The function 
y-a* where а 15 a constant positive number is called ап 
exponential function The number а 15 taken positive because 


for a « 0 the quantities a Viat V a, etc. would 
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not be real The argument x can assume arbitrary real va- 
lues (бес 125) Only positive values of the function y= a* 


Vi ys-y2-4 -2-3-10 
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Fig 244 Fig 245 


are taken Thus, for the function у= 16%, when х=-р,ме 
take only the value у--2 and do not consider the value —2 


Y 


ТЕР 


Fig 248 Fig 247. 


(neither, naturally, do we consider the imaginary values 2 


and —21) 
In Tig 216 are given. graphs of the exponential function 


lora, 4 ig: 2 9, 10 They all pass through the point 
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(0, 1) (For a=! we have a straight Line parallel to the axis 
of abscissas, the function a* becomes a constant quantity) 
For a > l, the graph rises rightwards and for a < 1,14 falls 
АН graphs approach without bound the axis of abscissas but 
never reach it The graphs of the functions y=2* and 


y= Gy and also y — 3* and y=(4)* and, generally, 


P1 
y=a* and y= (4) are symmetric to one another about the 


axis of ordinates. 

The function y=log, x, where a is a positive constant not 
equal to 1 (see Secs 127 and 129, footnote), is called a 10- 
garithmic function 

A logarithmic function 1$ the inverse of an exponential 
function Its graph (Fig 247) is obtained from the graph of 
an exponential function (with equal base) by bending the 
drawing along the bisector of the first quadrant The graph 
of any inverse function 1s obtained in the same manner 

The graph of every logarithmic function 13 obtained from 
the graph of every other one by a proportionate change in the 
ordinate (the logarithms of numbers to different bases are 
proportional, cf Sec 128). 

7, Trigonometric functions. Periodicity. The definition of 
a trigonometric function 1s given in Secs 182 and 192. 

To construct the graph of some trigonometric function 
(say, the sine) of a variable angle it 15 necessary to specify 

on the axis of abscissas а li- 
у ne-segment depicting some 


| definite angle (say 90°) and 
Zang on the axis of ordinates a seg- 
MHEN 


ment depicting some number 
(say 1) We can speak of ide- 
ntical scales on both axes 
only after it has been esta- 
Fig 248. blished what angle is to be 

taken as the unit of mea- 

sure. Only then сап the number x, which measures the 
angle, and the number y, which yields the sine, be depicted 
by line segments proportional to the numbers (cf Sec 204). 
The convention in graph construction isto take the radian 

as the unit of angular measure Then the function' y —sin x 
("x radians" ts implied) is represented by the graph in Fig 248 
(the scales on the axes are the same) If for the шиі of an- 
gular measure we take half a radian, then, retaining the same 
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scales, we will have to stretch the graph along the axis of 
abscissas in the ratio 2 | 

The curve (graph) of the function y=sinx 15 called a sine 
curve (sinusoid) 

The graph of the function y= cos x 15 shown in Fig 249 
This 15 also a sine curve, it 1s derived from the graph of y=sinx 
by translation along OX by 


the amount T 


Translation (displacement) 
of the graph of а sine or cosine 
by the amount 2x (rightwards 
or leftwards) brings it to coin- 
cidence with itself 

If the graph of some func- 
tion y =f (x) comes to comcs 
dence with itself upon a translation along the axis of abscissas 
by some amount, the function ts called pertoaic, and the 
number p which measures the translation 15 termed the period 
(or cycle) of the function f (x) This verbal definition 1$ compa- 
cfly expressed by the for- 
mula 

F(x of 
If p 15 the period ot a fu- 
nction f(x), then 2p, 3p, 
—2p,—3p and so forth 
are also periods 

All trigonometrie fun 
ctions have а period of 2x 

Besides, the functions 
у==іапх апі y=cotx 
have the period л [since 
tan (x -+ ёл) = ап x] The 

Fig 280 graph of y= tan x Is given 

i in Fig 250, the graph of 

y=Œcotx is given in Fig 251 The tangent curve indefinitely 
approaches straight lines parallel to the axis of ordinates 


and distant from it by 4,3. t55, etc (but 


never reaches these straight lines). For the cotangent curve, 
a similar role 1s played by straight lines distant from {һе 
y-axis (OY) by +n, Б?л, +380, ete and the y-axis (OY) itself 

8. Inverse trigonometric functions. The definitions of the 
inverse trigonometric functions were given in Sec 201 (cf. 
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Sec 208) Given here are the graphs of the functions y= Áresin x 
(Fig 252), у--Агссовх (Fig 253), y=Arctans (Fig 254), 
yz-Arccotx (Fig 255) They are derived from the graphs of 
the functions y=sinx, etc, 
by bending the drawing about 


YANE yrArccosx 
Fig 251 Fig 252 Fig 253 
the bisector of the first quadrant (cf. Sec 213, Item 5). The 


graphs of the functions y == Aresin x and y == Arccos x are lo- 
cated wholly within the vertical strip bounded by the straight 


Fig. 254. Fig. 255. 


тк. кө? 
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lines x—-4-1 and х=: — | (these functions do not have real 
values for m 1) Each vertical line lying inside. the indi- 
cated ‘strip intersects the graph an infinite nuniber of times 
The same goes for the graphs y= Arctanx and y=Arccot x, 
only here the vertical straight line may be taken anywhere 
This is due to the multiple-valuedness of the inverse trigono- 
metric functions (Sec 201) Those portions of the graphs that 
correspond to the principal values are given as heavy lines 
in Figs 252 to 255 


214. Graphical Solution of Equations 


A graphical representation of functions makes it easy to 
find an approximate solution to any equation in one unknown 
or to a system of two equations m two unknowns 

To find the solution of a system of two equations in two 
unknowns x, y, we regard each of the equations as а functi- 
onal relation between the variables x and y and construct two 
graphs (curves) for these two relations. The coordinates of 
points соттоп to both curves yield the desired values of the 
unknowns x and y (the roots of the given system of equations), 

Example 1. Solve the system of equations 


7x4- by = 35, 
—3x 4- 8y = 12 


The graph of each of these equations 15 a straight line 
The line-segments intercepted by the graph of the first equa- 
tion on the coordinate axes are 


35 3 
au, bon 


(бес 213, Item 2) Using these segments, construct the straight 
hne AB (Fig 256) In the same way, we find a=— 4,0-1 5 
for the graph of the second equation and construct the straight 
line CD * 

The coordinates of the роті К of intersection of the graphs 
yield the required values of x and y We take the values of 
the coordinates by inspection х(=0Р)=31, y(=PK)=27 


The exact values of the roots are 1-87. gs tt 
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* Instead of finding the segments a and 0, you can plot any two 
points of the stralght Ilne То do this, assign any two values to х 
and compute the corresponding values of y 
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Example 2. Solve the equation tad *—2=0. It can 


be solved graphically as an equation in one unknown (see 
Example 4 below), but it 1s easier to replace it by a system 
of equations 


y=5 x3, yor х--2 


and then solve the system graphically 


NM 
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Fig 256 Fig 257. 


The first equation 15 graphically depicted in Fig 257 as 
a parabola АОВ (Sec. 218, Item 4) which can be plotted b 
points The graph of the second се 18 a Straight line С. 
whien intercepts on the axis of ordinates a line-segment 
b(=0E)=2; the slope is m(=tan < DCX)=+ (Sec. 213, 
Нет 2) We find two points К and L at the intersection of 
the straight line CD with the parabola АОВ The abscissas 
of these two points (found by inspection) х,=— 1.6 and 
14,226 yield the approximate values of the roots of the given 
equation The exact values of the roots are 
УИ МИН 


{= 


2772 n3 


Example 3, Solve the equation 2*-:4x This equation 
cannot be reduced to an algebraic чата One of the roots 
(x24) ts easily found To find the other roots (if they exist), 
it is best to begin with a graphical solution. Replace the 
given equation by a system. y=2*, y= 4x. Plot (Fig. 258) 
the graph of the exponential function y=2* (by ponis 
assigning to the argument the values xz«—l, 0,1, 2, 3, etc ) 
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and of the function y==4x (a straight line) Here the ordi- 
nates grow much faster than the арѕсіѕѕаѕ, И 15 therefore 
better to choose a smaller scale unit for the x-axis (OX) than 
Tor UR y-axis (OY) In Fig 958 the difference is a factor 
of four 

At the intersection we find two points, A and В We can 
see from the construction that the curves have no other com- 
mon points The abscissa of A 1s 
х=4 The abscissa of В 16 (by eye) 
about x03 

The solution thus found can be 
made precise by computation Using 
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Fig 258 Fig. 258. 


tables of logarithms, we find the value of 2* for xz0.3 
It 1s 1 231 This number 15 somewhat greater than 4х = 1.200 
(by 0081) Hence (see the graph) the number 0 3 15 less than 
the abscissa of point B Let us test the value х--0 35. 
It yields 2%==1275, 4x=1 400, Now 2* is less than 4x 
(by 0.125) Hence the number 035 1s greater than the 
abscissa of В so that the true value of x lies between 0 30 
and 035, being roughly 4 times closer to the former value 
than to the latter (since 0.031 is 4 times smaller than 0 125) 
And so хАз031 A check yields 2*—1 240, 4x1 240, 
Incidentally, х=0.31 ts not the exact root If we take a hig- 
her-place logarithmic table there will be a difference in 
the fifth significant digit between 2* and 4x In the same 
way we can find a more precise value for the root. 

To find the solution of an equation tn one unknown, it 
15 possible, by icu all terms to the left member, to 
represent it as f(x) =0 nstruct the graph of the function 
y=f(x) The abscissas of the points of intersection of this 
graph with the axis of abscissas wil! be the roots of the given 
equation 
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Example 4. Solve the equation тих Transpose 


all terms to the left member а-а. 2-20. Plot the 


graph ой the function gaye? (by points) 


We get (Fig 259) the parabola A'0'B' Its shape is the same 
as in the preceding example, the vertex lies in point 


0' (+ -24) (see Sec 213, Нет 4) We find two points 


at the intersection of the graph with the axis of abscissas. 
Reading off the abscissas, we get x, ——1 6, x4—2 6, 


215. Graphical Solution of Inequalities 


A graphical solution of an inequality (like that of an equa- 
tron) 1s not very accurate However, the graphical method 1s 
pictorial and readily surveyable, and in the solution of ine- 
qualities (particularly systems of inequalities) these features 
are still more valuable than in the solution of equations 
The methods of solution are 
the same as for equations (Sec 
214), the solutions however are 
depicted as line-segments, not 
points 

Example 1. Solve the meq- 
uality 

1 1 
aie uy4-2«0 

Construct (Fig 260) the 
graph ой the function у 
Fig 280 =-рї—--х—2 (cf Sec. 214, 

Example 4) By hypothesis, 
y <0, hence, the points corresponding to the solution must 
lie below the axis of abscissas The graph shows that the 
locus of these points ts an arc, KO'L, of the parabola A'0'B' 
(the extremities К and 1, of the arc are excluded, for them, 
y=0) To the values of x which satisfy the given inequality 
there correspond interior points of the line-segment KL of 
the axis of abscissas We read off the graph —16 <x «2.6 
If an exact solution is required, find the abscissas of the 
points К and L computationally, that 15, solve the quadratic 
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equation 
EA УТ? 
Ln 2=0 Then we find — 7 <х< UL 


Example 2. Solve the inequality 
1 I 
5 ee 5 х—2> 0. 

Construct the same graph as in Example 1 This time we 
must have y > 0, that is the points must Пе above the axis 
of abscissas The focus of these points are the lines ҚА” and LB’ 
which extend upwards without bound (the starting points, 
K and L, are excluded) The appropriate points of the axis 
of abscissas fill the rays KX‘ and LX (points К and L ex- 
cluded) This inequality holds true (1) for x <—1 6, and (2) 
for +> 26 The exact solution 18 

-Yii 
(D x« 1 z п. (2) х> 


Example 3. Solve the inequality 


14V 17 
2 


т< 02 


This inequality is equivalent to the inequality lcg 


0—2 < 0 solved in Example 1, but in the form given 


here Ц 1s easier to solve 
Construct (cf Sec 214, Example 2) the graphs of the 
functions yap x? (parabola АОВ in Fig 261) and 


yoy ete (straight line CD) The bar on y is used to dis- 
tinguish the ordinate of the straight line from the ordinate 
of the parabola for the same abscissa By hypothesis, we must 
have y < y, that 1s, the points of the parabola must һе below 
the points of the straight line with the same abscissas The 
graph shows that the corresponding pieces of the Unes 
АОВ and CD (arc KOL and line-segment KL) Не above КҮ, 
(heavy line) of the axis of abscissas (extremities К, and Ly 
are excluded) Reading off the abscissas of the points К and L, 
we find the (approximate) solution —1 6 <x < 2.6 


Example 4. Solve the inequality is X x-—3 
Construct (Fig 262) the graphs of the functions у= x? 
(parabola AOB) and y=x—3 (straight line CD) We must 
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have y <y But the parabola АОВ lies entirely above the 
straight line CD This inequality does not have a solution 


Example 5. Solve the inequality y’ >х--3 The com 
struction 1s the same as in the preceding example. But here, 
y >, therefore the given inequality is unconditional 


Y 
ННІ 
Т 


Г] aan 
ТЕТТЕ 
LLLLITITILLLI 

Fig. 281. Fig 282 


Example 6. Solve the system of inequalities: 
XT 4s x e 6—x, les rl 
In place of the first two inequalities we can write the 
following equivalent ones атак 3—+ x Const- 
ruct (Fig 263) the graphs of the 
functions y (parabola АОВ), 


y= х+2 (straight tine CD), 
= 3 -4 x (straight line UV); 


у = x (straight line ЕР). The 


first two inequalities require that 
the arc of the parabola lie above 
the straight line CD and below the 
straight line UV or have common 
Fig, 263 points with these lines. We thus 
isolate are RP (extremities R, P 

Included) on the parabola, and line-segment R,P, on the 
axis of abscissas The third inequality requires that the arc 
of the parabola also pass higher than the straight line EF In 
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this way, we isolate arc QP (extremity Р included and 
extremity Q excluded) from the arc RP, and on the axis of 
abscissas we find P,Q, Reading off the abscissas of points 
О апа P, we have --3<х< -2 з 

Example 7. Solve the inequality 52227 < 0 

This inequality 15 valid in two cases 

(1) when 32-- x —6 < 0 and at the same time x*— x —4 > 0, 

(2) when x?--x —6 > 0 and at the same time x* —x—4 < 0 

In the former case we have x--4 <x? < 6—x Тһе solu- 
tion of this system (see Example 6) is graphically given by 
the line-segment Р.Ю, (extremities P, and R, excluded) In 
the latter case we have x-+4 > x? > 6— х, Solving this system 
im the same way as the preceding one, we find the arc P'R' 
of parabola АОВ and the corresponding line-segment PR, of 
the axis of abscissas (extremities Р; and Ry excluded) Read- 
ing off the abscissas of points P, R, P', R', we fid that 
the given inequality 1s satisfied (1) for —3 < x < —16 and 
(2) jor 24 x « 26. 

Example 8 Solve the inequality 2* « 4x 

Construct the graphs of the function y==2* (curve UV in 
Fig 258, page 395) and of the function у==4х (straight line 
АВ) By hypothesis, y < g, that is the points of the curve 
UV must be below the points of the straight line АВ Read- 
ing off the abscissas of the points A and B, we find the so- 
lution 092<х<4 


216. Analytical Geometry (Fundamental Notions) 


In elementary geometry, the solution of every separate 
problem requires а certain amount of ingenutty and it often 
happens that problems which are extremely similar require 
quite different techniques of solution that are not always easy 
to hit upon For instance, take the problem to find the locus 
of points M whose distances MA trom a point A are equal 
to the distances MB from a given point B As we know, the 
desired locus is а straight hne (perpendicular to the midpoint 
of АВ) Now the method ordinarily used in elementary geo- 
metry to solve this problem is not suitable for the following 
problem find the locus of points M whose distance MA from 
point A 15 twice the distance МВ from point В 

Analytical geometry, which was constructed at the same 
time by two French scientists — Descartes (1596—1650) and 
Fermat (1601 — 1655) —gives uniform techniques for soluung 
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geometrical problems and reduces the solution of a broad range 
of problems to a few regularly used methods This 15 done 
in the following manner all the given and required points 
and lines are referred to a system of coordinates (it 1s im- 
material what system is chosen but one often finds that an 
apt choice simplifies the solution of a problem) Having 
chosen a system of coordinates, we can describe each point 
by its coordinates and each line by an 

Y M equation whose graph this пе 1s, А given 
geometric problem 15 thus reduced to an 

algebraic problem, and we have well- 

elaborated general methods їп our posses- 

X son to solve algebraic problems 


Ü 47р This can be illustrated by the following 
examples, 
Fig 264 Example 1. A circle of radius г 15 


referred to the coordinate system XOY 
(Fig 264) in which the centre C has abscissa OQ=a and 
ordinate QC=b Set up the equation of the circle. 

Let M (x, y) be an arbitrary роті on the circle (x — OP, 
y=: PM) The length of MC is always equal to the constant г, 
by the definition of a circle Express MC in terms of the 
constant coordinates a and b of centre C and the variable 
coordinates x and y of point M From Fig 264 we have 


MC = y CR*- RM? = y (OP —OQY* -- (PM —QC» 
= Иа fyi 


Ve FU =r 
(к-а) (6—0) = 2 (1) 


This equation represents a circle, in other words, the graph 
of equation (1) 15 a circle 

Example 2. Find the locus of 
points М for which МА ==2MB (А and 
B are two given points separated by a 
distance of 21) 

Take the origin of coordinates at 
the midpoint О of AB and draw one 
of the axes (OX in Fig 265) along 
AB [п order to write the condition Fig 265 
MA=2MB as an equation between 
the coordinates of point M (x, y), express MA and MB 
їп terms of the coordinates From the triangle MBP we have 


Consequently 


or 
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MB-YPBPMi-y(0B—OP* -PM*— Үй г 


In the same way, Нот triangle АМР ме find MA 
= Vcl y and the condition MA =2МВ takes the form 


VEF =V 
Simplifying we have 
i Ax 0020 (2) 


The desired locus is the graph of this equation, and the 
methods of analytical geometry permut stating at once that 
this graph 1s a circle. This is evident if we compare (2) and 
(1) Changing equation (2) to the form 


yen (E) 
we see that 1{ 15 а special case of equation (1) when а= 541, 
В== 0, and r=4l Hence our locus 1$ а circle with centre 
at point C (т. 0) and radius ray 


211. Limits 


A constant а is the тиі of a variable x И the variable 
approaches a without bound * 

It is essential to bear in mind that when considering а 
separate variable one cannot speak of finding its limit But 
if we consider two variables and one 15 a function of the 
other, then for one of them (argument) И is possible to 
specify the limit, and for the other, to seek the limit (if it 
exists) 

Example 1 The variables x and у are connected by the 


relationship s, find the limit of у when x has 6 as 
its limit 


“Тһе definition given here is not quite rigorous enough since the 
expression "approaches without bound" must be logically refined 
H is hardly possible to make it more precise briefly and In appro- 
priate fashion The examples that follow will elucidate the meaning 
of limit to the extent that is necessary here The definitions fre- 
quently found in elementary textbooks suffer from the same lack of 
comprehensiveness, though outwardly they often appear to be more 
precise 
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Let the variable x approach the number 6 without bound 
т some way, for instance, we assign to x the values 6.1, 
601, 6001 and so on We find the values of y 81, 8,01, 
8001, еіс These values approach the number 8 without 
bound The same will occur if we let x approach 6 without 
bound in any other way, say, putting х=59, 6 01, 5999, 
6 0001, etc For this reason, when x has the limit 6, y has 
the Limit 8 We write this as follows 
Imy=8 or lum М74 s 
Act 5 Ao х-2 
in the given case we could have obtained this result by 
putting х==6 in the expression g-—— In the example 
which follows this method would not succeed 
+ 
Example 2. Given g 25 Find hmy Substituting х=2 
x 


x22 
into кше we get the indeterminate expression T (Sec 37) 


xn 
Yet computations like those performed in Example 1 show 
that lim £4 =4 This result could also have been obtained 

(ы 8-4 (0-2) o) 


thus: we have ——- sop When х2, we can 


cancel out x—2 (cancellation is not legitimate for x2). 
We get y=x+2 (when х #2) Let x approach 2 without 
bound though never reaching the value x—2, then y, reman- 
ing equal to х--2, approaches 4 without bound 

This problem 15 sometimes formulated thus “find the true 


х4 
value of the expression =~; Юг х==2” оғ “evaluate the 


indeterminate expression ші tor x=2” The precise meaning 

х-4 
x= x-2 

In the example at hand, evaluating the indeterminate 

expression 15 attained by cancelling x—-2 out of the fraction 


кш with the subsequent substitution х==2 But neither 


does this device always lead to the proper result. 


of these expressions 15 to find the limit. lum 


218. Infinitely Small and Infinitely Large Quantities 


A хапаМе whose limit is zero is termed an infinitely 
small quantity (infinttesimal) 
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Example 1. The variable Vx+3—2 ıs am infinitesimal 
if x tends to 1 because 


um (Vx43—2)=0 
X 


A variable that constantly increases in absolute magni- 
tude ıs termed an infinitely large quantity 


Example 2 The variable =; is an infinitely large quan- 
tity 1f x tends to 5 

Infinitely large quantities do not have any limits None- 
theless, it 1s conventional to say that an infinitely large 
quantity “tends to an infinite limit” Accordingly we write 


Шт = (1) 


The symbol oo (infinity) does not denote any number, and 
(1) ts not a real equation but simply expresses the fact that, 
as x approaches 5 without bound, the absolute value of the 
fraction zx increases without bound Here, the fraction can 
assume either positive values (when x 5) or negative 
values (when x « 8) 

Note In other cases, an infimtely large quantity may 
assume only positive (or only negative) values Thus, if x 
15 an infinitesimal, the quantity > 15 infinitely great; but 
both when x > 0 and when x < 0 the quantity > I$ posi- 


tive In symbols this 1s expressed аѕ lim + =+. Con. 
х-0 


trariwise, the quantity —= i always negative, and we 
write Ши = х) —— © 


x0 қ 
Accordingly, the result of Example 2 сап also Ве written 
x 
thus En =$ 00. 


Example 3. The notation lim Li 1 means that when 
ж-ш 


x 5 infinitely great (1 е, when x imcreases without bound 
in absolute value), the quantity tends to the limit 1, 
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The svmbol ж. оо is read “x approaches (or tends to) 
infinity” 

Example 4. The expression "the area of a circle 16 the 
limit of the area of a regular inscribed polygon when the 
number of sides is infinite” means that, as the number of 
sides of the polygon increases without bound, the area of 
the polygon approaches without lumit the area of the circle, 
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fifth-degree 129, 205 
fourth degree 127 
first degree (ІП one unknown) 


system of (in three unknowns) 
System of (їп two unknowns) 


raphical solution of 394 
Ірһег degree (solvable by quad- 
ratics) 180 
some facts about 205 
linear 158 
literal 151, 162 
Mollweide's 359 
numerical 151, 152 
in one, two, three unknowns 152 
quadratic (see quadratic equati- 
ons) 
quartic 127 
quintic 129, 208 
roots of 152 
setting up 150 
solution of 153 
graphical 394 
systems of (see systems) 
trigonometric 370 
lechniques for solving 372 
Equiangular triangle 267 
Equilateral hyperbolas 386 
Equilateral triangle 287, 270 
area of 204 
Equivalent equations 153 
Equivalent inequalitles 213 


Error(s) 95 
absolute 95 
of a difference 98 
limiting absolute 05, 96 
oi a difference ^9 
of a sum 99 
Iimtting relative 96 
of a difference 100 
of a product 100, 101 
of a quotient 106 107 
in products 100 
relative 95 
of a sum 98 
Euclid 54, 260, 261 
Euclidean geometry 261 
Euler, № 129, 261, 331 
Evaluating indeterminate expres 
sions 81 
Even number 69 
Evolution $7, 109 
of approximate numbers 109 
Exact numbers 92 
Exponent(s) 67 
fractional 220 
laws of 167 
negative 220 
zero 220 >` 
Exponential function 389 
Expression, Indeterminate 387 
Exterior angle 267 
Exterior angles on same side of 
transversal 273 
Exterior common tangent 253 
External contact 254 
Extracting a root (of a number) 110 
Extra digits 97 
Extremes 0! a proportion 119 


Face(s) 300 
of dihedral angle 298 
lateral (prism) 302 
lateral (pyramid) 303 
of polyhedral angle 300 
of polyhedron 164 
Face angles 301 
Factor(s) 65 
prime, factorization Into 71 
proportionality 120, 383 
Factorial 242 
Factoring 137 
Factorization 145 
of polynomials 145 
into. prime factors 71 
False numbers 127, 132 
Fermat, P 261 400 
Ferrari, 1, 127 
Ferro, $ del 127 
Fibonacci 90 
Fifth-degree equation 129, 205 
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Figure(s) 291 
plane 291 
areas 01 291 
similarity of 276, 323 
similar 276 
areas of 277 
symmetric 320 
Finck, Т 330 
First degree equation 
known 155 
Foot of a perpendicular 197 
Form of comlex number 191 
algebraic 193 
Cartesian 192 
coordinate 192 
normal trigonometric 191 
trigonometric 191 
Form of negative logarithm 231 
artificial 231 
natural 231 
Formula(s) 355 
addition and subtraction 355 
of area 360 
double-angle 355 
expressing relationships — bet- 
ween sides of regular 
inscribed polygon апа 
radius of circle 291 
generalized binomial 247 
half angle 355 
Huygens’ (for arc length) 282 
reduction 352 
of Regiomontanus 359 
for short-cut, multiplication of 
polynomials 138 
triple-angle 355 
Fourth-degree equation 127 
Fraction(s) 77 
addition of 147 
algebraic 146 
changing to higher terms 75 
common 73 
changing to a decimal 88 
comparing 76 
decimal 83, 172 
addition of 84 
changing to a common frac- 


in опе un- 


боп 87 
division of by integer 85 
division involving 87 
mixed 172 
multiplication of 84 
properties of 84 
pure 172 
subtraction of 84 
division of 80, 147 
duodecima] 89 
improper 74 
in lowest terms 75 
multiplication of 78, 79 147 
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ргорег 74 
reduction of 75, 146 
reduction of to lowest terms 


SeXagesimal 62 

subtraction of 77, 147 

systematic 83 
Fractional exponents 220 
Fractional power 221, 222 
French system of numeration 65 
Frustum of pyramid (see truncated 

pyramid) 304 

bases of 304 

regular 304 
Function(s) 365 

circular 365 

siemens (and their graphs) 


exponentíal 389 
graphical representation of 382 
inverse 378 
inverse trigonometric 365, 391 
arbitrary values of 366 
basic relations for 367 
linear 384 
logarithmic 385, 391 
graph of 381 
multiple-valued 378 
one-valued 378 
periodic 392 
power 387 
quadratic 386 
representation of by formula 
and table 378 
single-valued 378 
three-valued 378 
trigonometric (see trigonomet- 
zie functions) 328, 334, 


two-valued 378 
Functional notation 380 
Functional relation 377 


Galois, 129 
Gauss, C F 199, 175 
GCD (greatest common divi- 


sor) 
Gelfond, A O 173 
Generator 305 
Generatrix 305 
Geometric mean 115 
Geometric progressions 219 
decreasing 219 
increasing 219 
Geometric sum 193 
Geometry 249 
analytical (fundamentals) 400 
Euclidean 261 
historical survey of 259 


Lobachevskian 261 

plane 249 

solid 295 

subject of 259 
Georgian numeration, ancient 59 
German system of numeration 65 
Girard, А 127 
Goniometry 328 
Grad 263 
Graphs 375, 382 
Great circle 309 
Greatest common divisor 72 
Greek alphabet 53 


Half 89 
НаН-ап е formulas 355 
Half-line 263 
Harmonic 211 
Harmonic mean 211 
Height, slant (of pyramid) 302 
Hernisphere 326 
area of 325 
volume of 325 
Hermite, С 173 
Heron of Alexandria 110 
Hexagon 266 
convex 266 
regular 257 
area of 293 
Hexahedron 318, 319 
Higher degree equations 180 
solvable by quadratics 180 
some facts about 205 
Hindu numerals 64 
Hindu system of numeration 64 
Hipparchus 329 
Hollow sphere, volume of 327 
Huygens, С 283 
Huygens, formula for arc 


Hyperbola 308 
equilateral 386 
of order n 389 

Hypotenuse 266 


length 


i (imaginary number) 180, 197 
Icosahedron 318, 319 

Identities, trigonometric 349 
Identity 152 

Imaginary, pure 183 

Imaginary numbers 174, 175, 180, 


Imaginary unit 183, 197 
Improper fraction 74 

Incomplete quadratic equatiun 174 
Independent variable 378 


Indeterminate expression 417, 81, 
387 


evaluation of 81 
Index (of a root) 67 
Inequalities 207 
absolute 207 
algebraic 214 
basic properties of 208 
Chebyshev 219 
classification of 214 
equivalent 213 
of first degree 214, 215 
im one unknown 215 
fundamentals of 207 
graphical solution of 397 
important 210 
linear 215 
literal 207 
numerical 207 
of opposite sense 209 
oi same sense 209 
of second degree 214, 216, 217 
solution of (basic techniques) 213 
graphical 397 
System of 215 
transcendental 214 
unconditional 207 
“Infinitely great" 82 
Infinitely large quantities 403 
Infinitely small quantities 403 
Infinitesimal 403 
Infinity 335, 404 
Inscribed angle 280 
Inscribed cone of a pyramid 316 
Inscribed cylinder of a prism 316 
Inscribed polygons 288, 289 
Integers 5 
negative 131 
Interior angles on same side of 
transversal 273 
Interior common tangent 254 
Interpolation 120, 123 
graphical 382 
linear 123 
Inverse function 378 
Inverse operations 67 
Inverse proportionality 386 
Inverse trigonometric functions 


‚ 392 
arbitrary values of 366 
basic relations for 367 
Inversely proportional quantities 


involution 67, 109 

of approximate numbers 109 
lonian system of numeration 58 
Irrational 171 
Irrational numbers 171, 172 
Irregular pyramid, volume of 326 
Isosceles trapezoid 276 
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Isosceles triangle 267, 270 
area of 291 


Jiva 330 


Koppa 58 
Kuzmin, R O 173 


Lateral edges 302 
Lateral faces (prism) 301 
Lateral faces {pyramid} 303 
Laws) 

of cosines 359 

of exponents 167 

of sines 359 

of tangents 359 
LC is (least common multiple) 


Legs (or right triangle) 266 
Leonardo of Pisa 90 
Like monomials 136 
Limiting absolute error 95, 96 
of a difference 99 
of a sum 98 
Limiting relative error 96 
of a product 100, 102 
of a quotient 106, 107 
of a sum 100 
Limits 402 
Lindemann, C L F 173 
Line(s) 
mirror 322 Й 
number 188 
parallel 295 
parallel straight 272 
perpendicular 264 
skew 295 
straight 263 
tangent 278 
Linear equation 155 
Linear function 384 
Linear inequality 215 
Linear interpolation 123 
Line-segment 263 
Literal equation 151, 152 
Literal Inequality 207 
Lobachevskian geometry 261 
Lobachevsky, N 29, 261 
Гос: (pl of locus) 278 
Locus 278 . 
Logarithm(s) 
artificial form of negative 231 
Базе-10 225 
basic propertles of 226 
Briggsian 225 
common 225, 230 
modulus of 229 
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table of 18 
finding (of a number} 234 
finding (of trigonometric func 
tion) fram angle 343 
finding angle from (of trigono- 
metric function) 344 
finding а number from 237 
method oi 223 
Napterian 229 
natural 227, 229 
table of 18 
natural form of negative 231 
negalive 231 
operations involving агі: 
cial expressions of 232 
transfer from natural to ar- 
tiflcral form and vice 
versa 231 
of a power 226 
of a product 226 
of a quotient 226 
reducing trigonometric expres- 
sions to forms convenient 
for taking 356 
of a root 227 
solving right triangles by 346 
table of common 18 
table of (explained) 236, 238 
table of (of trigonometric fun- 
ctions) 341 
taking (examples of) 227 
of От Е functions (tab- 


е 

Logarithmic base 226 

Logarithmic computations (wor 
ked examples) 240 

Logarithmic form, reducing ex 
pressions involving angles 
of a triangle to 357 

Logarithmic function 389, 391 

graph of 391 
Logarithmic tables, construction 


1 223 К 
Lowest terms, frattion іп 75 
Lune 311 
area of 311 
spherical 311 


Mantissa 231 
finding 234 
Markov, A А 173 
Mathematical symbols 52 
Mathematics combinatorial 243 
Mean(s) 
arithmetic 115 
abridged calculation of 116 
accuracy of 117 
eometric 115 
armonic 211 


of a proportion 118 
statistica]. 116 
Mean dilferences 235 
Mean quantties 114 
Measure(s) 
degree (of angles) 332 
radian (af angles) 332 
old Russian 53 
Median 269, 275 
Meridian 309 
Method 
addition or subtraction 158, 159 
coordinate 261 
of logarithms 223 
substitution 158 
Metric system of measurement 53 
Мале (of trapezoid) 275 
Miliard, British 63 
Million 65 
Mina 89 
Mmuend 65 
Minutes 263 
Mirror line 322 
Morror plane 319 
Mirror symmetry 319 
Mirror-axial symmetry 322 
Mirrof-equivalent 320 
Mirror symmetric. 320 
Mixed number 74 
Modulus of common logarithms 
with respect to natural 
logarithms 229 
Modulus of a complex number 189 
Mohammed of Bujan 330 
Mohammed ibn-Musa al-Kbowari- 


zm 64 

Mohammed of  Khorezmi (see 
al-Khowarizmi) 125-126 
Mollweide's equations 359 
Monomial{s) 136 

addition of 136 

dissimilar 136 

division of 137 

hke 136 

multiplication of 137 

formulas for short-cut 138 

operations with 136 

similar 136 
Mordukhar-Boltovskoi, D D 173 
Müller Johann 390 
Multiple 66 

common 73 

least common 73 
Multiple-valted function 378 
Multiplicand 65 
Multiphcation 65, 135 


1 
by M and и 230 
counting exact digits in 102 


origin of 79 
of polynomials 138 
formulas for shortcut 138 
short-cut 82 
of sums 104 
Multiplier 65 


Napler, J 225, 229 
Napterian logarithms 229 
Napter's table 229 
base of 229 
Nappes 306 
Nasır Eddin al-Tusi 330 
Nasr ed-din 330 
Natural logarithms 227, 229 
table of 18 
Natural numbers 54 
set of 54 
Negative exponents 220 
Negative fractional numbers 131 
Negative integers 131 
Negative Jogarithms 231 
operations involving artificial 
expressions of 232 
transfer trom artificial to natu- 
ral form 231 
transfer from natural to arti- 
ficial form 23: 
Negative numbers 123-127, 129, 


history of 131 

operations with 134 

rules of operation 131 
Negative power 221 
Negative whole numbers 131 
Neil'5 parabola 388 
Newton Isaac 221 
Newton's binomial theorem 244 
в gon 

regular 289 

regular (to construct, 

a side) 258 

Howton) Heats complex numbers 


given 


Nonconvex pentagon 266 
Мопдесита! names of numbers 56 
Nonillions 65 

МопрагаНе! sides (of trapezoid) 


Normal trigonometric form of 
complex number 192 
Notation(s, 


functioral 380 
syncopated 124, 125, 197 
Null (zero) 57, 64 
Number(s) 
algebraic 173 
approximate 92 
difference between 100 
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division o: 106 

evolution of 109 

involution of 109 

notation of 93 
complex (see Complex numbers) 
composite 71 
development of number con- 


cept 
dotted 130 
£ 173, 297, 228 
even 69 
exact 92 
false 127, 132 
nnaginary 174, 175, 180 183 
irrational 171, 172 
large, names of 64 
mixed 74 
natural 54 
Set of 54 
negative (see Negative numbers) 
negative iractional 131 
negative whole 131 
nondecimal names of 56 
odd 69 
one 71 
pi 173, 281 
positive 131 
operations with 134 
prime 71 
raising to a power 109 
rational 131 
real 175, 183 
rounding off, rules for 93 
signed 131 
sophistic 175 
transcendental 173 
whole 54 
Number line 188 
Number plane 188 
Numerals 57 
сипеНогт 60 
Hindu 64 
Roman 62 
Slavie 59 
Numeration 
alphabetic 59, 60 
American system of 65 
Arabic system of 64 
Armentan, ancient 59 
Attic system of 87 
Babylonian positional 


0 
British system of 65 

decimal positional system of 63 
decimal system of 55 
Devanagari system of 63 
French system of 65 

Georgian, ancient 59 

German system of 65 

Greek, ancient 57 


system 
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Hindu system of 64 

lonian system of 58 

positional (of India) 63 

quinary 57, 63 

Roman 27, 62 

Russian system of 65 

sexagesimal 60, 62 

Slavic 59 

systems of 57 

vigesimal system of 56 
Numerator 73, 146 
Numerical equation 151, 152 
Numerical inequality 207 


Objects, symmetric 320 
Oblique cylinder 305 
Oblique prism 302 
Oblique triangle, solution of 360 
Obtuse angle 264 
Obtuse-angle triangle 266 
Octagon, regular 

circumscribing about a circle 


2 
inscribing in a circle 257 
Octahedron 318, 319 
Octillions 65 
Odd number 69 
Omar Khayyam 126 
One, the number 71 
Operation(s) 
arithmetic 65 
inverse 67 
involving zero 80 
order of 67 
sequence of 67 
signs of 131 
Operational sign 131 
Order of operations 67 
Ordinate 38! 
axis of ordinates 381 
Origin (of coordinates) 381 
Orthocentre 268 
Orthogonal projections 270, 297 
Othe, У 331 
Ounce 89 


Parabola(s) 308, 386 
axis of 38o 
cubical 388 
of degree n 388 
Neil's 389 
of order л 389 
*emicubical 389 
of third order 388 
vertex of 386 
Parallel lines 295 
Parallel planes 296 
Parallel straight lines 272 


Parallelepiped 301, 302 
rectangular 303 
area of 325 
volume of 303, 325 
right 302 
volume of 303 
volume of 325 
Parallelogram 274 
altitude of 274 
area of 281 
construction of 256 
distinguishing features of 274 
Parallels, axiom of 262 
Parentheses 68 
Partial quotient 66 
Parts, proportional 235 
Pascal's triangle 125, 245 
Pencil of planes 295 
axis of 295 
Pentagon 
concave 266 
nonconvex 266 
fegular 
ЕЕ about а circle 


inscribing in a circle 257 
Pentahedron 303 
Percentage 90 
Perimeter 265 
Period (of a function) 392 
Periodic function 392 
Periodicity 391 
Periods (of large numbers) 64 
Permutations 241-244 
Perpendicular 280 
foot of 297 
Perpendicular lines 264 
Perpendicular planes 298 
Peter the First 59 
Pi (number) 173, 260, 281 
Placeholder 61, 64 
Places, decimal 83 
Plane(s) 
mirror 319 
number 188 
parallel 296 
pencil of 295 
perpendicular 298 
of symmetry 319 
tangent (to sphere, cylinder, 
cone) , 
Plane Айе (of dihedral angle) 


Plane figures 
areas of 158 
similarity of 276 
symmetry of 322 
Plane geometry 249 
Plane trigonometry 328 
Polnt, decimal (see Comma) 83 


power of 284 
Polygonís) 265 
circumscribed 288 
concave 266 
convex 266 
inscribed 288 
regular 289 
radii of 290 
similar 276 
simple 265 
spherical 310 
convex 310 
exterior angle of 330, 311 
interior angle of 310 


Polyhedral angles 300, 3:6 
convex 301 
edges of 301 
faces of 301 
vertex of 300 
Polyhedron(s) 301 
convex 301 
diagonals 301 
edges of 301 
faces of 301 
regular 318 
regular concave 318 
regular convex 318 
vertices of 301 
Polynomiat(s) 137 
addition of 136 
degree of 141 
division of 140, 141 
bya ее binomial 142 
factorization of 145 
multiplication of 138 
subtraction of 136 
Pood 53 
Positional numeration of India 63 
Positive numbers 131 
operations with 134 
Power(s) 67 
dividing 168 
first 67 
fractional 221, 222 
multiplying 168 
negative 221 
of a point 284 
of a product 167 
of a quotient 168 
ralsing to 67 
second 67 
third 67 
zeroth 137, 221, 222 
Power function 386 
Prime factors, factorization into 71 
Prime numbers (pilmes) 71 
table of 50 
Principal root ої modulus 200 
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Principal value of argument (of 
а complex number) 191 
Prism 301, 305 
altitude of 301 
bases of 301 
hexagonal 301 
lateral area of 301 
lateral faces nf 303 
oblique 302 
octagonal 301 
pentagonal 301 
quadrangular 301 
regular 302 
right 302 
triengular 301 
volume of 302, 325 
Problems, computational, direct 
and indirect 149 
Product(s) 65 
errors in 100 
of sum and difference 139 
Progression(s) 218 
arithmetic 218 
geometric 219 
decreasing 219 
Increasing 219 
Projection(s) 270, 297, 298 
axis of 299 
orthogonal 270, 297 
Proof 262 
Proper fraction 74 
Proportion(s) 118, 147 
continued 119 
derived 148 
extremes of 119 
means of 119 
uses of 120 
Proportional parts 235 
Proportional quantities 119, 120, 
inversely 120 
Proportionality 119 
constant of 120 
direct 383 
inverse 386 
Proportionality facior 
Ptolemy 329 
Ptolemy's tables 329 
Ptolemy's theorem 289 
Pyramid 301, 303 
frustum of 304 
irregular 325 
volume of 304, 325 
lateral area of regular 304 
lateral areaof regular truncated 


120, 383 


3 
lateral faces of 303 
pentagonal 303 
quadrangular 303 
regular 347, 303 
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area of 325 
regular, quadrangular truncated 


triangular 303 

irunzated 304 

vertex of 802 
Pythagoras 272 
Pythagoresn theorem 272 


Quadrant 279 
Quadratic equations 174 
complete 174 
incomplete 174 
reduced 174 
roots, properties of 178 
solving 176 
system of (in two unknowns) 
unreduced 174 
Quadratic functions 386 
Quadratic frinomial 179 
factoring 179 
Quadrilateral 274 
area of 291 
circle circumscribed about 288 
сибе inscribed in 289 
Quadrillion 65 
Quantities 
infinitely large 403 
infinitely small 432 
mean 114 
proportional 119, 120 
Quartic equation. 127 
Qu'nary numeration 57 63 
Quintillion 65 
Quotient 66 
partial 66 


Radian 331 
Radian measure of angles 331, 332 
Radians to degrees 333 
Radians to degrees and minutes, 
conversion of (table) 49 
Radical axis 286 
Radical centre 286, 288 
Radicals, operations Involving 169 
Radicand 67 
Кади (pl of radius} 278 
Radius 278 279 
of circumseribed circle 380 
of escribed circle 360 
of inscribed circle 360 
short 290 
Raising a number to a power 109 
Ratio 118, 219 
common 219 
of similitude 276 
Rational numbers 131 


Rationalization of denominator 
or numerator 170 

Ray 263 
Real numbers 175, 183 
Reciprocals, table of 14 
Rectangle 274 

area of 291 

construction of 256 
Rectangular coordinate system 381 
Rectangular coordinates 381 
Rectangular Spa anlem ped 303 
Reduced quadratic equation 174 
Reducing fractions 75, 146 

to lower terms 75 
Reduction formulas 352 
Regiomontanus 33] 

formula of 360 

tables of 330 
Regular concave polyhedrons 318 
Regular convex polyhedrons 318 
Regular frustum of pyramid 304 
Regular n-gon 289 
Regular polygons 289 

radu of 290 
Regular polyhedrons 318 
Regnlar prism 302 
Regular pyramid 304, 325 
Regular tetrahedron 3:8 
Relation, functional 377 
Relative error 95 
Remainder 66 
Remainder theorem 142 
Rhaettcus (or Rhet cus), 
Rhombus 275 

area of 275, 291 
Right angle 264 
Right circular cone 307 
Right circular cylinder 305 
Right cylinder 305 
Right parallelepiped 302 
Right prism 302 
Right section (of a prism) 302 
Right triangle 266 

area of 291 

by logarithms 346 

by a side and an acute angle 341 

by two sides 340 

uses of 347 
Roman numerals 62 
Roman numeration 62 
Root(s) 67 

cube, rule ‘for extracting 113 

of an equation 152 

extracting 67, 110 

finding 67 

principal (of modulus) 197 

square, rule for taking 110 
Root mean square deviation 117 
Rotational symmetry 321 
Round brackets 68 


G 331 


Rounding off numbers 96 
in addition and subtraction 
(preliminary) 96 
rules for 93 
Ruffini, P 129 
Russian abacus 35 
Russian measures old 53 
Russian system of numeration 65 


Sagene 53 

Sagitta 279 

Samp! 58 

science o! reunion and opposition 


Science af transposition and can 
cellation 126 
Secant 278, 330, 335, 352 
Seconds 283 
Section(s) 307 
conic 307 
right (of a prism) 302 
Sector 279 
area of 282 20] 
spherical 312 
surface area оГ 312 
volume of 313 
Segment 279 
altitude of 279 
area of 282 
approximate formula for 294 
spherical (of one base) 312 
altitude of 312 
base 312 
curved surface area of 312 
vertex of 312 
volume of 313 
spherical (of two bases) 313 
altitude of 332 
curved surface area of 313 
volume of 313 
Semicubical parabola 388 
Semiperimeter 265 
Septillion 65 
Sequence(s) 218 
of operations 67 
terms of 218 
Set, solution 157 
Sexagesimal fractions 62 
Sexagesimal numeration 60, 62 
Sextillion 65 
Sheets of a conical surface 306 
Shekel 89 
Short division 107 
Short radius 290 
Short-cut multiplication 104 
Sides of angle 263 
Siga(s) 
absolute-value 134 
of angles 265 
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of operation 130 
operalional 13! 
о! quantity 131 
Signed numbers 131 
Significant digits 93 
Signs of angles 264 
Similar figures 276 
areas af 277 
Similar monomials 136 
Similar polygons 276 
Similar triangles 270, 277 
Similarity of plane figures 276 
Similarity of solids 324 
Similitude, ratio of 276 
Simple polygons 265 
Simple spherical polygons 310 
Sine(s) 336, 350 
of the complement 330 
law of 359 
table of 36 
Sine curve 392 
Sinus 330 
Sinus versus 329 
Sinusotd 302 
Shew lines 295 
Slant height (of pyramid} 304 
Slavic numerals 59 
Slavie numeration 59 
Slope 383, 384 
Solid(s) 325 
areas of 325 
similarity of 323 
volumes of 325 
Solid angles 316 
Solid geometry 295 
Solution 
artthmetic 149 
of equations, graphical 394 
of inequalities, graphical 397 
of right tnangle (see Right 
triangle, solution ой 340 
Solution set 157 
Sophistic numbers 175 
Sphere 308 
parts of 312 
surface area of 309 
volume of 309, 325 
Spherical sector 313 
surface area of 313 
volume of 314 
Spherical lune 311 
Spherical polygons 310 
convex 310 
exterior angle of 311 
interior angle of 310 
simple 310 
Spherical segment of one base 312 
altitude of 312 
base of 312 
curved surface area of 312 
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lateral area of 325 
vertex of 312 
volume of 313, 325 
Spherical segment of two basas 313 
altitude of 313 
curved surface area of 313 
volume of 313 
Spherical surface 308 
Spherical trigonometry 328 
Square 274 
area of 291 
circumscribing about a circle 257 
constructing, given 115 diagonal 


constructing, given a side 256 
inscribing т a circle 257 
of a difference 139 
of a sum 139 
Square brackets 68 
Square root(s) 67 
rule for taking 110 
table of 14 
Squares, table of 14 
Star polygons 265 
Statistical means 116 
Steradian 3r8 
Stevin, Simon 90 
Stifel, М 125 
Straight line 263 
Suan phan 55 
Substitution method 158 
Subtraction 65, 134 
Subtrahend 65 
Sum(s) 193 
division of 140 
geometric 193 
multiplication of 138 
Surface 306 
conical 306 
nappes of 306 
sneets of 306 
cylindrical 305 
spherical 308 
Symmetric figures 320 
Symmetric objects 320 
Symmetry 319 
axial 322 
axis of 322 
three-fold 321 
two-fald 321 
Central 320, 323 
centre of 320 
mirror 319 
mirror-axial 322 
plane of 319 
of plane figures 322 
rotational 321 
types of (examples of) 322 
Syncopated rolations 124, 125, 127 
System 263 


of angular measurement 263 
centesimal 263 
degree 263 
radian 263 
Cartesian (of coordinates) 381 
of inequalities of the first deg. 
ree 215 
of quadratic equations in two 
unknowns 181 
rectangular coordinate 381 
of three first-degree equations 
in three unknowns 163 
of two first-degree equations in 
iwo unknowns 156 
general formulas 161 
solutlon 158 
special cases 161 
Systematic fractions 83 


Table(s) 
of antilogarithms 23, 239 
of common logarithms (explal- 
ned) 18, 225 
logarithmic construction of 223 
logarithms, five-place (explai- 
fied) 236 


е 
of logarithms of trigonometric 
functions 28, 341 


multiplication of M and x 230 
Napler's 229 
base 229 
Ptolemy's 329 
of Regiomontanus 330 
of sines (Hindu) 330 
of trigonometric functions, con- 
struction of 368 
Tabular differences 343 
Taking out a common factor 137 
Talent 89 
Tangent(s) 278, 330, 335, 352 
drawing through a point a 
angent to a circle 254 
exterfor common (constructing 


an e C ё to two circ- 
les) 253 

interior common (constructing 
an i e t to two cire 
les) 254 

law of 359 

table of 40 


Tangent ling A 4 

Tangent plane {to sphere, cylln- 
der, cone) 3, 315 д 
Тапа На, М 7 

Tartaglia's rule 128 

Tends to infinity 405 

Terms 


lowest, fraction In 75 
of a sequence 218 
Tetrahedron 303, 318, 319 
regular 318 
Theorem 262 
Archimedes’ 310 
binomíal 244 
for fractional exponents 245 
for negative exponents 245 
de Moivre's 199 
Newton's binomial (see Bino- 
тігі theorem) 244 
Ptolemy's 289, 329 
Pythagorean 272 
remainder 142 
Transcendence (of a number) 173 
Transcendental inequalities 214 
Transcendental number 173 
Transversal 273 
Trapezoid 274, 275 
altitude of 275 
area of 275, 291 
bases of 275 
isosceles 276 
median of 275 
midline of 275 
nonparallel sides of 275 
“ізі ер) 265 
&cute-angle 266 
altitude of 268 
angle bisector of 269 
area of 267, 201 
arithmetic 245 
base of 268 
congruence of 267 
constructing, given 3 sides 256 
elements of, basic relations 
between 359 
equiangular 267 
equilateral 267, 270 
area of 
height of 268 
inscribing in a circle 257 
isosceles 267, 270 
oblique, solution of 360 
obtuse-angle 266 
Pascal's 125, 245 
regular (circumscribing about 
a circle) 258 
relationships between the sides 


o 
femarkable lines and points in 


26 

right 266 

area of 29] 

solution of 374, 340, 346, 347 
similar 276 277 
Trigonometric equations 370 
techniques for solving 372 
Trigonometric expressions 356 


421 


reducing (to forms convenient 
for taking logarithms) 356 

Involving angles of a triangle, 
reducing to logarithmic 
form 357 


Trigonometric form of a complex 


number 191 


Trigonometrie functions 328, 336, 


of an arbitrary angle 349 

expression of one in terms of 
another 351 

finding an angle from 339 

finding an angle from а ioga 
rithm of 344 

finding a dogarithm of (from 
an angle) 343 

finding a trigonometric function 
rom an angle 336 

cosine 336 


cotangent 338 
sine 336 
tangent 338 
inverse 365, 366, 392 
arbitrary value of 366 
basic relations for 362 
tables of, construction of 368 
tables of logarithms of 341 
Trigonometric identities 349 
Trigonometric relations, impor- 


tant 
Trigonometry 328 
analytical 328 
basic task of 328 
derivation of 328 
fundamental relations of 349 
historical survey of 329 
plane 328 
spherical 328 
subject of 328 
Trihedral angle 30! 
Trillion 65 
Trinomial 179 
quadratic 179 
factoring 179 
Triple-angie formulas 355 
Trisecting an angle 252 
Truncated pyramid 304 
bases of 304 


Uncia 89 

Unconditional inequality 207 
Unit, imaginary 183, 197 

Unity 71 

Unreduced quadratic equation 174 


Value 134 
absolute 134 
principal (of argument of 
complex number 191 


422 


Variables 377 
dependent 378 
independent 378 
Variation 119 
constant oi 120 
Vector 189 
Verchok 53 
Versed sine 329 
Versta 53 
Vertex (see vertices) 263 
of angle 263 
of cone 306 
of polyhedral angle 300 
Vertical angles 265 
Vertical dihedral angle 298 
Vertically opposite angles 265 
Vertices (see vertex) of polyhedron 


Viète, F 127, 206 
Vigesimal system of numbers 56 
Volumes of solids 325 


Wallis, J 129 
Wessel, С 129 
Whole and a part 82 
Whole numbers 54 


Zero 57, 64, 125 

operations involving 80 
Zero exponents 220 
Zeroth power 137, 221 222 
Zone 313 

altitude of 313 

bases of 313 
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